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AREAS OF POLYGONS WITH VERTICES FROM LUCAS

SEQUENCES ON A PLANE

SeokJun Hong, SiHyun Moon, Ho Park, SeoYeon Park, and SoYoung Seo

Abstract. Area problems for triangles and polygons whose vertices have

Fibonacci numbers on a plane were presented by A. Shriki, O. Liba, and
S. Edwards et al. In 2017, V. P. Johnson and C. K. Cook addressed prob-

lems of the areas of triangles and polygons whose vertices have various
sequences. This paper examines the conditions of triangles and polygons

whose vertices have Lucas sequences and presents a formula for their

areas.

1. Introduction

Let Fn and Ln be the Fibonacci numbers and Lucas numbers defined as

F0 = 0, F1 = 1, Fn+2 = Fn+1 + Fn, n ≥ 2,

L0 = 2, L1 = 1, Ln+2 = Ln+1 + Ln, n ≥ 2.

The study of triangles for Fibonacci numbers and Lucas numbers is an inter-
esting topic. A triangle whose individual sides have Fibonacci numbers as their
lengths and whose area has a natural number is called a Fibonacci triangle. A
conjecture is that a Fibonacci triangle whose three sides are F5 = 5, F5 = 5
and F6 = 8 is the only Fibonacci triangle discovered thus far, and that there
are no other Fibonacci triangles (see [2], [3]).

Meanwhile, studies on the area of a triangle whose vertices have Fibonacci
numbers on a R2 plane were conducted. In 2015, Edwards presented the fol-
lowing problem in The Fibonacci Quarterly (see [1, B–1172]).

Show that the area of the triangle whose vertices have coordinates

(Fn, Fn+k), (Fn+2k, Fn+3k), (Fn+4k, Fn+5k)

Received August 19, 2022; Revised December 9, 2022; Accepted December 23, 2022.

2020 Mathematics Subject Classification. 11B39.

Key words and phrases. Fibonacci numbers, Lucas numbers, area of polygon.
H. Park was supported by the National Research Foundation of Korea (NRF-2019

R1C1C1010211). This research was partially supported by the Global Institute For Tal-

ented Education of KAIST and Dongguk University funded by the Ministry of Science and
ICT and the Ministry of Economy and Finance.

©2023 Korean Mathematical Society

695



696 S. HONG, S. MOON, H. PARK, S. PARK, AND S. SEO

is
5F 4

kLk

2
if k is even and

F 2
kL

3
k

2
if k is odd.

Also, find the area of the triangle whose vertices have coordinates

(Ln, Ln+k), (Ln+2k, Ln+3k), (Ln+4k, Ln+5k).

This problem can be said to be a triangle version of the problem for poly-
gons (F1, F2), (F3, F4), . . . , (F2n−1, F2n) whose vertices have Fibonacci numbers
published in The Fibonacci Quarterly in 2015 (see [9, B–1167]). The result of
B–1172 was presented by Johnson et al. (see [4]) and the result of B–1167 was
obtained by Kwong [6]. In addition, Johnson and Cook [5] found the areas of
triangles and polygons whose vertices have Pell numbers or Pell-Lucas numbers
with the same indices and showed that Jacobsthal numbers and Jacobsthal-
Lucas numbers with the same indices lie on a straight line.

In this paper, the areas of triangles and polygons such as (Fn, Fm+k),
(Fn+l, Fm+l), (Fn+2k, Fm+2l) and (Fn, Lm+k), (Fn+l, Lm+l), (Fn+2k, Lm+2l),
whose vertices are generalized, are calculated.

2. The Binet formula for Lucas sequences

Given two integers p and q, a function fp,q(n) is defined by the recurrence
relations:

fp,q(n+ 2) = p · fp,q(n+ 1)− q · fp,q(n)

for n ≥ 0. Let D = p2 − 4q ̸= 0. Then fp,q(n) can be expressed as the follows
with the Binet formula (see [7, p. 114]).

fp,q(n) = Aαn +Bβn,

where α =
p+

√
p2−4q

2 , β =
p−

√
p2−4q

2 and[
A
B

]
=

1

β − α

[
β −1
−α 1

] [
fp,q(0)
fp,q(1)

]
.

When fp,q(0) = 0 and fp,q(1) = 1, let fp,q(n) be Un(p, q), when fp,q(0) = 2
and fp,q(1) = p, let fp,q(n) be Vn(p, q). In this case, Un(p, q) and Vn(p, q) are
called Lucas sequences. Then the general terms of Un(p, q) and Vn(p, q) are as
follows:

Un(p, q) =
αn − βn

√
D

, Vn(p, q) = αn + βn.

As is well known, Un(1,−1) is a Fibonacci number Fn and Vn(1,−1) is a Lucas
number Ln. Table 1 shows the Lucas sequences for (p, q).

In this paper, when p and q are given, the following is defined.

p ̸= 0, q ̸= 0,

D := p2 − 4q > 0,

f(n) := fp,q(n),
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Table 1. Table for specific names of Lucas sequences

(p, q) Un Vn

(1,−1) Fibonacci number: Fn Lucas number: Ln

(2,−1) Pell number: Pn Pell-Lucas number: Qn

(1,−2) Jacobsthal number: Jn Jacobsthal-Lucas number: jn

Un := Un(p, q),

Vn := Vn(p, q).

In addition, let the two functions f(n) and g(n) have the same recurrence
formula and be increasing functions. The general terms of these functions are
expressed as follows:

f(n) = A1α
n +B1β

n, g(n) = A2α
n +B2β

n

for some real numbers A1, B1, A2, B2.

3. Area of a triangle whose vertices have Lucas sequences

Let there be three points, P1 = (f(n), g(m)), P2 = (f(n + l), g(m + l)) and

P3 = (f(n+ 2l), g(m+ 2l)). Calculate the cross product
−→
T of the two vertors

−−−→
P1P2 and

−−−→
P2P3. If

−→
T =

−→
0 , then three points P1, P2 and P3 are on a straight

line, and if
−→
T ̸= −→

0 , then a triangle will be formed when three points P1, P2

and P3 have been connected and the area will be ∥
−→
T ∥
2 . Let

−→
k = (0, 0, 1).

−→
T =

∣∣∣∣ f(n+ l)− f(n) g(m+ l)− g(m)
f(n+ 2l)− f(n+ l) g(m+ 2l)− g(m+ l)

∣∣∣∣−→k
=

∣∣∣∣ A1α
n(αl − 1) +B1β

n(βl − 1) A2α
m(αl − 1) +B2β

m(βl − 1)
A1α

n+l(αl − 1) +B1β
n+l(βl − 1) A2α

m+l(αl − 1) +B2β
m+l(βl − 1)

∣∣∣∣−→k
=

∣∣∣∣ αl − 1 βl − 1
αl(αl − 1) βl(βl − 1)

∣∣∣∣ ∣∣∣∣A1α
n A2α

m

B1β
n B2β

m

∣∣∣∣−→k
= (αβ)n(αl − 1)(βl − 1)

∣∣∣∣ 1 1
αl βl

∣∣∣∣ ∣∣∣∣A1 A2α
m−n

B1 B2β
m−n

∣∣∣∣−→k .

Hence,

(3.1)
−→
T =

√
Dqn(ql − Vl + 1)Ul(A2B1α

m−n −A1B2β
m−n)

−→
k .

From the above formula, the following theorem can be obtained.

Theorem 3.1. The three points P = (f(n), g(m)), Q = (f(n + l), g(m + l))
and R = (f(n+2l), g(m+2l)) lie on a straight line if and only if ql−Vl+1 = 0
or A2B1α

m−n −A1B2β
m−n = 0.

Corollary 3.2. The following three points lie on a straight line.
(i) P (Jn, Jm), Q(Jn+2l, Jm+2l), R(Jn+4l, Jm+4l),
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(ii) P (jn, jm), Q(jn+2l, jm+2l), R(jn+4l, jm+4l),
(iii) P (Jn, jm), Q(Jn+2l, jm+2l), R(Jn+4l, jm+4l).

Proof. Since q = 2 and Vl = 2l + (−1)l in Jocobsthal numbers Jn and
Jacobsthal-Lucas numbers jn, we obtain

q2l − V2l + 1 = 22l − (22l + 1) + 1 = 0.

Hence, three points P , Q and R lie on a straight line. □

Now we show the areas of the triangles associated with the Lucas sequences
Un and Vn.

Theorem 3.3. Let ql−Vl+1 ̸= 0 and m > n. Then the following are satisfied.
(i) The area S1 of a triangle having three vertices (Un, Um), (Un+l, Um+l)

and (Un+2l, Um+2l) is

S1 =
1

2
|qn(ql − Vl + 1)UlUm−n|.

(ii) The area S2 of a triangle having three vertices (Vn, Vm), (Vn+l, Vm+l)
and (Vn+2l, Vm+2l) is

S2 =
1

2
|Dqn(ql − Vl + 1)UlUm−n| = D · S1.

(iii) The area S3 of a triangle having three vertices (Un, Vm), (Un+l, Vm+l)
and (Un+2l, Vm+2l) is

S3 =
1

2
|
√
Dqn(ql − Vl + 1)UlUm−n| =

√
D · S1.

Proof. (i) First, it is shown that three points (Un, Um), (Un+l, Um+l) and
(Un+2l, Um+2l) do not lie on a straight line. Since m > n in the assumption, it
follows that

A2B1α
m−n −A1B2β

m−n =
1

D
(αm−n − βm−n) =

1√
D
Um−n ̸= 0.

Hence (Un, Um), (Un+l, Um+l) and (Un+2l, Um+2l) are the vertices of the trian-
gle. Now let us find the area of this triangle. Using (3.1), we get

−→
T =

1√
D
qn(ql − Vl + 1)Ul(α

m−n − βm−n)
−→
k .

Thus the area of this triangle is

1

2
|qn(ql − Vl + 1)UlUm−n|.

The results of (ii) and (iii) can be also obtained in a similar way. □

Using the above theorem, the areas of triangles whose vertices have Fibonacci
numbers or Lucas numbers can be obtained as follows.
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Corollary 3.4. Let n and m be nonnegative integers with m > n and let l be
a positive integer. Then the following hold.

(i) The area S1 of a triangle having three vertices (Fn, Fm), (Fn+l, Fm+l)
and (Fn+2l, Fm+2l) is

S1 =


1
2F2lFm−n, if l is odd,
1
2L

2
l/2FlFm−n, if l ≡ 2 (mod 4),

5
2F

2
l/2FlFm−n, if l ≡ 0 (mod 4).

(ii) The area S2 of a triangle having three vertices (Ln, Lm), (Ln+l, Lm+l)
and (Ln+2l, Lm+2l) is

S2 =


5
2F2lFm−n, if l is odd,
5
2L

2
l/2FlFm−n, if l ≡ 2 (mod 4),

25
2 F 2

l/2FlFm−n, if l ≡ 0 (mod 4).

(iii) The area S3 of a triangle having three vertices (Fn, Lm), (Fn+l, Lm+l)
and (Fn+2l, Lm+2l) is

S3 =


√
5
2 F2lFm−n, if l is odd,
√
5
2 L2

l/2FlFm−n, if l ≡ 2 (mod 4),
5
√
5

2 F 2
l/2FlFm−n, if l ≡ 0 (mod 4).

Proof. (i) Taking q = −1, Un = Fn and Vn = Ln in (i) of Theorem 3.3,
the area S1 of the triangle having three vertices (Fn, Fm), (Fn+l, Fm+l) and
(Fn+2l, Fm+2l) can be obtained as follows:

S1 =
1

2
|((−1)l − Ll + 1)FlFm−n|.

Suppose that l is odd. Then

S1 =
1

2
LlFlFm−n

=
1

2
F2lFm−n.

Suppose that l is even. Then

S1 =
1

2
(Ll − 2)FlFm−n.

If l ≡ 2 (mod 4), then

Ll − 2 = αl + 2(αβ)l/2 + βl = L2
l/2

and

S1 =
1

2
L2
l/2FlFm−n.

If l ≡ 0 (mod 4), then

Ll − 2 = αl − 2(αβ)l/2 + βl = 5F 2
l/2
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Table 2. The areas of triangle associated with Lucas sequences

Vertices odd l l ≡ 2 (mod 4) l ≡ 0 (mod 4)
(Fn, Fm), (Fn+l, Fm+l), (Fn+2l, Fm+2l)

1
2F2lFm−n

1
2L

2
l/2FlFm−n

1
2F

2
l/2FlFm−n

(Ln, Lm), (Ln+l, Lm+l), (Ln+2l, Lm+2l)
5
2F2lFm−n

5
2L

2
l/2FlFm−n

25
2 F 2

l/2FlFm−n

(Fn, Lm), (Fn+l, Lm+l), (Fn+2l, Lm+2l)
√
5
2 F2lFm−n

5
√
5

2 L2
l/2FlFm−n

√
5
2 F 2

l/2FlFm−n

(Pn, Pm), (Pn+l, Pm+l), (Pn+2l, Pm+2l)
1
2P2lPm−n

1
2Q

2
l/2PlPm−n 4P 2

l/2PlPm−n

(Qn, Qm), (Qn+l, Qm+l), (Qn+2l, Qm+2l) 4P2lPm−n 4Q2
l/2PlPm−n 32P 2

l/2PlPm−n

(Pn, Qm), (Pn+l, Qm+l), (Pn+2l, Qm+2l)
√
2P2lPm−n

√
2Q2

l/2PlPm−n 8
√
2P 2

l/2PlPm−n

(Jn, Jm), (Jn+l, Jm+l), (Jn+2l, Jm+2l) 2nJ2lJm−n 0 0
(jn, jm), (jn+l, jm+l), (jn+2l, jm+2l) 9 · 2nJ2lJm−n 0 0
(Jn, jm), (Jn+l, jm+l), (Jn+2l, jm+2l) 3 · 2nJ2lJm−n 0 0

and

S1 =
5

2
F 2
l/2FlFm−n.

From Theorem 3.3, this can be seen that S2 = 5S1 and S3 =
√
5S1. There-

fore, this theorem is true. □

Remark 3.5. In Corollary 3.4, let m = n + k and l = 2k. Then the area of a
triangle having three vertices (Fn, Fn+k), (Fn+2k, Fn+3k) and (Fn+4k, Fn+5k)
is {

1
2L

3
kFk, if k is odd,

5
2LkF

4
k , if k is even.

This is the result of Johnson and Cook (see [5]).

Table 2 shows the area of a triangle having Fibonacci numbers, Lucas num-
bers, Pell numbers, Pell-Lucas numbers, Jacobsthal numbers, or Jacobsthal-
Lucas numbers as vertices.

4. Area of polygons whose vertices have Lucas sequences

Let the vertices of the t-polygon Pi = (xi, yi) (i = 0, . . . , t− 1) be connected
in order and Pt−1 is connected to P0. In [8], the area of this polygon is

(4.1) S =
1

2

∣∣∣∣∣
t−2∑
i=0

xiyi+1 + xt−1y0 −
t−2∑
i=0

xi+1yi − x0yt−1

∣∣∣∣∣ .
Theorem 4.1. Let m and n be distinct integers, and l and t are positive
numbers with t ≥ 3. Assume that the points Pi = (f(n+il), g(m+il)) connected
sequentially to i = 0, . . . , t − 1 form a t-polygon. Then the area S of this t-
polygon is

S =

{√
D
2 |qm(A1B2α

n−m −A2B1β
n−m)(U(t−1)l − q(t−1)l−1

ql−1
Ul)|, if ql ̸= 1,

√
D
2 |qm(A1B2α

n−m −A2B1β
n−m)(U(t−1)l − (t− 1)Ul)|, if ql = 1.
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Proof. In (4.1), we calculate the following part.

T =

t−2∑
i=0

(
f(n+ il)g(m+ (i+ 1)l)− f(n+ (i+ 1)l)g(m+ il)

)
+ f(n+ (t− 1)l)g(m)− f(n)g(m+ (t− 1)l)

=

t−2∑
i=0

(
(A1α

n+il +B1β
n+il)(A2α

m+(i+1)l +B2β
m+(i+1)l)

− (A1α
n+(i+1)l +B1β

n+(i+1)l)(A2α
m+il +B2β

m+il)
)

+ (A1α
n+(t−1)l +B1β

n+(t−1)l)(A2α
m +B2β

m)

− (A1α
n +B1β

n)(A2α
m+(t−1)l +B2β

m+(t−1)l)

=

t−2∑
i=0

qm+il(αl − βl)(−A1B2α
n−m +A2B1β

n−m)

+ qm(α(t−1)l − β(t−1)l)(A1B2α
n−m −A2B1β

n−m)

=
√
Dqm(A1B2α

n−m −A2B1β
n−m)(U(t−1)l − Ul

t−2∑
i=0

qil).

If ql = 1, then

T =
√
Dqm(A1B2α

n−m −A2B1β
n−m)(U(t−1)l − (t− 1)Ul)

and if ql ̸= 1, then

T =
√
Dqm(A1B2α

n−m −A2B1β
n−m)(U(t−1)l −

q(t−1)l − 1

ql − 1
Ul).

Therefore, the area of the t-polygon is

S =
|T |
2

=

{√
D
2 |qm(A1B2α

n−m −A2B1β
n−m)(U(t−1)l − q(t−1)l−1

ql−1
Ul)|, if ql ̸= 1,

√
D
2 |qm(A1B2α

n−m −A2B1β
n−m)(U(t−1)l − (t− 1)Ul)|, if ql = 1.

□

But suppose that there are distinct t points Pi = (xi, yi) (i = 0, . . . , t − 1)
on the plane. This cannot be guaranteed that the shape formed when these
points are connected in sequence and Pt−1 is connected to P0 is a t-polygon.
Clearly, (Jn, Jm), (Jn+2l, Jm+2l), . . . , (Jn+2(t−1)l, Jm+2(t−2)l) cannot form any
polygon because they lie on a straight line. To solve this, we use the geometric
property of cross products.

For all i = 1, . . . , t− 2, we have

(i) If a component of
−→
k of

−−−−→
P0Pt−1 ×

−−→
P0Pi is greater than 0, then point Pi

will be located above the straight line P0Pt−1,
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(ii) If a component of
−→
k of

−−−−→
P0Pt−1 ×

−−→
P0Pi is less than 0, then point Pi will

be located below the straight line P0Pt−1,

(iii) If a component of
−→
k of

−−−−→
P0Pt−1 ×

−−→
P0Pi is equal to 0, then point Pi will

be located on the straight line P0Pt−1.
From the above, we can prove the following.

Lemma 4.2. Let p be a positive integer and q = −1 and let A1B2α
nβm −

A2B1α
mβn ̸= 0. If t points Pi = (f(n+il), g(m+il)) are sequentially connected

for i = 0, . . . , t− 1, then a t-polygon will be formed, except for p = 1, t = 4 and
l = 1.

Proof. Suppose that p is a positive integer and q = −1. Then

−−−−→
P0Pt−1 ×

−−→
P0Pi

=

∣∣∣∣f(n+ (t− 1)l)− f(n) g(m+ (t− 1)l)− g(m)
f(n+ il)− f(n) g(m+ il)− g(m)

∣∣∣∣−→k
=

∣∣∣∣A1α
n(α(t−1)l − 1) +B1β

n(β(t−1)l − 1) A2α
m(α(t−1)l − 1) +B2β

m(β(t−1)l − 1)
A1α

n(αil − 1) +B1β
n(βil − 1) A2α

m(αil − 1) +B2β
m(βil − 1)

∣∣∣∣−→k
=

∣∣∣∣α(t−1)l − 1 β(t−1)l − 1
αil − 1 βil − 1

∣∣∣∣ ∣∣∣∣A1α
n A2α

m

B1β
n B2β

m

∣∣∣∣−→k .

By the assumption, since ∣∣∣∣A1α
n A2α

m

B1β
n B2β

m

∣∣∣∣ ̸= 0

and m and n are fixed, its sign is determined. Thus we just need to calculate
the sign of the following.∣∣∣∣α(t−1)l − 1 β(t−1)l − 1

αil − 1 βil − 1

∣∣∣∣
= (αβ)il(α(t−i−1)l − β(t−i−1)l)− (α(t−1)l − β(t−1)l) + (αil − βil)

= D((−1)ilU(t−i−1)l − U(t−1)l + Uil).

If il is odd, then (−1)ilU(t−i−1)l−U(t−1)l+Uil = −U(t−i−1)l−U(t−1)l+Uil < 0.
Suppose that il is even. Then

(−1)ilU(t−i−1)l − U(t−1)l + Uil = U(t−i−1)l − U(t−1)l + Uil.

By the recurrence formula,

U(t−1)l = pU(t−1)l−1 + U(t−1)l−2

≥ U(t−1)l−1 + U(t−1)l−2

≥ U(t−1−i)l + Uil.

Hence

U(t−i−1)l − U(t−1)l + Uil ≤ 0.
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Also, we obtain that U(t−i−1)l − U(t−1)l + Uil = 0 if and only if p = 1 and
(i, t, l) = (2, 4, 1).

Hence except for p = 1, t = 4 and l = 1, the sign of the component of
−→
k of−−−−→

P0Pt−1 ×
−−→
P0Pi is constant regardless of i. This means that for i = 1, . . . , t− 2,

all points Pi are on one side of straight line P0Pt−1. In addition, since f(n)
and g(n) increase with respect to n, if points Pi (i = 0, . . . , t−1) are connected
in sequence, a t-polygon will be formed. □

From Lemma 4.2, this can be seen that if points (Fn+il, Fm+il) are connected
sequentially for i = 0, . . . , t − 1, a t-polygon will be formed except for p = 1,
t = 4 and l = 1.

For a positive integer p, let Un = pUn−1 + Un−2, Vn = pVn−1 + Vn−2. For
i = 0, . . . , t− 1, the following t points Pi are classified as follows.

Case 1) Pi = (Un+il, Um+il),
Case 2) Pi = (Vn+il, Vm+il),
Case 3) Pi = (Un+il, Vm+il).

Here, we assume m > n. If (p, t, l) ̸= (1, 4, 1) is excluded, this can be seen from
Lemma 4.2 that if points Pi are connected sequentially, a t-polygon will be
formed. Let the area of the polygon in Case 1) be S1, the area of the polygon
in Case 2) be S2, and the area of the polygon in Case 3) be S3. Then we can
get S1 from Theorem 4.1.

(4.2) S1 =


1
2Um−nU(t−1)l, if l and t are odd,
1
2Um−n(U(t−1)l − Ul), if l is odd and t is even,
1
2Um−n|U(t−1)l − (t− 1)Ul |, if l is even.

Calculating in a similar way

S2 = D · S1 and S3 =
√
D · S1.

From (4.2), the following result is obtained.

Corollary 4.3. Let m and n be nonnegative integers with m > n and let l and
t(t ≥ 3) be positive numbers. Then the area of a polygon, whose vertices are
(Fn, Fm), (Fn+l, Fm+l), . . . , (Fn+(t−1)l, Fm+(t−1)l) is

S =


1
2Fm−nF(t−1)l, if l and t are odd,
1
2Fm−n(F(t−1)l − Fl), if l is odd and t is even,
1
2Fm−n|F(t−1)l − (t− 1)Fl|, if l is even,

except for t = 4 and l = 1.

Table 3 shows the areas of t-polygons associated with Lucas sequences.

Acknowledgements. We would like to thank the referees for valuable com-
ments that help to improve our manuscript.
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Table 3. The areas of t-polygons associated with Lucas sequences

Vertices odd l and t odd l and even t even l
Pi = (Fn+il, Fm+il)

1
2Fm−nF(t−1)l

1
2Fm−n(F(t−1)l − Fl)

1
2Fm−n|F(t−1)l − (t− 1)Fl|

Pi = (Ln+il, Lm+il)
5
2Fm−nF(t−1)l

5
2Fm−n(F(t−1)l − Fl)

5
2Fm−n|F(t−1)l − (t− 1)Fl|

Pi = (Fn+il, Lm+il)
√
5
2 Fm−nF(t−1)l

√
5
2 Fm−n(F(t−1)l − Fl)

√
5
2 Fm−n|F(t−1)l − (t− 1)Fl|

Pi = (Pn+il, Pm+il)
1
2Pm−nP(t−1)l

1
2Pm−n(P(t−1)l − Pl)

1
2Pm−n|P(t−1)l − (t− 1)Pl|

Pi = (Qn+il, Qm+il) 4Pm−nP(t−1)l 4Pm−n(P(t−1)l − Pl) 4Pm−n|P(t−1)l − (t− 1)Pl|
Pi = (Pn+il, Qm+il)

√
2Pm−nP(t−1)l

√
2Pm−n(P(t−1)l − Pl)

√
2Pm−n|P(t−1)l − (t− 1)Pl|
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