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ABSTRACT. In this study, we consider the application of the bifocusing method (BFM) for
identifying the locations and shapes of small anomalies from scattering parameter data when
the exact values of background permittivity and conductivity are unknown. To this end, an
imaging function using numerical focusing operator is introduced and its mathematical struc-
ture is revealed by establishing a relationship with an infinite series of Bessel functions, antenna
arrangements, and anomaly properties. On the basis of the revealed structure, we demonstrate
why inaccurate location and size of anomalies were retrieved via the BFM. Some simulation
results are illustrated using synthetic data polluted by random noise to support the theoretical
result.

1. INTRODUCTION

Retrieving the location, outline shape, and material properties (or parameter distribution) of
unknown targets is an interesting and important research subject for addressing inverse scatter-
ing problems and microwave imaging inadequacies. To this end, various qualitative methods
using multistatic measurement systems have been investigated. For example, direct sampling
method [1, 2, 3], factorization method [4, 5, 6], Kirchhoff and subspace migration techniques
[7, 8, 9], linear sampling method [10, 11, 12], MUIltiple SIgnal Classification (MUSIC) al-
gorithm [13, 14, 15], orthogonality sampling method [16, 17, 18], and topological derivative
[19, 20, 21]. We also refer to [22, 23, 24, 25, 26, 27, 28] for related research.

The recently developed bifocusing method (BFM) is also classified as a qualitative method
using a multistatic measurement system. Based on applications for ultra-wide-band tomo-
graphic radar imaging [29], damage detection in concrete voids [30], and anomaly detection
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in microwave imaging [31], the BFM can be considered an effective microwave imaging tech-
nique. To perform the BFM to retrieve unknown targets, the incident field at each search point
must be evaluated with the exact value of the background wavenumber, which is dependent
to applied frequency, background permittivity, permeability, and conductivity; therefore, exact
information regarding the background medium must be known. For this reason, most research
has assumed that complete information is known regarding the background and used the statis-
tical values.

Notably, if inaccurate values for background permittivity or conductivity are applied, the
BFM is inappropriate for reconstructing unknown targets, as inaccurate locations and target
sizes are identified. Fortunately, it is possible to recognize the targets when the value of ap-
plied background conductivity is small; however this approach has been heuristically examined
using numerical simulations. To the best of our knowledge, mathematical theory for explaining
this phenomenon has not been established yet. This motivates our investigation to develop a
mathematical theory for applying the BFM.

In this study, we establish a reliable mathematical theory of the BFM from scattering param-
eter data without complete background medium information. To do so, we apply an alternative
wavenumber rather than the true and demonstrate that the imaging function of the BFM can
be expressed using the infinite series of Bessel functions of integer order, material properties,
antenna arrangement, and true and applied wavenumbers. This is based on the integral rep-
resentation formula for the scattered-field S—parameter in the presence of small anomalies.
The results reveal the reason that inaccurate locations and target shapes are retrieved. Simula-
tion is conducted using synthetic data generated by the CST STUDIO SUITE to validate the
theoretical results.

This paper is organized as follows. In Section 2, we briefly introduce the concept of the
scattered-field S—parameter in the presence of small anomalies and the imaging function of
the BEM. In Section 3, we develop the mathematical structure of the designed imaging func-
tion by establishing a relationship with an infinite series of Bessel functions of integer order,
antenna arrangement, material properties, and unknown background information. Based on
this structure, we explain the reason that inaccurate locations and shapes are retrieved. In Sec-
tion 4, simulation results using synthetic data that are polluted by random noise are presented
to support our theoretical results. A brief conclusion including future research directions is
provided in Section 5.

2. SCATTERING PARAMETER AND BIFOCUSING METHOD

2.1. Problem Setting. Suppose that there exists a set of anomalies (35, s = 1,2,---,5)
that have €5 and o, as the value of dielectric permittivity and electric conductivity at given
angular frequency w = 27 f, respectively. For the sake of experimentation, we assume that
every > is a small ball with radii «, and denote 3 be the collection of >,. Throughout
this study, we set every X to be completely embedded in a homogeneous region {2 and there
no magnetic material is present in §2; thus, the value of magnetic permeability is constant
p(r) = pp = 47x10~"H/m forevery r € Q. We set €2 to be filled by a matching liquid, which
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has ey, and oy}, as the value of permittivity and conductivity at w such that wey, > oy,. Using
this notation, we introduce the piecewise constant permittivity and conductivity as follows:

£(r) es for re g and (r) = os for redg
T ey for TeQ\X W=\ oy for re Q\X.

We denote k = w\/ub(eb + iop /w) as the background wavenumber and A,,,n = 1,2,--- | N
as the dipole antenna with location a,, for transmitting and receiving signals. With this setting,
we assume that all anomalies 3.5 are separated from each other such that:

1
' — 1" > 1% for ¥eXy, reXy, §#§ §,5=1,2---,5 (21

We also assume that a,, and r’ € X satisfy the relation (2.1), and to guarantee the smallness of
>, the following relation holds (e.g., see [32]):

A
S5 1<

, s=1,2,--- .85 2.2)
€p 4043

where ) denotes the positive wavelength. We illustrate the problem setting in Fig. 1.

o . o «————— region of interest ()
L] L]
L] . Ll
b}
o L]
([ ]
- b)) 33 '\
. ,/> dipole antennas
(] L]
L]

FIGURE 1. Illustration of problem setting.

2.2. Scattering Parameter. Let E;,.(a,,,r) be the incident field due to the point current
density J at A,,,. Then, based on Maxwell’s equation, Ei,¢(a,,, r) satisfies the following:

V X Einc(ama I‘) = _inbHinc(amyr)a V x Hinc(amyr) = (Ub + Z"f‘)gb)EinC(am>r)-

We denote Ei(r,a,,) as the corresponding total field in the presence of 3 measured by the
receiver A,,, which satisfies the following:

V X Eiot (v, a,) = —iwppHiot (1, ap,), VX Hyot(r, a,,) = (0(r) + iwe(r))Eor (1, am)

with transmission condition on 0X. Here, H;,. and H;,: denote the magnetic fields.
The S—parameter (or scattering parameter) is defined as the ratio of the output voltages
(or reflected waves) at the A, to the input voltages (or incident waves) at A,,, referencing
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[33]. We denote Sinc(n, m) and Siot(n, m) as the incident and total field S—parameter with
and without anomalies. Throughout this study, the measurement data Ssc,t(n, m) denotes the
scattered field S—parameter obtained by subtracting Siot (72, m) and Siyc(n, m). Referencing
[34], Sscat(n, m) can be represented by the following integral equation:

1.2 AN AN
Secat (nm) = ’Lk/ (6(1‘ ) —ép n Z.U(I‘ ) 0b> Eine(am, r') ) Etot(r,a an)dr'.
Q

4wy, €b WEL

In this study, the height of microwave machine is considered to be long enough (see [35]
for an example of the experimental setup). Therefore, based on the mathematical treatment
of the scattering of time-harmonic electromagnetic waves from thin infinitely long cylindrical
obstacles, only the z—component of the incident and total fields can be measured, and by

denoting El(ng and Eﬁgjﬂ as the z—component of the incident and total fields, respectively, the

expression Sgcat (1, m) becomes the following:

ik? e(r) —ep  o(r) —op\ L) (2) (o /
sca 5 == E. ms T E ,An . 2.
S t (n m) 4&)/,Lb / < b + ? wet, inc (a ) tot (I' a )dr ( 3)

2.3. Bifocusing Method: Traditional Approach. We next introduce the imaging function of
the BFM to retrieve X5 from the scattering matrix M in which the elements are measurement
data Sgcat(n, m), which are determined as follows:

Sscat(lvl) Sscat(172) Sscat(lvN_ 1) Sscat<17N)
Sscat(2a 1) Sscat(27 2) e Sscat(27 N — 1) Sscat(2> N)
Sscat(Na 1) Sscat(Na 2) e Sscat(Na N — 1) Sscat(Na N)

Unfortunately, since the complete expression of the total field Egéz(r, a,) is still unknown,

an alternative expression of Sgcat(n, m) is required. Since (2.2) holds, by applying the Born
approximation to (2.3), we have

1.2 AN AN
Sscat (n, m) ~ i /(6(1') b +i0(r) Jb>E( )(amvr/)E( )(I' a,)dr’. (2.4)

4wﬂb ep We inc inc

Correspondingly, M can be represented as follows:

/ O )L o, (.5 / O EL) o, B )
"~ dwp,
/ Ow)E (ax.r >E§§2<aN, / OB (ax, r )Efnz(aN,r’)dr’

(2.5)
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where . .
O(I‘/) _ 8(1‘ ) — &b +Z,O'(I' ) — O'b.
b WE}
On the basis of (2.5), we next design the imaging function by synthesizing two focused
groups of antennas. To this end, we define the following vector: for each r € (€,

1 1 1
W(I’) = ( ) y T ) (26)
EC) (ar,r) EX(as,r) EX(an,r)

mc mc mc

and introduce the corresponding traditional i 1mag1ng function as follows:

Z Z scat n, (7?)

n=1m=1 Emc am7r)E1nc(an’r)

A map of fgrr(r) is expected to include peaks of large magnitude at r € 3.

Sprr(r) = [W(r)M

2.4. Bifocusing Method Without Background Information. It is essential to emphasize that
unlike to traditional research, it is difficult to handle the diagonal elements of M because each
N antenna is used to transmit signals and the remaining antennas are used to receive signals,
referencing [36] as an example of this setup. Moreover, it is generally difficult to discern the
weak scattered signal from the relatively high antenna reflection if the locations of antennas
to transmit and receive signals are same, referencing [9]. Subsequently, we set unknown mea-
surement data Sgcat (1, 1) to zero for all n and use the following scattering matrix:

0 Sscat(1>2) Sscat(laN - 1) Sscat(laN)
Sscat(Qa 1) 0 e Sscat(Qa N — 1) Sscat(Qa N)
D— . . ) . .
Sscat(N_ 171) Sscat(N_ 172) 0 Sscat(N_ 17N)
Sscat(Na 1) Sscat(N7 2) Tt Sscat(Na N - ]-) 0
2.7
We next generate the test vector (2.6) to be applied when the background information is

(Z)(

unknown. Since the incident field E r’) is modeled by the following two-dimensional

Greens’ function:

mc

B )(r r') = 4H(§2)(k]r —1'|):=G(r,v' k), r#r,

the exact value of €}, and o}, must be known to produce exact incident field data. Here, HO(Q)
denotes the Hankel function of order zero of the second kind. However, since we have no a
priori information regarding €}, and oy, it is not possible to generate accurate incident field
data (i.e., we cannot apply (2.6) to design the imaging function). Accordingly, we apply an
alternative wavenumber 7 and generate the following test vector: for each r € 2,

1 1 1
Glem) = <G<a1,r,n>’ Glanr,) G(aN,r,m) | @9
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With this, we design the following imaging function for the BFM:

3BFM(I', 77) = |G(I‘,’l7) Z Z G a scat n, m)

n=1m=1 777G(anar7n)

3. THEORETICAL RESULT

If the exact wavenumber k is applied, exact locations ry € 3 can be identified referencing
the map of Fppum(r, k); however, based on the simulation results exhibited in Section 4, inac-
curate locations for r; are retrieved when 1 # k. We next theoretically explain the reason for
this phenomenon. To this end, we derive the following result.

Theorem 3.1. Ler 6,, = a,/la,| = a,/R = (cosby,,sinb,) and kr' — nr = |kr’ —
nr|(cos ¢',sin¢’). If a,, satisfies |a, — v'| > 1/4|k|,1/4|n| forn = 1,2,--- | N, Fprm(r)
can be represented as follows:

41:2% /Eo(r') [NZ (Jo(|/€r’ o)) + /\(;fvn))Q

SBrM(T, 1) =

A(2k,2
—N(Jg(Z\kr’ —nr|) + (]\;Tn)}dr' , (3.1
where J, denotes Bessel function of order p of the first kind and
N 00
ko)=Y > Pk’ —nr|)e®n=e),
n=1p=—00,p#0
Proof. Based on (2.4), (2.7), and (2.8), we can observe the following:
Sscat (1, M)
G t(
ik Zlmzl G(am,r,n)G(anr.1)
2y 9
i an, ' k) G(an, ', k) ,
= — —_ d 3.2
4%/ |G 8emn) X (Gamy) o oo

Since |a,, — |, |a, — 1| > 1/4|k| and 1/4|n| foralln =1,2,--- ,Nand s =1,2,---, S, the
following asymptotic forms of the Hankel function holds (e.g., see [37, Theorem 2.5]):

(1 + i)e_iklan| eik9n~r’ (1 + i)e_m‘an‘ einen-r

VEk|ag| V/nm|ag|

2P (kla, —1')) ~ and  H{P (n|a, —1|) ~

Thus, we have

. 2
Glan,r', k) iH” (kla, —1'|)/4 ~ \/ﬁe—z‘(k—n)meien-(kzr’—nr)‘
k

Glan,r.n) — iHP (nla, — r|)/4
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Since 6,, - (kr’ — nr) = |kr’ — nr|cos(, — ¢') and the following Jacobi-Anger expansion
holds uniformly:
oo
ez:c cos 6 JO( ) Z ipJp(x)eip07
p=—00,p7#0

we can easily obtain

N N
an,r k N —i(k—n)|R)| iOp-(kr'—nr) _ |1 i|kr’ —nr| cos(0n—¢')
- N ,—2i(k—n)|R| _ — g ')
—N\/;e K Jo(Jkr" — nr|) + NZ Z P J,(|kr’ — nr|)eP ,

n=1 p=—00,p#0

and similarly

N N
3 Glan v k)\* _ ﬂe—Qi(k—n)\RlZeQik0n~(r’_r)
G(an,r,1) k ot

n=1

_ Nn i) R : / ip(On—")
= " Jo(2]kr' — nr|) + 21 Z ;éoszp(Z\kr — nr|)e’®
n=1p=—o0,p

Therefore, we obtain the following:

2 N
Z ana r’ k _ Z M ’ — L%e_i(k_n)lRl
G(an, 1,7 G(an,r,n) k

n=1
2
X <Jo(\kr’ —nr|) + A(f\;n)> _ e—2i(k—n)|R|% (JO(Q\kr’ S W) |
(3.3)
Since ]e*i(kfn)\Rl‘ = ]e*Zz‘(kfn)lRH = 1, by combining (3.2) and (3.3), the structure (3.1) can
be derived. 0

Based on the Theorem 3.1, the map of Fprm(r, 77) will contain peaks of large magnitudes at
r = (k/n)r’ because Jy(|kr’ — nr|) reaches its maximum value when |kr’ — nr| = 0. This is
the theoretical reason why accurate locations and shapes of small anomalies cannot be retrieved
using the map of Fprm(r, ) without background information (exact value of £y, and o1,). We
will examine some further properties of Fgrn(r, n7) by applying a numerical simulation.

4. SIMULATION RESULTS AND DISCUSSIONS

To support the result in Theorem 3.1, we present some numerical simulation results at an-
gular frequency w = 27 f with f = 1 GHz. To this end, we select two small anomalies >
with radii o, = 0.01m; locations r1 = (0.01m,0.03m), and ro = (—0.04m, —0.02m);
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material properties (£1,01) = (55e0,1.2S/m) and (e3,09) = (45¢0,1.0S/m); and ¢ =
8.854 x 1072 F/m as the vacuum permittivity. We set the homogeneous background to be
filled by a matching liquid with material properties (ep, 01,) = (209, 0.2 S/m) and the imag-
ing region Q is (—0.1m,0.1m) x (—0.1m,0.1m). To transmit and receive signals, we use
N = 16 dipole antennas A,, with the following locations:

2nm
0, = N
With this setting, the measurement data Sscat (72, m) and the incident field G(a,,, r, ) for each
r € () and 7 are generated by using CST STUDIO SUITE. After the generation of the mea-
surement data, a 20 dB white Gaussian random noise was added. Figure 2 illustrates numerical

simulation with and without anomalies.

a, = 0.09m(cosb,,sinb,),

(1,01) = (5520, 1.28/m)

y axis (m
o
.

(e

. 01) = (202,025 /m)

-0.1 -0.05

0 0.05

X axis (m)

0.1

(a) Homogeneous Background

-0.05 0 0.05 0.1
X axis (m)

(b) Single Anomaly

0r®

(2,02) = (45£9,1.0S /m)

-0.05 0 0.05 0.1
x-axis (m)

(c) Multiple Anomalies

FIGURE 2. Illustration of the Numerical Simulations.

Example 4.1 (Inaccurate Background Permittivity). We first assume that only the exact value
of ey, is unknown i.e., we apply &’ instead of the true £}, and corresponding wavenumber 7. =
wy/ (e’ 4 iop /w). In this case, since wey, > oy, the identified location is as follows:

kYN wey, + 10y, €b
r=|—|r = — r = 7/1- .
Ne we' + 10y €

Hence, we can observe that if &’ > ¢y, then the identified locations (k/7.)r’ will be concen-
trated to the origin and the size of the identified anomaly will be smaller than the true anomaly.
Otherwise, if ¢/ < ey,, then the identified locations (k/7.)r’ will be situated far from the origin
and the size of identified anomaly will be larger than the true anomaly. Figure 3 illustrates this
outcome.

Figure 4 presents maps of Fppnm(r, 77:) with various selection of & for identifying a single
anomaly Y. Following the result of Theorem 3.1, an inaccurate locations (k/n.)r’ € X1 was
identified instead of the true one r’. Notice that the identified location and size of ¥ is close to
the origin and smaller than the true one, respectively when ¢’ > &},. In contrast, if ¢’ < &}, the
identified location and size of 32; is far from the origin and larger than the true one, respectively.
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(b) €' < &y, case

FIGURE 3. Description of the simulation result. Cyan- and orange-colored
circles are true and identified anomalies via Fppum (T, 7: ), respectively.

Figure 5 exhibits maps of Fgpnm(r, 1) with various selection of €’ in the presence of 3 and
Y5. Similar to the results in Fig. 4, the identified locations r4 are concentrated when &’ > &y,
and scattered when &’ < &y,.

Finally, it is noteworthy that we are only able to recognize the existence of small anomalies
from the map of Fppm(r,n:). Moreover, if &/ > e, it will be difficult to recognize small
anomaly because several artifacts will be included in the map of §Fppnm(r, 1), and identified
shape will be too small to distinguish from the artifacts (refer to Figs. 4(c) and 5(c)).

Example 4.2 (Inaccurate Background Conductivity). We next assume that only the exact value
of oy, is unknown i.e., we apply o’ instead of the true o}, and corresponding wavenumber

Ne = wy/p(ep + 10’ /w). In this case, if wey, > oy, 0, the identified location becomes

k , wey, + 10y, ,
r = —_— r = — /I‘ ~TI.
Ne WEp + 10

Hence, in contrast to Example 4.1, it will be possible to identify the almost true location and
shape of X, by selecting a small value of o”.

Figure 6 shows maps of Fppm(r,7,) with various selection of ¢’ for identifying single
anomaly ;. Following the result in Theorem 3.1, the locations (k/n,)r’ for ' € 3 is
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FIGURE 4. (Example 4.1) Maps of §prm (1, 7:) with various selection of &’
Red-colored dashed circles are the boundaries of anomalies.

identified; however, when the selected value of o’ is small or satisfies wey, > o/, the almost
true location and size of X is retrieved because (k/n:)r’ ~ r’ € ¥;. However, if condition
wep, > o’ does not hold, it is not possible to identify the location r' € ¥;. Moreover, in
contrast to the results in Example 4.1, the existence of anomalies cannot be recognized via the
map of Ferm(r, 7).

Figure 7 exhibits maps of Fprm(r,7,) with various selection of ¢’ in the presence of 3;
and Yo. Similar to the results in Fig. 6, although some artifacts are included in the map, it is
possible to identify the almost true location and size of anomalies if wey, > o’ or o’ is very
small; however, it is not possible to recognize the existence of anomalies if condition we}, > o’
does not hold.

5. CONCLUSION

Based on the integral equation for the scattered-field S—parameter in the presence of small
anomalies, the mathematical structure of the imaging function of the BFM was investigated by
establishing a relationship with an infinite series of Bessel functions, antenna arrangements,
and anomaly properties when the exact values of background permittivity and conductivity are
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FIGURE 5. (Example 4.1) Maps of §prum (1, 7:) with various selection of &’
Red-colored dashed circles are the boundaries of anomalies.

unknown. Based on the structure investigated, we confirmed the reason that the locations of
anomalies were identified inaccurately. Based on the simulation results using noisy data, we
determined that the identified location and size of anomalies are inaccurate when inaccurate
values for background permittivity were applied, but almost true location and size of anomalies
are retrieved when the inaccurate value of background conductivity is very small.

In this study, we considered the imaging of small, circle-like, two-dimensional anomalies.
Extension to arbitrarily shaped large anomalies in two- and three- dimensional problems will be
an interesting and significant research subject. Moreover, we performed the simulation using
synthetic data, conducting mathematical analyses and numerical simulations using real-world
microwave imaging. Development and investigation of an effective algorithm for estimating
background wavenumbers will be the subject of forthcoming work.
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