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GENERIC LIGHTLIKE SUBMANIFOLDS OF
SEMI-RIEMANNIAN PRODUCT MANIFOLDS

NAND KISHOR JHA, JATINDER KAUR, SANGEET KUMAR, AND MEGHA PRUTHI

ABSTRACT. We introduce the study of generic lightlike submanifolds of a
semi-Riemannian product manifold. We establish a characterization the-
orem for the induced connection on a generic lightlike submanifold to be
a metric connection. We also find some conditions for the integrability of
the distributions associated with generic lightlike submanifolds and dis-
cuss the geometry of foliations. Then we search for some results enabling
a generic lightlike submanifold of a semi-Riemannian product manifold
to be a generic lightlike product manifold. Finally, we examine minimal
generic lightlike submanifolds of a semi-Riemannian product manifold.

1. Introduction

The concept of C'R-submanifolds of a Kaehler manifold was firstly intro-
duced and developed by Bejancu [2] in 1978. He studied totally real as well
as complex submanifolds as the sub-cases of a C'R-submanifold. After that
different geometric aspects of C' R-submanifolds of a Kaehler manifold were ex-
amined by other geometers ([3-7]). Then, Deshmukh et al. [8] initiated the
study of C R-submanifolds of nearly Kaehler manifolds. Husain and Desh-
mukh [15] investigated several fundamental results on C'R-submanifolds of a
nearly Kaehler manifold. They also proved the non-existence of complex hy-
persurfaces in nearly Kaehler manifolds with constant holomorphic sectional
curvature. Moreover, Duggal [10] studied the interaction of CR-structures
with Lorentzian geometry which has outstanding applications in relativity. On
a similar note, the class of generic submanifolds emerged as an important class
of submanifolds of almost Hermitian manifolds as in this case the normal bun-
dle is mapped to the tangent bundle under the action of an almost complex
structure J. The geometry of generic submanifolds was dealt in details by Yano
and Kon in [22] and [23].
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It is well known that a submanifold of a semi-Riemannian manifold is called
a lightlike submanifold, if the induced metric is degenerate. Due to the degen-
erate metric, in the case of a lightlike submanifold the normal vector bundle
intersects with the tangent vector bundle. This unique feature complicates the
study of lightlike submanifolds. In recent studies, several significant applica-
tions of lightlike submanifolds have been observed in mathematical physics and
relativity. For example, lightlike submanifolds are useful to study black holes,
four-dimensional electromagnetic space times, Einstein Field Equations, differ-
ent types of horizons (Cauchy’s horizons, event horizons and Kruskal’s horizons)
(for details, see [11]). Thus, Duggal and Bejancu [11] established a new class of
lightlike submanifolds, namely C R-lightlike submanifolds of indefinite Kaehler
manifolds. Then they observed that C R-lightlike submanifolds exclude invari-
ant and totally real cases. Thereafter, Duggal and Sahin [13] introduced SCR-
lightlike submanifolds of indefinite Kaehler manifolds containing invariant and
totally real sub-cases. They concluded that SCR and C R-lightlike submani-
folds are entirely different from each other. Therefore, Duggal and Sahin [14]
initiated the study of GC R-lightlike submanifolds of indefinite Kaehler mani-
folds which acts as an umbrella for CR and SC R-lightlike submanifolds. On
a similar note, Kumar et al. [19] studied GC R-lightlike submanifolds of indefi-
nite nearly Kaehler manifolds. In [12], Duggal and Jin introduced the general
notion of generic lightlike submanifolds of indefinite Sasakian manifolds. Since
then, numerous studies have been devoted to this class of lightlike subman-
ifolds, such as ([16-18,21]). In [9], Dogan et al. investigated screen generic
lightlike submanifolds of indefinite Kaehler manifolds.

It may be noted that the semi-Riemannian product manifolds are general-
ization of Riemannian product manifolds in semi-Riemannian case and they
have rich geometric properties. In [20], Kumar et al. considered geometry
of GC R-lightlike submanifolds of a semi-Riemannian product manifolds and
proved several geometric characterization for this class of submanifolds. How-
ever, the concept of generic lightlike submanifolds is yet to be explored in
semi-Riemannian product manifolds.

Therefore, in this paper, we study generic lightlike submanifolds of a semi-
Riemannian product manifold. At first, we define a generic lightlike submani-
fold of a semi-Riemannian product manifold followed by a non-trivial example
for such lightlike submanifolds. Then we prove a necessary and sufficient condi-
tion for the induced connection on a generic lightlike submanifold to be a metric
connection. We also find some conditions for the integrability of distributions
associated with generic lightlike submanifolds and examine the geometry of foli-
ations. Further, we obtain some necessary and sufficient conditions for a generic
lightlike submanifold to be a generic lightlike product manifold. At last, we in-
vestigate minimal generic lightlike submanifolds in a semi-Riemannian product
manifold.
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2. Preliminaries
2.1. Lightlike submanifolds

Let (M,g) be an m-dimensional submanifold of an (m + n)-dimensional
semi-Riemannian manifold (M, g) with constant index g such that m,n > 1,
1<g<m+n—1. If gis degenerate on the tangent bundle TM of M, then
T,M and T, M+ both are degenerate and there exists a radical (null) subspace
Rad(T,M) such that Rad(T,M) = T,M N T,M*. If Rad(TM):p € M —
Rad(T,M) is a smooth distribution on M with rank r > 0 and 1 < r < m,
then M is called an r-lightlike submanifold of M. While the radical distribution
Rad(TM) of TM is defined as:

Rad(TM) = Uperr {€ € T,M | g(u,€) = 0, ¥ u € T, M, # 0}.
Let S(T'M) be the screen distribution in TM such that
(1) TM = Rad(TM)LS(TM)

and S(TM+) is a complementary vector sub-bundle to Rad(TM) in TM+*.
Moreover, there exists a local null frame {N;} of null sections with values in
the orthogonal complement of S(TM=) in S(TM*)* such that
g(szfj) = 5ij7 g(N’L,NJ) =0 for any Zv] € {1a 27 oo a/r}a

where {;} is any local basis of I'(Rad(T'M)).

Let ¢tr(TM) and Itr(TM) be complementary (but not orthogonal) vector
bundles to TM in TM |y and to Rad(TM) in S(TM=)=, respectively. Then
we have

(2) tr(TM) = ltr(TM)LS(TM™),

(3) TM |p=TM @ tr(TM) = (Rad(TM) @ ltr(TM)) LS(TM)LS(TM™*).
Let V be the Levi-Civita connection on M. Then according to the decomposi-

tion (3), the Gauss and Weingarten formulae are given by

(4) vlez = VY1}/2 + h(Yl, YQ), A Ylv Y2 S ].—‘(/1—7.2\4)7

(5) Vv U=—-ApY1 + V3 U, VY €(TM),U € D(tr(TM)),

where {Vy, Y2, ApY1} and {h(Y1,Y2), Vi U} belongs to I'(T'M) and I'(tr(TM)),
respectively. Here V is a torsion-free linear connection on M, h is a symmetric
bilinear form on I'(T'M) which is called the second fundamental form and Ay
is a linear operator on M known as shape operator.

According to Eq. (2), considering the projection morphisms L and S of
tr(TM) on ltr(TM) and S(T M), respectively, Egs. (4) and (5) become

(6) Vy,Ya = Vy, Yo + h (Y1, Ya) + h* (Y1, Ya),

(7) Vy,U = —AyY; + DY, U + D3 U,
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where we put hl(Y1,Ys) = L(h(Y1,Y2)), h*(Y1,Ys) = S(h(Y1,Y2)), D%,IU =
L(VyU), Dy U = S(Vy,U). As h and h* are ltr(T'M)-valued and S(TM~)-
valued bilinear forms, respectively, known as the lightlike second fundamental
form and the screen second fundamental form on M. In particular

(8) Vy,N = —AxY; + Vi, N + D*(Y1, N),

(9) VnV =—-AyY; + V5,V + D'(Y1,V),

where Y1 € T(TM),N € T'(itr(TM)) and V € T(S(TM+1)). Then using Egs.
(6)-(9), we obtain

(10) g(h’s(ylv YQ)? V) + Q(YQ, Dl(Yh V)) = g(AVYh }/2)7

(11) g(hl(YhYZ)ag) + g(m7hl(yl7§)) +§(}/ﬁavy1£) =0

for ¢ € T(Rad(TM)), V € T(S(TM*)) and Y3,Ys € T(TM).
Let P denote the projection morphism of TM on S(TM). Then using Eq. (1)
we can induce some new geometric objects on S(T'M) of M as

(12) Vy, PYy = Vi, PYs + h*(1,Ya),

(13) Vy, € = —A{Y1 + V3¢
for Y1,Y, € T'(T'M) and § € I'(Rad(T'M)), where {V3, PYs, A7Y1} and
{h*(Y1,Y2), Vi £} belongs to T'(S(T'M)) and T'(Rad(T'M)), respectively. Fur-
ther, V* and V** are linear connections on complementary distributions S(7'M)
and Rad(TM), respectively. Moreover, h* and A* are Rad(TM)-valued and
S(TM)-valued bilinear forms and called as the second fundamental forms of
distributions S(T'M) and Rad(T M), respectively.
Using Egs. (6), (7), (12) and (13), we obtain

(14) g(h'(Y1, PY2),€) = g(AfY1, PY3),

(15) g(h* (Y1, PY2), N) = g(AnY1, PY2)

for Y1,Y, €e T(TM), & € T'(Rad(TM)) and N € I'(itr(TM)).

From the geometry of non-degenerate submanifolds, it is well known that
the induced connection V on a non-degenerate submanifold is always a metric
connection. However, this is not true for a lightlike submanifold. Since V is a
metric connection on M, thus we have

(16) (Vylg)(YQa }/3) = g(hl(YhYQ)a Y?)) + g(hl(na Y?))a }/2)

for Y1,Y5,Ys € I'(T'M). By direct calculations, the equation of Codazzi is given
by

(R(Y1,Y2)Y3)™ = (Vy 1')(Ya, Y3) — (Vi 1) (Y1, Y3) + D' (Y1, h*(Y2, Y3))
- Dl(Y27 h* (Ylv Y3)) + (vyl hs)(}/?’ }/3) - (VYQ hs)(Ylv Y3)
(17) +DS(Y17hl(Y27Y3)) 7DS(Y23hl(YlaYEi))’
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where

(18) (V') (Y2, Ys) = Vi, (h' (Y2, Y3)) = h'(Vy; Y2, Y3) — B (Y2, Vi, Y3),
(19)  (Vyh*)(Y2, Ys) = V3, (h* (Y2, Y3)) = h*(Vy, Y2, ¥3) — h*(Yz, Vi, Y3).

Definition 1 ([5]). A lightlike submanifold (M, g) of a semi-Riemannian mani-
fold (M, g) is said to be totally umbilical in M if there exist a smooth transversal
vector field H € T'(¢tr(T'M)) on M, called the transversal curvature vector field
of M such that

(20) h(X,Y)=Hg(X,Y)

for any X,Y € I'(T'M). Using Egs. (6), (8) and (9), it is clear that M is totally
umbilical if and only if on each coordinate neighborhood wu, there exist smooth
vector fields H' € T(ltr(TM)) and H® € T'(S(TM=)) such that

(21)  BYX,Y)=H'g(X,Y), h*(X,Y)=H%(X,Y), D'X,W)=0
for X,Y € T(TM) and W € T'(S(TM>L)).

2.2. Semi-Riemannian product manifolds

Let (Mj,g1) and (Ms, g2) be two m; and mo-dimensional semi-Riemannian
manifolds with constant indices g; and gs, respectively. Let 7w : My x My — M,
and o : My x My — Ms be the projection maps given by 7(z,y) = x and
o(x,y) = y for any (z,y) € My x M. We denote the product manifold by

(M, g) = (My x My, g), where
g(Xv Y) = 91(7T*X, 7T*Y) + QQ(U*X, O'*Y)

for any X,Y € I'(T M), where * stands for the differential mapping. Then we
have
T2 =T, 02=0,, T0y=0,mx=0, mT.+0o,=1I,

where I is the identity map of T(M; x Ms). Thus (M,g) is an (mq + ma)-
dimensional semi-Riemannian product manifold with constant index (1 +q2)-
The semi-Riemannian product manifold M = M; x M, is characterized by M;
and Ms, which are totally geodesic submanifolds of M. If we put F' = m, — oy,
then F? = I and

(22) g(FX,Y)=g(X,FY)

for any X,Y € I'(T'M), where F is called an almost product structure on
T(M; x My). If we denote the Levi-Civita connection on M by V, then

(23) (VxF)Y =0
for any X,Y € ['(TM).
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3. Generic lightlike submanifolds

Definition 2. Let (M, g, S(TM)) be an r-lightlike submanifold of a semi-Rie-
mannian product manifold (M, g). Then, the screen distribution S(TM) of M
is expressed as
S(TM) = F(S(TM)*) @orin Do

(24) = F(Rad(TM)) & F(ltr(TM)) ®orth F(S(TML)) Dorth Do,
where Dy is a non-degenerate distribution on M with respect to F, i.e., F(Dg) =
Dy and D' is an r-lightlike distribution on S(T'M) such that F(D’) C tr(T M),
where D' = F(ltr(TM)) @oren, F(S(TML)).

Therefore, using Eq. (24), the general decompositions of Egs. (1) and (3)
become

TM=D&D', TM=D&D &tr(TM),
where D is a 2r-lightlike distribution on M such that D = Rad(TM) @orin
F(Rad(TM)) @ortn Do-
Example 3.1. Let M be a submanifold of (RS,3) given by the equations
r3 = xg and x5 = /1 — 22, where g is of signature (+, +, —, +, +, —, +, +) with
respect to a basis (0x1,0xe, 0xs, 0y, Ox5, Ox6, Ox7,0xg). Then the tangent
bundle of M is spanned by
Z1=0x1, Zo=0x9, Z3z=0x3+0xs, Z4=0xy4,
Zs = —xg0x5 + x5016, L5 = OT7.

Clearly M is a 1-lightlike submanifold with Rad(TM) = Span{Zs} and FZ3 =
Z4s+ Zg € T(S(TM)). Moreover FZy = Zy and FZy = Z; and therefore
Do = Span{Zy,Z5}. By direct calculations, we get S(TM~L) = Span{W =
15015 — 16076}, Thus, FW = Z5 and hence FS(TM*) c S(TM). On
the other hand, ltr(T'M) is spanned by N = 1(—9x3 + Oxg). Then FN =
3(—0xy + Ox7) = 5(—Zs + Zg). Hence D' = {F N, FW}. Thus M is a proper
generic lightlike submanifold of RS.

Consider @, P, and P, denote the projections from TM to D, F(ltr(TM))
and F(S(TM)), respectively. Then for X € T'(T' M), we have

(25) X =QX+ P X+ PX,
applying F' to Eq. (25), we obtain

(26) FX =TX +wP X +wPX
and we can write Eq. (26) as

(27) FX=TX+wX,

where T X and wX are tangential and transversal components of F' X, respec-
tively. Similarly,

(28) FV =BV



GENERIC LIGHTLIKE SUBMANIFOLDS 853

for Ve T'(¢tr(TM)), where BV is the section of TM.
Since F' is parallel on M, then for X, Y € I'(TM), using Egs. (6), (8), (9)
and (28), we derive

(29) (VxT)Y = Aup,y X + Aup,y X + Bh(X,Y),
(30) D*(X,wPY) = —V%wPY + wP,VxY — h*(X,TY),
(31) DY(X,wPRY) = —V5wPY + wP VxY — h'(X,TY).

Theorem 3.2. Let M be a generic lightlike submanifold of a semi-Riemannian
product manifold M. Then the induced connection is a metric connection if
and only if the following condition holds

VxFY € I'(FRad(TM)) and Bh(X,FY) =0
for X e T(TM) and Y € T(Rad(TM)).

Proof. Since F' is an almost product structure of a semi-Riemannian product
manifold M therefore we say that VxV = Vx F2?Y for any Y € T'(Rad(TM))
and X € T'(TM). Then from Eq. (6), we get VxY = FVxFY and using Egs.
(4), (27) and (28), we derive

VxY +h(X,Y)=F(VxFY + h(X,FY))
=TVxFY +wVxFY + Bh(X,FY).
Further on equating the tangential part, the above equation yields
(32) VxY =TVxFY + Bh(X,FY).
Hence from Eq. (32), VxY € I'(Rad(TM)) if and only if
VxFY € T(FRad(TM)) and Bh(X,FY) =0,
which gives the result. (I

Theorem 3.3. Let M be a generic lightlike submanifold of a semi-Riemannian
product manifold M. Then

(i) the distribution D is integrable if and only if
WEX,Y)=h(X,FY), ¥ X,Y eT(D).
(i) the distribution D' is integrable if and only if
ApsV = ApyZ, ¥ Z,V e T(D').

Proof. From Egs. (30) and (31), we get wVxY = A(X,TY) for any X,Y €
I'(D) which implies w[X,Y] = wVxY —wVy X = h(X,TY) — h(TX,Y). The
distribution D is integrable if and only if h(X, FY) — h(FX,Y) = 0, that is,
h(FX,Y) = h(X,FY), which proves the first result.

Next from Eq. (29), we have TV;V = —A,vZ — Bh(Z,V) for any Z,V €
I(D’). Therefore, T[Z,V] = A,zV — A,y Z, which completes the proof. [
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Theorem 3.4. Let M be a generic lightlike submanifold of a semi-Riemannian
product manifold M. Then D defines a totally geodesic foliation in M if and
only if BL(X,Y) =0 for any X,Y € I'(D).

Proof. Using the definition of generic lightlike submanifolds, D defines a totally
geodesic foliation in M if and only if VxY € I'(D) for any X,Y € I'(D). In
other words, D defines a totally geodesic foliation in M if and only if

9g(VxY, F§) = g(VxY,FW) =0
for any ¢ € T'(Rad(TM)) and W € T'(S(TM*)). From Egs. (6), (22) and (23),

we derive

9(VxY,F¢&) = g(VxY,F¢) = g(Vx FY,§)

G(VxFY +h(X,FY) + h*(X,FY),¢)

g(h' (X, FY),¢)

for X, Y € I'(D) and £ € T'(Rad(TM)). Similarly using Egs. (6), (22) and (23),
we get

(33)

g(VxY,FW)

g(VxY,FW) = g(VxFY,W)
G(VxFY + W (X,FY)+h*(X,FY),W)
g (X, FY),W)

(34)

for X, Y € T'(D) and W € T'(S(TM*1)). Tt is clear from Eqgs. (33) and (34)
that D defines a totally geodesic foliation in M if and only if h*(X, FY') has
no components in (S(TM=)) and h!(X, FY) has no components in ltr(TM)
for any X,Y € I'(D). Thus from Eq. (28), we have Fh(X,Y) = Bh(X,Y) =0
for any X,Y € I'(D). O

Theorem 3.5. Let M be a generic lightlike submanifold of a semi-Riemannian
product manifold M. Then D' defines a totally geodesic foliation in M if and
only if Ay X € T(D') for any X,Y € T'(D').

Proof. From Eq. (29), we have TVxY = —A,y X — Bh(X,Y) for any X,Y €
T'(D'). If D’ defines a totally geodesic foliation in M, then — A,y X — Bh(X,Y)
=0, that is, —A,y X = Bh(X,Y) which implies that A,y X € I'(D’) for any
X,Y e T(D)).

Conversely, let A,y X € T'(D’) for any X,Y € I'(D’). Then from Eq. (29),
we obtain TV xY = 0, which further implies that VxY € I'(D’). This com-
pletes the proof. O

Definition 3. A generic lightlike submanifold of a semi-Riemannian product
manifold is called D-geodesic (respectively, D’-geodesic) generic lightlike sub-
manifold if its second fundamental form & satisfies h(X,Y) = 0 for X, Y € I'(D)
(respectively, X, Y € T'(D’)).
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Theorem 3.6. Let M be a generic lightlike submanifold of a semi-Riemannian
product manifold M. Then D defines a totally geodesic foliation in M if and
only if M is D-geodesic.

Proof. Let D defines a totally geodesic foliation in a semi-Riemannian product
manifold M then VxY € I'(D) for any X,Y € I'(D). Then using Eq. (6), for
¢ € T(Rad(TM)) and W € T(S(TM1)), we get
0=g(VxY,§) = g(VxY + h'(X,Y) + h*(X,Y),€) = g(h'(X.Y).€)

and

0=g(VxY, W) =g(VxY + h(X,Y) + h*(X,Y),W) = g(h*(X,Y),W).
Hence we say that h'(X,Y) = h*(X,Y) = 0 for any X,Y € I'(D), which
implies that M is D-geodesic.

Conversely, let us assume that M is D-geodesic. Then from Egs. (6) and
(23) for any X,Y € I'(D), ¢ € T(Rad(TM) and W € T(S(TM)), we have

9(VxY,F&) = g(VxFY,€) = g(h'(X, FY),€) = 0

and - -
Hence VxY € I'(D) for any X,Y € I'(D), which proves the result. O

Theorem 3.7. Let M be a generic lightlike submanifold of a semi-Riemannian
product manifold M. Then M is D-geodesic if and only if

g(AWXa Y) = g(Dl(Xa W)a Y)
and

g(h'(X.Y),§) = —g(FY, VX F¢)
for any X, Y € T(D), ¢ € T(Rad(TM)) and W € T'(S(TM™)).
Proof. Using the definition of generic lightlike submanifolds, M is D-geodesic
if and only if

(35) g(h'(X,Y),6) =0
and
(36) g(h*(X,Y),IW)=0

for any X,Y € I'(D), ¢ € T'(Rad(TM) and W € T'(S(T'M+1)). Thus for any
X,Y e (D), from Eq. (10), we have

g(h*(X,Y), W)+ g(D'(X,W),Y) = g(Aw X, Y)
and further employing Eq. (36), we obtain
g(D' (X, W),Y) = g(Aw X, Y),

which proves the first part of assertion.
Now for X,Y € T'(D) and £ € T'(Rad(TM)), using Egs. (6) and (12), we get

g(h'(X,Y),£) = g(VxY,§)
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= —g(FY,VxF¢)
= —g(FY,VxF¢) — g(FY,h' (X, F¢))
(37) = —g(FY, V5 F¢) — g(FY,h'(X, F¢)).

Since Y € I'(D), this implies that
g(FY,h' (X, F€)) =0
and Eq. (37) becomes
g(h'(X,Y),€) = —g(FY, VX F¢),
which proves the second part of the theorem. ([

Theorem 3.8. Let M be a generic lightlike submanifold of a semi-Riemannian
product manifold M. Then M is D'-geodesic if and only if AwX and AiX

has no components in T'(F(Rad(TM)) L F(S(TM%1))) for any X € T'(D'),
¢ €' (Rad(TM) and W € T(S(TM*)).

Proof. For any X,Y € T'(D'), ¢ € T'(Rad(TM)) and W € T'(S(TM)), using
Eq. (10), we get

(38) g(h*(X,Y), W) = g(Aw X, Y).

Next using Eqgs. (11) and (13), we get g(h'(X,Y),€) = g(¥, Vx§) = g(Y, A{ X),
that is,

(39) g(h'(X,Y),€) = g(Y, AL X).

Hence, the result follows from Egs. (38) and (39). O
Definition 4. A generic lightlike submanifold of a semi-Riemannian product
manifold is called mixed geodesic (respectively, totally geodesic) generic light-

like submanifold if its second fundamental form h satisfies h(X,Y") = 0 for any
X €I'(D) and Y € I'(D’) (respectively, for any X,Y € I'(TM)).

Theorem 3.9. Let M be a generic lightlike submanifold of a semi-Riemannian
product manifold M. Then M is mized geodesic if and only if

Ag X € T(Do) L D(F(ltr(TM))) and AwX € I'(Do) L T'(F(ltr(TM)))
for any X € T(D), £ € T(Rad(TM)) and W € T(S(TM™)).
Proof. From Eq. (11), for any X € I'(D), Y € I'(D’) and & € I'(Rad(TM)),

we have g(h'(X,Y),&) + g(Y,Vx&) = 0, which on employing Eq. (12) gives
g(h'(X,Y),€) — g(AfX,Y) = 0. Therefore, we get

(40) g(h'(X,Y),€) = g(AEX,Y).
On the other hand, for any W € T'(S(TM~1)), using Eq. (10), we derive
(41) g(h* (X, Y), W) = g(Aw X, Y).

Hence, the assertion follows from Egs. (40) and (41). O
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Theorem 3.10. Let M be a mized geodesic generic lightlike submanifold of
a semi-Riemannian product manifold M. Then the transversal section V &
T(FD’) is D-parallel if and only if VxFV € I'(D) for any X € T'(D).

Proof. Let Y € I'(D’) such that FY = wY =V € I'(F(tr(I'M))). Then
using the hypothesis in Eq. (29), we get TVxY = -4,y X = —AyX. Now
employing Eq. (7), V5V = VxV + Ay X = VxFY — TVxY. Since V is a
metric connection and M is mixed geodesic therefore we get ViV = wVxY,
that is, V4V = wV x F'V, which proves the theorem. O

4. Generic lightlike product manifolds

In this section, we will examine several characterization theorems for a
generic lightlike submanifold of a semi-Riemannian product manifold to be
a generic lightlike product manifold. To start with, firstly we define a generic
lightlike product manifold as follows:

Definition 5. A generic lightlike submanifold of a semi-Riemannian product
manifold M is called a generic lightlike product manifold if both the distribu-
tions D and D’ define totally geodesic foliations in M.

Theorem 4.1. Let M be a totally geodesic generic lightlike submanifold of a
semi-Riemannian product manifold M. Suppose that there exist a transversal
vector bundle of M, which is parallel along D’ with respect to the Levi-Civita
connection on M, that is, VxV € D(tr(TM)) for any V € T'(tr(TM)) and
X eT(D'). Then M is a generic lightlike product manifold.

Proof. Since M be a totally geodesic generic lightlike submanifold, then
Bh(X,Y) = 0 for any X,Y € I'(D). Therefore, the distribution D defines
a totally geodesic foliation in M. Now since VxV & I'(t7(TM)) for any
V e T(tr(TM)) and X € I'(D’), therefore Eq. (8) implies that Ay X = 0.
Then from Eq. (29), we obtain TVxY = 0 for any X,Y € I'(D’), which fur-
ther gives VxY € I'(D’). Thus, the distribution D’ defines a totally geodesic
foliation in M. Hence, the proof follows. (I

Definition 6. A lightlike submanifold of a semi-Riemannian manifold is said
to be irrotational if Vx& € T'(T'M) for any X € I'(TM) and £ € T'(Rad(TM)).
Thus M is an irrotational lightlike submanifold if and only if h!(X, &) = 0 and
h(X, &) =0.

Theorem 4.2. Let M be an irrotational generic lightlike submanifold of a
semi-Riemannian product manifold M. Then M is a generic lightlike product
manifold if the following conditions are satisfied:

(i) VxU € T(S(TM™)) for any X € T(TM) and U € T(tr(TM)).

(ii) AfY e T(F(S(TM™1))) for any Y € T(D).

Proof. From Eq. (8) with condition (i), we obtain Ay X = 0, D/(X,W) =0
and VLW = 0 for any X € I'(TM) and W € T'(S(TM~)). On using Eq. (10),



858 N. K. JHA, J. KAUR, S. KUMAR, AND M. PRUTHI

for X, Y € T(D) and W € I'(S(TM™)), we derive g(h*(X,Y),W) = 0. Then,
the non-degeneracy of S(T'M ) implies that h*(X,Y) = 0. Hence Bh*(X,Y) =
0. Now let X,Y € I'(D), ¢ € T'(Rad(TM)), then using condition (ii), we get
gh(X,Y),€6) = —g(Vx&Y) = g(A;X,Y) = 0. Tt implies that 2/(X,Y) = 0
and Bh!(X,Y) = 0. Thus, the distribution D defines a totally geodesic foliation
in M.

Next let X,Y € I'(D’), then FY = wY € I'(tr(TM)). Using Eq. (29), we
obtain TV xY = —Bh(X,Y), then comparing the components along D, we get
TV xY = 0, which further implies that VxY € I'(D). Thus, the distribution
D defines a totally geodesic foliation in M. Hence, M is a generic lightlike
product manifold. O

Theorem 4.3. Let M be a generic lightlike submanifold of a semi-Riemannian
product manifold M. Then M 1is a generic lightlike product manifold if and only
if (VxT)Y =0 for any X,Y € I'(D) or X,Y € I'(D’).

Proof. Let (VxT)Y = 0 for any X,Y € I'(D) or X,Y € I'(D’). Firstly, let
X,Y € (D), then wY = 0 and from Eq. (29), we obtain Bh(X,Y) = 0 and
hence using Theorem 3.4, the distribution D defines a totally geodesic foliation
in M. Secondly, let X,Y € I'(D’). Since BV € I'(D’) for any V € I'(¢r(TM)),
then Eq. (29) implies that A,y X € T'(D’). Hence using Theorem 3.5, we
obtain the distribution D’ defines a totally geodesic foliation in M. Since both
the distribution D and D’ define totally geodesic foliation in M, hence M is a
generic lightlike product manifold.

Conversely, assume that M is a generic lightlike product manifold, therefore
the distribution D and D’ define totally geodesic foliation in M. From Eq. (23),
for any X,Y € I'(D), we have Vx FY = FVxY, that is, Vx FY +h(X,FY) =
F(VxY+h(X,Y)). Further on comparing the transversal components on both
sides, we obtain h(X,FY) = Fh(X,Y). Then (VxT)Y =VxTY —TVxY =
VxFY — h(X,FY) — FVxY + Fh(X,Y) = VxFY — FVxY = 0 for any
X,Y € T(D). Since D’ defines a totally geodesic foliation in M and using
Eq. (23), we get VxFY = FVxY, then comparing the tangential component
on both sides, we obtain —A,y X = BhA(X,Y). Further from Eq. (29), we
derive (VxT)Y = —A,vX — Bh(X,Y) = Bh(X,Y) — Bh(X,Y) = 0, which
implies that (VxT)Y = 0. Hence, the proof is complete. O

Lemma 4.4. Let M be a totally umbilical generic lightlike submanifold of
a semi-Riemannian product manifold M. Then D’ defines a totally geodesic
foliation in M.

Proof. Let X,Y € I'(D’). Then Eq. (29) implies that TVxY = —A,y X —
Bh(X,Y), then for any Z € I'(Dy), we have

g(Tvav Z) = 7g(AwYX +Bh(X7Y)7Z)
=g(VxwY,2) =g(VxFY,2) =g§(VxY,FZ) = §g(VxY,Z")
(42) =—g(Y,VxZ),
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where Z' = FZ € T'(Dy). Since X € T'(D')) and Z € I'(Dy), then from Egs.
(30) and (31), we get wPVxZ = h(X,TZ) = Hg(X,TZ) = 0. Therefore
wPV xZ = 0, which implies that VxZ € I'(D). Thus Eq. (42) implies that
9(TVxY,Z) = 0, then the non degeneracy of Dy implies that TVxY = 0.
Hence for VxY € I'(D’) for any X,Y € I'(D’). Thus, the result follows. O

Theorem 4.5. Let M be a totally umbilical generic lightlike submanifold of a
semi-Riemannian product manifold M. Then M is a generic lightlike product
manifold if and only if Bh(X,Y) =0 for any X e T(TM) and Y € T(D).

Proof. Let M be a generic lightlike product manifold therefore the distribution
D and D’ define totally geodesic foliation in M. Therefore using Theorem
3.4, we have Bh(X,Y) = 0 for any X,Y € I'(D). Now using the hypothesis
for X € T'(D') and Y € T'(D), we have Bh(X,Y) = Bg(X,Y)H = 0 thus
Bh(X,Y)=0for any X € '(TM) and Y € I'(D).

Conversely, let Bh(X,Y) = 0 for any X € I'(TM) and Y € I'(D). Then
for any X,Y € I'(D), we have Bh(X,Y) = 0, which implies that D defines a
totally geodesic foliation in M. Now let X, Y € I'(D’). Then from Eq. (29), we
have A,y X = —TVxY —Bh(X,Y) and using Lemma 4.4, we obtain T A,y X +
wA,yX = —Bh(X,Y). Thus on comparing the tangential component on both
sides, we get A,y X = 0, which implies that A,y X € I'(D’), hence by using
Theorem 3.5, the distribution D’ defines a totally geodesic foliation in M. This
completes the proof. O

5. Minimal generic lightlike submanifolds

In [4], Duggal and Bejancu defined a minimal lightlike submanifold M by
considering M to be a hypersurface of a 4-dimensional Minkowski space. Later,
the general definition of a minimal lightlike submanifold of a semi-Riemannian
manifold was given by Bejan and Duggal [1] as follows:

Definition 7. A lightlike submanifold (M, g, S(T'M)) isometrically immersed
in a semi-Riemannian manifold (M, g) is said to be minimal if h* = 0 on

Rad(TM) and trace h = 0, where trace is written with respect to g restricted
to S(TM).

Remark 5.1. One may note that Definition 7 is independent of the choice of
S(TM) and S(TM~1) but it depends on tr(TM). Further, minimal lightlike
submanifolds have been dealt in detail by Duggal and Jin in [12] and Kumar
in [18].

Example 5.2. Let (M, g) = (R3°, §) be a semi-Riemannian product manifold
with signature (—, —, +, 4+, +, +, +, +, +, +) with respect to the canonical basis
(8331, 8$2, 8.’173, 8374, 8.1‘57 8556, 81‘7, 8338, 8$9, 8.’1710).

Let M be a submanifold of R given by

T =ui, T2 =1U2, T3=1Ul, IT4=1U3, T5=Ug+ Us,
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Tg = Ug+Us, L7 = cosugcoshur, xg=cosugsinhur;, xg9 = sinugcoshur,
r10 = sinug sinhuy, where uy,us € R —{%", n € Z}.
Then T'M is spanned by

Uy = 0x1 + Oz, Uy = Oxo, Uz = Oxy, Uy = Ox5 + Oxg, Us = Ox5 + Jxg,
Ug = — sinug cosh uy0x7 — sin ug sinh u70xg + cos ug cosh uy0xg
+ cos ug sinh u70x19,
U7 = cos ug sinh u70x7 + cos ug cosh uy0xg + sin ug sinh uy0xq
+ sin Ue cosh U78£l?10.
Clearly M is a 1-lightlike submanifold with Rad(TM) = Span{U,} and FU; =
Uy + Us € I'(S(T'M)). Moreover FUy = Us therefore Dy = {Uy, Us}. Next we
see that F'Us and FUy are orthogonal to TM and therefore we have S(TM*) =

{FUs, FU7}. Thus we conclude that M is a proper generic lightlike submanifold
of RV, The lightlike transversal bundle ltr(T'M) is spanned by

1
Ny = 5{—81’1 +8x3}

Since FN; = —%Zg - %Zg, then ltr(TM) = {N1}. Now by direct calculations,
using the Gauss and Weingartan formulae, we obtain

h*(Y,Uy) = h*(Y,Us), h*(Y,Us) =0,
hE(Y,Us) =0, h*(Y,Us)=0, YY eD(TM),

1
WU, Ug) = | ———— ) FUS,,
(Us, Us) <1+25inh2u7> T

1
hs(U7, U7) = — (1 n Zsinhz u7) FU7

Thus, the induced connection is a metric connection and M is not totally
geodesic, but it is a proper minimal generic lightlike submanifold of R°.

Theorem 5.3. Let M be a totally umbilical generic lightlike submanifold of a
semi-Riemannian product manifold M. Then M is minimal if and only if M
is totally geodesic.

Proof. Let M be minimal. Then h*(X,Y) = 0 for any X,Y € I'(Rad(TM)).
Since M is totally umbilical therefore h!(X,Y) = H!g(X,Y) = 0 for any
X,Y € T'(Rad(TM)). Now we take an orthonormal basis {e1,ez2,€3,...,€m_r}
of S(T'M), then from Eq. (21), we get

traceh(ey,e2) = Z {eigles, ei) H +eig(ei,e) HSY = (m — r)H' + (m — r)H®.

i=1

Since M is minimal and ltr(TM) N S(TM*) =0, we get H' =0 and H® = 0.
Hence M is totally geodesic. The converse part follows directly. (I
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Theorem 5.4. Let M be a totally umbilical generic lightlike submanifold of a
semi-Riemannian product manifold M. Then M is minimal if and only if for
V, € T(S(TM%1)), one has

traceAy, =0 and traceA; =0 on Dy L FS(TM™),
where k € {1,2,...,r} and p € {1,2,...,m —r}.

Proof. Since M is totally umbilical, therefore using Eq. (21), it is clear that
(X,Y) =0 for X,Y € I'(Rad(TM)). Now using the definition of generic
lightlike submanifolds, we have

2p r r
trace hlsarary = »_ (Y3, Yi)+ Y W(FE&, F&) + Y h(FN;, FN;)
i=1 =1 j=1

m—2(r+p)

+ Y h(FV, FW),
=1

where 2p = dim(Dy), r = dim(Rad(TM)) and m —2(r +p) = dim(FS(TM2)).
Again using Eq. (20), we obtain h(F¢;, F¢;) = h(FN;, FN;) = 0. Thus the
above equation reduces to
2p m—2(r+p)
trace hlserary = Zh(Y,;,Yi) + h(FV;, FV})
i=1 1=1

2p 1 r
=2 =D gk (Yi, Yi), &) N
1

i=1 k=
2p 1 m—2(r+p)

— g(h* (Y3, Y3), V)V,

+;m72(r+p) < g(h*( ), Vo)V

m—2(r+p) r

S LS G FVL FV), 6N
=1 k=1

m—2(r+p) 1 m—2(r+p)
(43) Y Ty X IWEEV)V)V
=1 p p=1

where {V1,Va,..., Vi _o(r4p)} is an orthonormal basis of S(TM+). Using Eqgs.
(10) and (14) in Eq. (43), we obtain

2p 1 r

trace hlsran = Y - > G(ALY, Yi)N
i=1 k=1
2p 1 m—2(r+p)
— 9(Av, Y3, Vi)V,
+Zm—2(r+p) 94y, Vo

i=1 p=1
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m*2@+P)1 r
+ Y. D G(AL FVi, FV)N;
=1 k=1
m—2(r+p) 1 m—2(r+p)
_ g(Ay FV,, FV;)V,,.
+ Z m—2(r +p) Z g( Vp ' Vi l) P
=1 p=1
Thus trace h|srary = 0 if and only if trace Ay, = 0 and trace Ag; = 0 on
Dy LFS(T M), which proves the theorem. O
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