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AREAS OF POLYGONS WITH VERTICES FROM LUCAS
SEQUENCES ON A PLANE

SEOKJUN HoNG, STHYUN MOON, HO PARK, SEOYEON PARK, AND SOYOUNG SEO

ABSTRACT. Area problems for triangles and polygons whose vertices have
Fibonacci numbers on a plane were presented by A. Shriki, O. Liba, and
S. Edwards et al. In 2017, V. P. Johnson and C. K. Cook addressed prob-
lems of the areas of triangles and polygons whose vertices have various
sequences. This paper examines the conditions of triangles and polygons
whose vertices have Lucas sequences and presents a formula for their
areas.

1. Introduction
Let F,, and L,, be the Fibonacci numbers and Lucas numbers defined as

Fo =0, F =1, Fopo=Fyp1+F,, n>2,
Ly = 2, L1 =1, Lyyo=Lpy1+ Lp, n 2> 2.

The study of triangles for Fibonacci numbers and Lucas numbers is an inter-
esting topic. A triangle whose individual sides have Fibonacci numbers as their
lengths and whose area has a natural number is called a Fibonacci triangle. A
conjecture is that a Fibonacci triangle whose three sides are F5 = 5, F5 = 5
and Fiz = 8 is the only Fibonacci triangle discovered thus far, and that there
are no other Fibonacci triangles (see [2], [3]).

Meanwhile, studies on the area of a triangle whose vertices have Fibonacci
numbers on a R? plane were conducted. In 2015, Edwards presented the fol-
lowing problem in The Fibonacci Quarterly (see [1, B-1172]).

Show that the area of the triangle whose vertices have coordinates

(Fn, Fogk), (Friok, Faysk), (Frgak, Fuisk)
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is
4 273
5F’;Lk if k is even and %

Also, find the area of the triangle whose vertices have coordinates
(Lna LnJrk)a (Ln+2ka Ln+3k); (Ln+4ka Ln+5k)~

This problem can be said to be a triangle version of the problem for poly-
gons (F1, Fy), (F3, Fy), ..., (Fan—1, Fa,) whose vertices have Fibonacci numbers
published in The Fibonacci Quarterly in 2015 (see [9, B-1167]). The result of
B-1172 was presented by Johnson et al. (see [4]) and the result of B-1167 was
obtained by Kwong [6]. In addition, Johnson and Cook [5] found the areas of
triangles and polygons whose vertices have Pell numbers or Pell-Lucas numbers
with the same indices and showed that Jacobsthal numbers and Jacobsthal-
Lucas numbers with the same indices lie on a straight line.

In this paper, the areas of triangles and polygons such as (Fy,, Fi+k),
(Fotts Fm)s (Fogak, Fngar) and (Fo, Linyk)s (Fosts Linst), (Fag2k, Linar),
whose vertices are generalized, are calculated.

if k is odd.

2. The Binet formula for Lucas sequences

Given two integers p and ¢, a function f, 4(n) is defined by the recurrence
relations:

foan+2)=p- frq(n+1)—q- fpqn)
for n > 0. Let D = p? —4q # 0. Then f, 4(n) can be expressed as the follows
with the Binet formula (see [7, p. 114]).
fp.q(n) = Aa™ + BB",
p+ 112—4q7 8= p—/p2—4q

2 2

{A] _ 1 { 8 —1} [fm(o)]
B B—a|-a 1] [fp1)]

When f, ,(0) =0 and f,, 4(1) =1, let f, 4(n) be Uy,(p,q), when f, ,(0) =2
and f,4(1) = p, let fp4(n) be Vi, (p,q). In this case, U,(p,q) and V,,(p, q) are

called Lucas sequences. Then the general terms of U, (p,q) and V,,(p, q) are as
follows:

and

where o =

Ozn—ﬂ"
VD

As is well known, U, (1, —1) is a Fibonacci number F,, and V,,(1,—1) is a Lucas
number L,,. Table 1 shows the Lucas sequences for (p, q).
In this paper, when p and ¢ are given, the following is defined.

p#0, ¢#0,
D:=p*—4¢ >0,
f(n) = fp,q(n)7

Un(p’ q) = , Val(p, Q) =ao" + 5"
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TABLE 1. Table for specific names of Lucas sequences

(p,q) | Un Vo

(1,—1) | Fibonacci number: F,, | Lucas number: L,

(2,—1) | Pell number: P, Pell-Lucas number: @,
(1,—-2) | Jacobsthal number: J, | Jacobsthal-Lucas number: j,

Un = Un(p, q),
Vi = Vn(Pa Q)-

In addition, let the two functions f(n) and g(n) have the same recurrence
formula and be increasing functions. The general terms of these functions are
expressed as follows:

f(n) = A1a™ + B1f", g(n) = Aza™ + By "

for some real numbers Ay, By, Ao, Bs.

3. Area of a triangle whose vertices have Lucas sequences

Let there be three points, P; = (f(n),g(m)), P = (f(n +1),g(m + 1)) and
]ﬁj (fn+20),g(m+ 2112. Calculate the cross product T of the two vertors
PPy and P,P;. If T' = 0, then three points P, P, and Ps are on a straight
line, and if ? #+ 6>, then a triangle will be formed when three points Py, P,
and Ps; have been connected and the area will be H?T” Let & = (0,0,1).

fn+20)—fin+1) glm+20)—g(m+1)

B AlOén(Oél _ 1) + Bl/gn(ﬁl _ 1) AQOI"L(OLZ _ 1) 4 BQB"L(BZ _ 1) ?
- Ala"H(OéZ _ 1) + Blﬁ"+l(ﬂl _ 1) Agam+l(0¢l _ 1) 4 Bgﬁm+l(ﬂl _ 1)
- at—1 gh—1 Ao Axa™| =
T lal(al =1) BYB'—1)||B18" Baf™
1 1]|A; Asa™™™
= (aﬁ)n(al - 1)(ﬁl - 1) Oél Bl Bi Bzgm—n %
Hence,
(3.1) T = vVDg"(¢' — Vi + DUi(A2B1a™ " — A, Bof™ ") K.

From the above formula, the following theorem can be obtained.

Theorem 3.1. The three points P = (f(n),g(m)),Q = (f(n +1),9(m + 1))
and R = (f(n+2l), g(m+2l)) lie on a straight line if and only if ¢ —V;+1 =10
or Ao B1a™ ™" — AlBQﬁmin =0.

Corollary 3.2. The following three points lie on a straight line.
(1) P(Jns JIm)s Q(Jntats Jmyar)s B(Jntars Jmyar),
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(11) P(Jnv]m>7 Q(jn+2l7jm+2l)7 R(jn+4l7jm+4l);
(111) P(Jna]m); Q(Jn+21ajm+21)7 R(Jn+4lajm+4l)-

Proof. Since ¢ = 2 and V; = 2! + (=1)! in Jocobsthal numbers .J, and
Jacobsthal-Lucas numbers j,,, we obtain

P —Vy+1=2" (22 +1)+1=0.
Hence, three points P, (Q and R lie on a straight line. ([

Now we show the areas of the triangles associated with the Lucas sequences
U, and V,,.

Theorem 3.3. Let ¢! —V;+1 # 0 and m > n. Then the following are satisfied.
(i) The area S1 of a triangle having three vertices (Un,Up), (Un+i, Um+i)
and (Un a1, Unyar) is

1
&:yf@fw+nmwwm

(ii) The area Sy of a triangle having three vertices Vi, Vin), (Viats Vinat)
and (Vigor, Vintar) 4

1
Sy = §|Dq"(ql —Vi+1)UUp—n| =D - Si.

(iii) The area S3 of a triangle having three vertices (Un, Vin), (Un+i, Vinti)
and (Unai, Vinvar) s

1
Sz = §|\/5q"(ql —~Vi4+ 1)U Uy _n| =VD- 8.

Proof. (i) First, it is shown that three points (U,,Up), (Un+i, Um+i) and
(Un+ai, Upny21) do not lie on a straight line. Since m > n in the assumption, it
follows that

AgBlam — AlBQﬂ = 5(0[ — ,B ) = ﬁUm_n 7é 0
Hence (Upn, Un), (Unti, Unti) and (Uypqar, Umta1) are the vertices of the trian-
gle. Now let us find the area of this triangle. Using (3.1), we get
1 . _ -
T = ——¢"(¢' = Vi + YUy (@™ " — f™™Y K.
ik (¢ = Vi+1U( ")

Thus the area of this triangle is
1
0" (¢ = Vi+ YU |-

The results of (ii) and (iii) can be also obtained in a similar way. O

Using the above theorem, the areas of triangles whose vertices have Fibonacci
numbers or Lucas numbers can be obtained as follows.
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Corollary 3.4. Let n and m be nonnegative integers with m > n and let [ be
a positive integer. Then the following hold.
(i) The area Sy of a triangle having three vertices (Fn, Fin), (Fnii, Fmti)
and (Fyqo1, Fryor) is
Ly Fop,  iflis odd,
S = %Lf/QFlFm,n, ifl=2 (mod 4),
;F12/2F1Fm_n, if =0 (mod 4).
(ii) The area Ss of a triangle having three vertices (Lp, L), (Lnti, Lim+t1)
and (L4210, Limy21) s
%FglFm_n, if 1 is odd,
Sg = %L?/2F1Fm_n, Zfl =2 (mod 4),
22—5F12/2F1Fm,n7 ifl=0 (mod 4).
(iii) The area S3 of a triangle having three vertices (Fy, L), (Frnaiy Lin+i)
and (Fn+2la Lnl+2l) 18
Y5 Fy ) if 1 is odd,
Sy = éLf/QFlFm,n, ifl=2 (mod 4),
SRy FiFr o, if1=0 (mod 4).
Proof. (i) Taking ¢ = —1, U, = F, and V,, = L, in (i) of Theorem 3.3,

the area S; of the triangle having three vertices (Fy, Fi,), (Fnti, Fint:) and
(Fr+21, Fing21) can be obtained as follows:

1
Si=5I((=1)" = Li+ ) FiFn].

Suppose that [ is odd. Then

1
Sl = iLlFlFm—n

1
= _—Fyly_y.
9 21

Suppose that [ is even. Then
S = %(Ll —2)EF Fpyn.
If | =2 (mod 4), then
Li—2=a +2(af)?+ ' = L)y

and )
S = §L12/2F1Fm_n.

If I =0 (mod 4), then
L—2=a"-2(aB)"?+ " =5F],
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TABLE 2. The areas of triangle associated with Lucas sequences

Vertices odd [ =2 (mod 4) =0 (mod 4)
(Frs Frn), (Fryt, Fnst)s (Fryar, Frngar) TFEyFo_y %L?/QF‘IFWL*R F}/ZFlmen
(Lny, Lin), (L, Lntt)s (Ln2ts Lneat) SFyFn gL%/QFsz—n 25Fl/2FlFm—n
(Fus Lin)s (Foty Lint)s (Fatots Lns2t) | L FPoFruen | 28L2 0 FiFy | B F2FiFpnn
(Pn Pm)v ( ) %Pﬂpm—n %Q?/gplpm—n 4PlQ/2Ple—n

(Qn7 m) (Qw+lv QWH»I) Qn+217 Qm+2!) 4P2le7n 4Q12 QIDlefn 32P }Dle n
/ /
)

(£,
(L
(£
n+4ls m+l)7( n+420s m+2l
(
(P,
()

(P’!H m)s ( n+l» QnH—l)) n+205 QIIL+21 \/§P21P7n—n \/EQ?/Z})ZPTIL—TL 8\/7 l/2})l m—n
(]m 771)7 ( n+ls ]m+l)7 n+21ly ¢ m+21) 2" JQlJmfn 0 0
(jﬂ7.7m)7 (]7l+l ]m+l)7 (7n+2l7]m+21) 92" Iy dy—n 0 0
( n7]m)7 ( n+ls jm+l) ( n+217]m+21) 3- 2"]21,]7”771 0 0

and

5
Sy = 515’1'4}21?;1%,1_n.

From Theorem 3.3, this can be seen that Ss = 55; and S35 = v/55;. There-
fore, this theorem is true. (I

Remark 3.5. In Corollary 3.4, let m = n + k and [ = 2k. Then the area of a
triangle having three vertices (F,, Frik)s (Frnt2k, Frnisk) and (Fnpak, Frnisk)
is
{;Lng, if k is odd,
SLiFE, if kis even.
This is the result of Johnson and Cook (see [5]).
Table 2 shows the area of a triangle having Fibonacci numbers, Lucas num-

bers, Pell numbers, Pell-Lucas numbers, Jacobsthal numbers, or Jacobsthal-
Lucas numbers as vertices.

4. Area of polygons whose vertices have Lucas sequences

Let the vertices of the t-polygon P; = (z;,y;) (i =0,...,t—1) be connected
in order and P;_; is connected to Py. In [8], the area of this polygon is

t—2 t—2
(4.1) =3 z%xinl + xi—1Yo — Z;)xiJrlyi — ToYi—1|-
i= =

Theorem 4.1. Let m and n be distinct integers, and | and t are positive
numbers with t > 3. Assume that the points P; = (f(n+il), g(m-+il)) connected
sequentially to 1 = 0,...,t — 1 form a t-polygon. Then the area S of this t-
polygon s

L

_ @Mm(Ale”_m — A2 B1 ") (Ugp—1y1 — qilUl” if gt # 1,
YD g™ (A Bya™™ — Ay By B U1y — (E— DUY)|,  if ¢' = 1.
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Proof. In (4.1), we calculate the following part.
t—2

T=%" <f(n +il)g(m + (i + 1)) — f(n+ (i + 1)Dg(m + u))

=0
+ fin+({E=1)Dg(m) — f(n)g(m + (t = 1)I)

= <(A1an+il + B15n+il)(A2am+(i+l)l + Bgﬁm+(i+l)l)
— (AlanJr(iJrl)l + Blﬁn+(i+1)z)(A2am+u + Bgﬁm+il)>

(A1 By Ay 4 B
_ (Aloz” + Blﬁn)(AQOém+(t_1)l —|—Bgﬁm+(t_1)l)

o+
[ V)

_ qm—i-il(al _ ﬁl)(_ALBQCVn_m + A2B16n—m)

N
I
=)

+ qm(a(t—l)l _ B(t_l)l)(AlBgan_m _ AQBlﬁn_m)
t—2

— \/qu(AlBQCVn_m — AQBlﬁn_m)(U(t_l)l — Ul qul)
=0

If ¢ =1, then
T = VDg™ (A1 Boa™™™ — A3 B1 " ™) (Ug—1y — (t — DY)
and if ¢* # 1, then

t—11 _ 1
T = \/ﬁqm(/tha"*m — A2 B1 8" ") (Ugs—1y1 — qqlflUl).
Therefore, the area of the t-polygon is
_ T
=3

(t—1)1_

_ [Pl (A Bsa T = Ag BT Uy — St Ul il A 1
Q|qm(A1B2an—m — AQBlﬁn_m)(U(t_l)l — (t — 1)[][)‘7 if ql =1.
O

But suppose that there are distinct ¢ points P; = (z;,y;) (i =0,...,t — 1)
on the plane. This cannot be guaranteed that the shape formed when these
points are connected in sequence and P;_; is connected to P, is a t-polygon.
Clearly, (Jn,Jm), (Jns2t, Jma21)s - - (Jnga—1)i> Jmt2(t—2)1) cannot form any
polygon because they lie on a straight line. To solve this, we use the geometric
property of cross products.

Foralli=1,...,t— 2,_>we have

(i) If a component of k of PyP;—1 X ]ﬁ is greater than 0, then point P;
will be located above the straight line Py P;_1,
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(ii) If a component of ? of PyP;_q1 x ]ﬁ is less than 0, then point P; will
be located below the btralght line PyP;_1,

(iii) If a component of k of PyPi_q1 X ]ﬁ is equal to 0, then point P; will
be located on the straight line PyP;_1.

From the above, we can prove the following.

Lemma 4.2. Let p be a positive integer and ¢ = —1 and let A1 Bsa™B™ —
Ao Bia™B™ £ 0. Ift points P; = (f(n+il), g(m+il)) are sequentially connected
fori=0,...,t—1, then a t-polygon will be formed, except forp=1,t =4 and
l=1.

Proof. Suppose that p is a positive integer and ¢ = —1. Then

PyPi_1 X P()E

’f (t=1)l) = f(n) g(ﬂh‘(t—l)l)—g(m)‘;>

f(n+il)— f(n) (m+1l) — g(m)
Alan(a(t 1l _ 1) + B 6n(6(t 1l _ 1) Aga’”(a(t’l)l _ 1) +B257n(5(t71)l _ 1) —
Ao — 1) + B g7 (B* - 1) Asa™(a™ — 1) + Bop™ (B — 1)
- Oz(til)l -1 ﬂ(t 1)l — 1 Aloz AQO{ _>
- ail -1 Ban Bzﬁm

By the assumption, since
Aloz" AQOém
‘Bﬁn Bzﬂm’ 70
and m and n are fixed, its sign is determined. Thus we just need to calculate
the sign of the following.
Q=11 _ 1 glt=1l
ail -1 Bil -1
_ (aﬂ)zl(a(t i—1) B(tfifl)l) _ (a(tfl)l _ B(tfl)l) + (ail . 6il)
= D((—1)"Up—i—1y1 — U—1y1 + Ua).

If il is Odd, then (—1)ilU(t,i,1)l _U(tfl)l +U7,l = _U(tfifl)l — U(tfl)l +Uzl < 0.
Suppose that il is even. Then

(-1)"Ug—i—1y — Ug—1y1 + Ui = Ug—i—1y1 — Ug—1y1 + Ua.
By the recurrence formula,
Ug—1 =pU-1y1-1 + Ug—1y1-2
> Ug—1i-1 +Ug—1)1-2
> Ug—1-in + Ui

Hence
Ui—iiy — U1y + Uy <0.
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Also, we obtain that Uy_;_1y — Uy—1y + Uy = 0 if and only if p = 1 and
(i,t,1) = (2,4,1).

Hence except for p=1,¢t =4 and [ = 1, the sign of the component of ? of
PyP,_1 X PyP; is constant regardless of 4. This means that for:=1,...,t— 2,
all points P; are on one side of straight line PyP;_;. In addition, since f(n)
and g(n) increase with respect to n, if points P; (¢ = 0,...,t—1) are connected
in sequence, a t-polygon will be formed. (I

From Lemma 4.2, this can be seen that if points (F, 441, Finti) are connected
sequentially for ¢ = 0,...,t — 1, a t-polygon will be formed except for p = 1,
t=4andl=1.

For a positive integer p, let U, = pUp_1 + Up_2, V;, = pV,_1 + V9. For
1=0,...,t— 1, the following ¢t points P; are classified as follows.

Case 1) P; = (Untit, Untit),

Case 2) P; = (Vyit, Vingit)

Case 3) ]DZ = (Un—&-ila Vm+il)~
Here, we assume m > n. If (p,¢,1) # (1,4,1) is excluded, this can be seen from
Lemma 4.2 that if points P; are connected sequentially, a ¢-polygon will be
formed. Let the area of the polygon in Case 1) be Si, the area of the polygon
in Case 2) be So, and the area of the polygon in Case 3) be S3. Then we can
get S; from Theorem 4.1.

%Um,nU(t_l)l, if [ and ¢ are odd,
(4.2) S1 = %Um,n(U(t_l)l -0y, if [ is odd and t is even,
%Um—n|U(t—1)l —(@t-=1U,|, ifliseven.

Calculating in a similar way
Sy = D-8 and S35 = VD-Si.
From (4.2), the following result is obtained.

Corollary 4.3. Let m and n be nonnegative integers with m > n and let | and
t(t > 3) be positive numbers. Then the area of a polygon, whose vertices are

(Fn7 Fm)> (Fn+l> Fm+l)7 ey (Fn+(t71)lu Fm+(t71)l) 18
%Fm_nF(t,l)l, if | and t are odd,
S = %Fm—n(F(t—l)l - F), if 1 is odd and t is even,
L n|Fu—1y— (t—1)E|, iflis even,
except fort =4 and 1 = 1.
Table 3 shows the areas of ¢-polygons associated with Lucas sequences.

Acknowledgements. We would like to thank the referees for valuable com-
ments that help to improve our manuscript.
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TABLE 3. The areas of t-polygons associated with Lucas sequences

Vertices odd [ and ¢ odd ! and even t even [
P = (Fovit, Fnsit) | Fn—nFu—1y | 3FmnFa—y—F) | SFm_alFu_1y — (t—1)F]
P = (Lnyit, Lmtit) | 3Fm—nFuo—1y | 3Fm-nFo—iy—F) | 3FmnlFe_1y— (t —1)F)]
Py = (Fuyit, Lmtit) | 2 FonnFlii | 5 Fon(Fl—iy = F) | 52 Pl Fi — (t = D
P; = (Pryit, Pmyat) ZPm—nP(t—m 2P n(Pi—1y — P) | Pm-nlPi—1y — t— 1P|
P = (Qn+zvam+zl) 4Pm771,P(t71)1 4me7l(P(t71)l - PJl) 4Pm7n,‘P(t—1)l - (t - 1)Pl|
P = (Puyit, Qmtit) | V2Pm—nPu—1y | V2Pon(Pu—1y — P) | V2P| Py—1y — (t — 1) P

(1]
(2]
(3]
(4]
(5]
(6]
[7]

(8]
(9]
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