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ABSTRACT. Thisis areview paper on recent development on the spectral theory of the Neumann-
Poincaré operator. The topics to be covered are convergence rate of eigenvalues of the Neumann-
Poincaré operator and surface localization of the single layer potentials of its eigenfunctions.
Study on these topics is motivated by their relations with the cloaking by anomalous localized
resonance. We review on this topic as well.

1. INTRODUCTION AND PRELIMINARIES

This paper is a review on recent development on the spectral theory of the Neumann-
Poincaré (abbreviated to NP) operator. In this paper we restrict ourselves to the following
topics and refer to recent review papers [1, 2] for other topics:

(1) Decay rate of eigenvalues of the NP operator,
(i1) Surface localization of the surface plasmons, which are the single layer potentials of
the eigenfunctions of the NP operator,
(iii) Applications to the cloaking by anomalous localized resonance.

Let us begin by introducing the NP operator. It is an integral operator defined on the bound-
ary of a bounded domain. Let  be a bounded domain in R? (d = 2, 3) whose boundary 09
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may have several but finite connected components and is assumed to be C'"* for some o > 0.
The NP operator [Cyq, acting on a function ¢ on 0f2 is defined by

@WM=A%M%W@MWHEM

where I'(x) is the fundamental solution to the Laplacian, i.e.,

1
2—ln|x\, d=2,
I'(z) = ¢ 47 X
—— x| d=3.
Lot a=s

Here and afterwards, d,, denotes the outward normal derivative on d€2 and 9,,, does that with
respect to y variables. The L2-adjoint K¢ of Kaq is also called the NP operator. This does not
cause any confusion since they have the same spectral structures. It is helpful to write down
K¢ explicitly:

1 <.I‘ - Y, na:)
Kaolel(x :/ ey do(y), =€,
salele) = o | S e() do
where wy = 27 and w3 = 4.
Let Spq be the single layer potential, namely,

%Mw:&Mwmmw@,mW-

Since Spq maps H~/2(9Q) into H'/2(9Q) (H*(9RQ) is the usual Sobolev space on 9S),
(', ), defined by

(@, 0) = — {9, Saal¥]),

where the righthand side is the H—/2 — H'/2 duality pairing, becomes a bilinear form on
H~Y2(99). In fact, ( , ). is an inner product on H, 1/2(99) (functions with the mean zero)
in two dimensions, and on H~/2(9Q) in three dimensions. Moreover, the NP operator Kjq 1s
self-adjoint on H~/ 2(082) with respect to this inner product [3]. We refer to the survey paper
[1] and references therein for this fact.

If 02 is C1 for some o > 0, then K}, is a compact operator on H~1/2(09) (see [4] for
a proof of this fact). Since K7, is self-adjoint, the spectrum of Kj, on H -1/ 2(09) consists
of eigenvalues of finite multiplicities (except 0 which can be of infinite multiplicity if it is an
eigenvalue) accumulating to 0 and 0 which is either an eigenvalue or a continuous spectrum.
We mention that the NP eigenvalues (the eigenvalues of the NP operator) lie in the interval

(=3, 3
Let A\, Ao, ... (1/2 > |A1| > |A2| > ...) be eigenvalues of K}, counting multiplicities,
and 1,9, ... are the corresponding (normalized) eigenfunctions. Let 1)y be eigenfunction

corresponding to the eigenvalue 1/2. The following addition formula is proved in [5]: if OS2 is
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CLe then for z € ) and 2 € R \ Q
T(x—2) == Soalth](2)Saalt](x) + Saaltol (2)- (L.1)
j=1

If 2 is a ball, then this is the expansion of I'(z — z) in terms of the spherical harmonics; in terms
of ellipsoidal harmonics if €2 is an ellipsoid (see [2]). The formula (1.1) shows in particular
that if 2 € R%\ 99, then Spq[1)j](2) — 0 as j — oo. Thus Spa[th;] is localized at the surface
0f). We are interested in how fast \; and Spq[1);](2) tend to 0 as j — oo, which corresponds
to the first two topics mentioned at the beginning of Introduction. As the third topic indicates,
these questions are related to the cloaking by anomalous localized resonance (abbreviated to
CALR).
To discuss CALR, we consider the following problem:

{ V-eVu=f in R?,

u(z) — 0 as || — oc. (1.2)

Here €5 represents the distribution of the dielectric constants in the presence of the inclusion
Q. We assume that it is 1 after normalization on the background R? \ Q and —c + i on the
inclusion €2 for some constant ¢ > 0. The dielectric constant —c indicates that €) is a meta
material and § is the lossy parameter tending to 0. We choose ¢ so that the number

1—c+1id

T+c—id
approaches to the accumulation point of the eigenvalues, namely, 0. So, we take ¢ = 1. Then,
the distribution of dielectric constants is given by

€5 = (-1 +i0)xa + Xgag:

where y 4 denotes the indicator function of the set A. The source function f is compactly
supported in R? \ © and satisfies the condition fRd fdx = 0 to guarantee existence of the
solution to (1.2). Significant examples of such source functions are polarizable dipoles, that
is, f(x) = a - Vé,(x), where a is a constant vector, J, is the Dirac delta function at z located
outside €.

Let us be the solution to the problem (1.2) and let

Es = %/ 65|VU5|2 dr = 5/ |Vu5|2d$ (1.3)
R4 9]

(S for the imaginary part). The problem of CALR is to find domains {2 and the sources f such
that
Es - 00 asé — 0, (1.4)

and ug is bounded outside some radius r. As explained in [6], the quantity Fs represents
the time averaged electromagnetic power produced by the source f dissipated into heat. So,
(1.4) implies an infinite amount of energy dissipated per unit time in the limit 6 — 0 which
is unphysical. If we scale the source f by a factor of 1/1/Fj, then us/+/Es approaches zero
outside the radius r and the normalized source is invisible from the outside: CALR occurs.
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We refer to the review paper [7] for physics related to CALR and for a comprehensive list of
relevant references.

We now discuss the NP spectral nature of CALR, particularly, its connection to the problems
(i) and (ii) stated at the beginning of this section. The problem (1.2) can be rephrased as

Au=f inR%\ Q,

Au=0 in €2,

ul— = ul4 on 012, (1.5)
(=14 40)0pu|- = Opus|+  on I,

u(z) =0 as |z| — oo.

Here and afterwards, subscripts + and — indicate the traces on 0€2 from outside and inside of
Q, respectively.
Let F' be the Newtonian potential of f, i.e.,

Fa)= [ Te=uidy. aer"
and we seek the solution us to (1.2) in the form of
us(w) = F(x) + Spalps](z), = €RY (1.6)

for some @5 € H, 1 2(89). The third condition (continuity of the potential) in (1.5) is auto-
matically fulfilled since Sy [ps] is continuous across 9€2. The fourth condition (continuity of
the flux) takes the following form:

(-1+ i5)3n839[<p5]|_ — 8nSaQ[cp5]|+ = (2 —140)0,F.

Thanks to the well-known jump relation (see, for example, [8])

1 *
OnSoaliel| (@) = (£ 51+ Kja )l¢l(a), = €00, (1.7)
we see that ¢; satisfies the integral equation
(1ol — K5q) lws] = OnF" on 0Q, (1.8)
where 5
(3

Let 1), be the normalized eigenfunction corresponding to the eigenvalue A; as before. Then
one can easily see from (1.8) that 5 admits the spectral decomposition

%_; ps — Aj vr

Thanks to the condition [, fdz = 0, we have [, [VF|>dz < occ. It thus follows from (1.6)
that

/|Vu(;\2d93%/ |V589[806]|2d$'
Q Q
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Here and afterwards, A &~ B means that there are positive constants ¢, C' such that cA < B <
C'A. On the other hand, we have

1 - anFa E] 2
[ iamleslde = [ (=574 Kia) losiSenlosldr ~ 3 LOTE

= s = AP

where the first identity follows from (1.7). Because of (1.9), |us — /\j|2 ~ 6%+ /\?. It then
follows from (1.3) that

[OnF s}
62 62+)\2 '

In particular, if f = a - V§, for some z € R?\ Q, then it is proved in [5] that

[{OnF', n)«| = |a - VSaa[ihn](2)]-
In fact, if f = a - Vé,, then F(x) = a - V,I'(z — 2), and hence

(OuFotdy)e = —a-V /8 0,1 = Sl (x) doe).

It can be seen from (1.1) and (1.7) that

o0

00, Dz - 2) Zsawj (uSonlts) (@) = 3 (5 ) Sonlts](2)e(x).

7j=1
It then follows that
1
(OnF, )y = (5 - Aj)a - VSaali](2)-

As a consequence, we have

la - VSaa[;](2)]?
E(;N(SZ 52+A32 . (1.10)

Here and throughout this paper, we write A < B to imply that there is a constant C' independent
of the parameter (in this case it is §). The meaning of A 2> B is analogous, and A ~ B means
that both A < B and A 2 B hold.

The estimate (1.10) clearly shows how CALR is related to the properties mentioned in (i)
and (ii), namely, decay rates of \; and a - VSpq[1);](2) as j — oo: To achieve the property
Es — oo as § — 0, the faster decay of \; and the slower decay of a - VSaq[1);](2) are desired.

It is the purpose of this paper to review recent results on decay estimates of NP eigenvalues
in two and three dimensions. We then discuss known results on CALR. We also review recent
results on the spectral structure of the NP operator in elasticity in relation to CALR.
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2. NP SPECTRUM AND CALR OF THE LAPLACE OPERATOR

2.1. Decay rate of NP eigenvalues. In this section, we review progresses on the problem (i)
mentioned at the beginning of Introduction, namely, the decay rate of the NP eigenvalues on
domains with smooth boundaries.

If a bounded domain in R? has the C'»® boundary, then the corresponding NP operator is
compact and has eigenvalues accumulating to 0. If we denote the eigenvalues by A; which are
enumerated in descending order counting multiplicities, namely,

A1l > [Aa| > [Ag] = -+ (= 0), 2.1

then the question is how fast they tend to 0. It turns out that the decay rates in two and three
dimensions are completely different, which is due to different regularities of the integral kernels
of the NP operator. If the boundary of the domain is C*® (k > 1, 0 < o < 1), the NP kernel
gains regularity indefinitely as k or « increases in two dimensions. However, it does not in three
dimensions if £ > 2. In fact, the decay rate of NP eigenvalues on a two-dimensional domain
with the C** boundary is o(j*+17%0) (see Theorem 2.3 for a precise statement) while
that in three dimensions is o(j_o‘/2+0) if kK = 1 (see Theorem 2.2) and j_1/2 if £ > 2 (see
Theorem 2.1). Here o(j~%/?*%) means o(;j~*/2%9) for any § > 0. NP eigenvalues on a two-
dimensional domain with the analytic boundary decays exponentially fast [9]. NP operators
on domains with corners have continuous spectrum as shown in [10, 11, 12, 13, 14, 15]. It
is worth mentioning that for the curvilinear polygonal domains in two dimensions, there is
only absolutely continuous spectrum [13, 16]. We are not aware of a domain with nonempty
singularly continuous spectrum.
Figures 1 and 2 schematically depict the decay rates in two- and three-dimensions.

continuous continuous
spectrum o(j ~FH1I=a+0) O(e~ed) spectrum  o(j~/2%0)  O(j~1/?)
0.1 ko ow 0.1 cle 02 oha
FIGURE 1. Smoothness FIGURE 2. Smoothness
of boundary and decay of boundary and decay
rate in 2D rate in 3D

We begin the review on the decay rates with the Weyl-type asymptotics of the NP eigenval-
ues in three dimensions which is proved by Miyanishi.

Theorem 2.1 ([17]). Let Q C R? be a C*® bounded domain for some o« > 0. Then

3W(0R) — 2mx (ON)\1/2 . _ .
\)\j]m/( ( )12877 X( )) i7V? asj — oo, (2.2)

where W (02) and x(02) are the Willmore energy and the Euler characteristic of OX), respec-
tively.
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Here, |\j| ~ Cj~1/2 means that |\;]j'/2 — C as j — oc. The Willmore energy on OS2 is

defined to be
W) := | H?*z)do
a0

where H (z) is the mean curvature of the surface 9€2. The Weyl-type asymptotics of the positive
and negative NP eigenvalues on the three-dimensional domains with the C'* boundary are
obtained in [18]. As a consequence, it is proved that if the Gaussian curvature is negative at a
point on the boundary, then there are infinitely many negative NP-eigenvalues.

A natural question arises: what is the decay rate on C'® domains in three dimensions?
Filling up the gap between C%! and C?%+, the following result is obtained in [4].

Theorem 2.2 ([4]). If Q C R3 is a bounded C** domain for some 0 < o < 1, then it holds
that

I\l =o0(i*1%) (j = o0) (2.3)
for any 6 > 0.

The following result for the two-dimensional case is obtained in the same paper.

Theorem 2.3 ([4]). If 2 C R? is a bounded Cha domain for some integer k > 1 and 0 < a <
1, then it holds that

Mgl = o(i ) (j = o0) 2.4)
for any 6 > 0.

The decay rate estimate (2.4) is an improvement over the result of [19] where it is proved
that |\;| = O(j~*~%3/2) for a C** bounded domain Q C R? (this estimate when o = 0 is
obtained in [20]).

As mentioned before, if 9 is merely C%!, then the NP operator admits essential spectrum
and may not have infinitely many eigenvalues. Thus in this case the expected decay rate is j°.
On the other hand, if Q C R? has the C>® boundary, then the decay rate is j /2 and this rate
is optimal according to (2.2). The estimate (2.3) interpolates naturally between C%1 and C?2
cases. Thus we expect that (2.3) is optimal in some sense even if we don’t have a proof. We
also expect (2.4) for two dimensions to be optimal since it interpolates naturally between C?!
and C* cases where eigenvalues decays to 0 exponentially fast.

The difference of the decay rates between two and three dimensions as appearing in (2.2),
(2.3) and (2.4) (depicted in Figures 1 and 2) is due to the difference of the regularity properties
of the integral kernels of the NP operators. Let 2 C R3 be a bounded domain whose boundary
is C%_smooth. If k = 1 and o > 0, then the integral kernel, denoted by K (z,y), of the NP
operator satisfies

K (2, y)| S o —y[72F, 2,y €09,
and gains regularity as « increases and we have faster decay as shown in (2.3). However, if
k > 2, then it does not gain regularity even if k£ or «v increases and, as a result, the decay rate is
fixed at j~1/2 as shown in (2.2). In two dimensions, K (x,y) gains regularity indefinitely as k
or « increase as shown in [4]. For example, if 92 is C*°, then K (x,y) is C* on 02 x 0Q; if
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00 is C¥, sois K(x,y). Delgado and Ruzhansky prove a theorem in [21] which characterizes
the Schatten class of an integral operator on the L2-space on a compact manifold in terms of the
Sobolev regularity of its integral kernel. Theorems 2.2 and 2.3 are proved using this theorem.

We now review the result of [9] for two-dimensional domains with real analytic boundaries.
Let © be a bounded domain in R? such that 9€) is real analytic. Let S! be the unit circle and
Q : S' — 0Q C C be a regular parametrization of €. Then () admits an extension as an
analytic mapping from an annulus A, := {7 € C : e™° < |7| < e} for some € > 0 onto a
tubular neighborhood of 052 in C. Let

q(t) == Q(e™), teRxi(—¢e).
Then ¢ is an analytic function from R X i(—e¢, €) onto a tubular neighborhood of 9. It satisfies
q(t +2m) = q(t) for any t € R. Let ¢, be the supremum of € with the following property:
If g(t) = q(s) fort € [—m, 7] X i(—€,€) and s € [—m,7), then t = s.
The number ¢ is called the maximal Grauert radius for g. Let
€50 1= Sup €q,
q
where the supremum is taken over all regular real analytic parametrization ¢ of 9€). The number
€sq 1s called the modified maximal Grauert radius of 0f).
The following theorem holds.

Theorem 2.4 ([9]). Let 2 be a bounded planar domain with the analytic boundary 0} and
eoq be the modified maximal Grauert radius of 0S). Let {\; }]Qio be the eigenvalues of the NP
operator enumerated as in (2.1). Then for any € < €pq, there exists a constant C' with the
property:

[Agj—1] = [Ag5] < Ce™
forall j.

The proof relies on the Weyl-Courant min-max principle and a Paley-Wiener type lemma.

2.2. Asymptotics of NP eigenvalues with axially symmetric eigenfunctions. In this sub-
section, we review results in [22] on NP eigenvalues with axially symmetric eigenfunctions
on axially symmetric domains in three dimensions. A typical example of such a domain is a
torus. More concretely, let ¥ C R? be a bounded domain with the Lipschitz boundary such
that 3 C R x (0, 00). We then define ) by

Q= {(z,ycosn,ysinn) | (z,y) € X, n € [-m,m)}. (2.5)

For example, if X is a disk, then (2 is a solid torus. We say that the function ' : 092 — C
is axially symmetric if F'(x,y cosn,ysinn) is independent of 7. In [22], the decay rate and
asymptotics of the NP eigenvalues whose eigenfunctions are axially symmetric are investi-
gated.

This study is strongly motivated by the work [23] where it is observed by computational
experiments that the single layer potential of axially symmetric eigenfunctions on a torus seem
less localized near the boundary of the domain compared to other eigenfunctions. Based on the
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formula (1.10), this observation leads us to investigation of the decay rate of the corresponding
eigenvalues as the first step for the challenging exploration of occurrence (or non-occurrence)
of CALR on three-dimensional axially symmetric domains.
We define for p = (x,y) € 0¥

Vp 1= —Np 2 (2.6)
where 7,2 is the second component of the outward normal vector n, at p, namely, n, =
(np,1,np2). We also introduce the distance
AN ‘p - p/|
§(p,p') == W

For a given function f on 0%, let E'[f] be the extension to OS2 defined by

(p=(z,9), p' = (a',y) € O%).

E[f](x,ycosn, ysing) = y /2 f(z,y).
It is proved in [22] that the following relation holds:

KaalElf)|(,y cosn,ysinng) =y~ PK5[f1(p) (0 = (2,9)), @7
where K is the integral operator of the form
Kolflw) = | Ki(p, ) () do(p')

with

K3 (p,p) = K (p, ) Ao(5(p, p')) — Zf;—”yBow(p,p')).

Here, K}, (p, p') is the integral kernel of the NP operator K, on 0% and
w/2 1 /2 sin2 @
A5:=52/ d,B(S:/ do.
0(9) o (62 +sin?)3/2 v 0(9) o (024 sin? p)3/2 ?

The relation (2.7) shows that the subspace of axially symmetric functions is invariant under
K¢ Furthermore, it shows that investigating the spectral property of K}, amounts to that of
K5 on H ~1/2(93) equipped with the inner product

(f:9)0 == (Elf], Elg])«

for f, g € H~'/2(9%). With this inner product, K}, is self-adjoint.
It is further proved, by investigating the asymptotic behaviour of the integrals Ag, By as
0 — 0, that

Ko = Kahs, — MSps + R” (2.8)
where M is the multiplication operator by S—Z and Syy, is the single layer potential on 0%. The
difference R* is a smoothing operator and the singularity of the integral kernel of Kf comes
from that of either KCjs, or Sys.

If 0% is CH2, then | K (p, p')| < |p — /|17, which is more singular than the singularity
log [p—p/| of Spx.. If O is C** (k > 2), then K}, (p, p') is bounded, and hence the singularity
of Ki(p,p') is log|p — p/|. Because of this difference of singularities of Kj(p, p’), we obtain
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different decay estimates depending on the regularity of 0%, which is natural if we compare
them with decay rates in three dimensions as described in Theorem 2.1 and 2.2.

We denote by p; eigenvalues of K}, with axially symmetric eigenfunctions, namely, the
eigenvalues of the operator Kjj. If 93 is C1%, then Kj; is compact and has eigenvalues of finite
multiplicities converging to 0. We enumerate all such eigenvalues {p; }]O‘;l in the descending
order

p1] = |p2| = |ps| = -+ = 0.

Theorem 2.5 ([22]). Let S be the axially symmetric domain defined by (2.5).
(1) If 0% is CY for some o > 0, then it holds that

Il = 0(i7*%) (j — 0)
forall 6 > 0.
(2) If 0% is C* for some k > 2 and o > 0, then it holds that

lpjl =O(i tlogj) (j — o0).

If 09 is C°°, then we obtain asymptotics of the positive and negative eigenvalues with
axially symmetric eigenfunctions. We enumerate all positive eigenvalues pj > 0 and negative

eigenvalues —p, < 0 of kg in descending orders:
+ + +
pT =Py 2P3 =

Theorem 2.6 ([22]). Let 2 be the axially symmetric domain defined by (2.5). If 0% is C*°,
then

ol ~ Coi ™", py ~Cyi!
where Cy and C'(jf are defined by

1 v
Co =F— — do(p)
AT J {p=(2,y)€0S|Fvp>0} Y
and

Co=Cf +Cj .

The coefficients CSE have significant geometric meanings. Suppose that 3 is convex. Be-
cause of (2.6), if v, > 0, then n, is downward, and hence (z,ycosn,ysinn) is a concave
point on 2. So, C|, is the integration over the concave part of >; CS“ over the convex part.
The connection between negative NP eigenvalues and concavity of the domain has been proved
in [24, 18] that if there exists a point on the boundary where the Gaussian curvature is nega-
tive, then the NP operators has infinitely many negative eigenvalues. Since Cgﬁ > 0, Theorem
2.6 that there are infinitely many positive and negative NP eigenvalues with axially symmetric
eigenfunctions.

Theorem 2.6 requires 0 to be C°°. It is because it’s proof uses a result of [25] which relies
on calculus of pseudo-differential operators.

If 0X is Lipschitz, then we can observe an interesting fact from the formula (2.8). Since
MSps, — R* compact, K is a compact perturbation of K%s,. We emphasize that K and
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K3, are self-adjoint on H ~1/2(9x%) with different inner products. However, since these inner
products induce equivalent norms, one can prove that g and K3y, have the same essential
spectra on H Y/ 2(0%) using the Weyl criterion. As a consequence, we have the following
theorem.

Theorem 2.7 ([22]). If 9% is Lipschitz, then the inclusion relation
Tess(Kos, H_l/Z(az» C Tess(Koqs H_l/Q(aQ))
holds.

Theorem 2.7 gives examples of three-dimensional domains with non-trivial essential spec-
trum. For instance, we apply Theorem 2.7 together with the result of [15] to obtain the follow-
ing corollary:

Corollary 2.8 ([22]). If 0% is a curvilinear polygon with the minimum angle « € (0, 27), then
1 « 1 o
2 2|’

2 27

2.3. CALR. It is in [26] that the phenomena of anomalous resonance is related to the invisi-
bility cloaking and CALR is proved to occur when the source function f in (1.2) is given by
f = a-Vé, for some z € R\ Q and Q is an annulus. It is proved that there is a virtual
radius r, such that if |z| < 7, then (1.4) holds and CALR takes place; if |z| > 7, then Ej
is bounded regardless of §. In fact, 7, = /73 /r;, where r. and r; are outer and inner radii of
the annulus, respectively. This result is extended to other sources in [6] by relating CALR with
the spectral properties of the NP operator. CALR occurs on confocal ellipses as proved in [27].
Since CALR is a phenomenon occurring at the limit point of NP eigenvalues, the structure does
not have to be doubly connected. The only requirement for geometry of the domain is that 0 is
not an eigenvalue of the NP operator. In fact, it is proved in [5] that CALR occurs on ellipses,
which we review in this section.

In three dimensions no domain is known where CALR occurs. It is known that CALR does
not take place on balls [28] and strictly convex domains in three dimensions [23]. We review
this result as well.

} C Oess (Ko H/2(09)).

CALR on ellipses. The elliptic coordinates (p,w) for z = (z1,22) = (z1(p,w), z2(p,w)) is
given by

x1(p,w) = Rcoswcoshp, wmo(p,w)= Rsinwsinhp, p>0,0<w < 27.
When this holds, we write p = p, and w = w,. The ellipse 02 is given by
N={zxecR?: p,=po} (2.9)

for some pg > 0. The number py is called the elliptic radius of §2. If we vary pg, then varied
ellipses are confocal.
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It is known (see, for example, [29] for a proof) that eigenvalues of K}, are

1

An = 2e2npo’

n=12.--
and corresponding eigenfunctions are
6 (w) == Z(po,w) M cosnw, G4 (w) == Epo,w) Msinnw, n=1,2,--

where

E = Z(po,w) := Ry/sinh? pg + sin®w.

Using the explicit forms of eigenvalues and eigenfunctions, it is proved in [5] using (1.10) that
if f(z) =a-Vd,(x) for some z ¢ (2, then

572+pz//)0‘ log 5’ if po < pz < 3po,
Es ~ { 6|log 6> it pz = 3po,
5 lfpz > 3,007

as & — 0. It is also proved that the solution u; is bounded outside a bounded set. Thus, if the
location z of the source satisfies pg < p, < 2pg, then F5 — oo, and CALR takes place. If
2p9 < pz, then E5 — 0, and CALR does not take place.

Non-occurrence of CALR on strictly convex domains in 3D. Here we review the result of
[23] which proves non-occurrence of CALR on strictly convex three-dimensional domains.
Let €2 be a strictly convex domain in R? such that €2 is C°°-smooth. Then all eigenvalues,
except possibly finitely many, of K7, are positive (see [18]). We may modify K}, on a finite-
dimensional subspace so that the modified operator, denoted by K*, is positive-definite pseudo-
differential operator of order —1. Thus, for each real number s there are constants c; and Cy
such that

csllell gs-17200) < 1Koalelll gor1r200) < Cslloll gs-1/2(00) (2.10)
for all o € H*(0N2). Let A1, A2,... (JA1] > |A2] > ...) be eigenvalues of K}, counting
multiplicities, and 1, s, ... are the corresponding (normalized) eigenfunctions. We infer

from (2.10) that there is jg such that

csll Vsl gra-172000) < 1Kdal¥illlgsr290) < Cslljll ms-1/2090) 2.11)
and \; > O forall j > jo.
Let K be a compact set in R3 \ 9. Since dist(K, 9§2) > 0, for any positive integer k and
for any real number s, there is a constant M, ; such that
[Soal¥slllor k) < Misllvillg-s—1/200)-
It then follows from (2.11) that
1Saal¥s]llor ) < Crsll(Ka) (¥l g-1/2(50) = Ck,sAj

for some constant C}, ; depending on k and s, but independent of j. In particular, we have

VSaqlts]llLex) S Aj- (2.12)
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The estimate (2.12) shows that Spo[1);] is localized too fast for CALR to occur. In fact,
since A; > 0 for all j > jo, we infer from (2.2) that there is a positive constant Cyq such that
i=1/2 a9 j — oo. It then follows from (2.12) that

Aj ~ Caqj
IVSaq(¥illlpex) S37°

for any s > 0. Then, (1.10) yields

) ._9g
J

E <(5§ —— =0 (6—0

0~ j:152+j_1 ( )7

which shows that CALR does not take place no matter where z is located.

Discussions. The two-dimensional domains, annuli and ellipses, where CALR is known to take
place are those whose NP eigenvalues and corresponding eigenfunctions are known. It would
be interesting to investigate CALR on two-dimensional domains with real analytic boundaries.
One can attempt to prove that if the location z of the source function f(z) = a - Vi, () is
sufficiently close to €2, then CALR takes place; if z is far away from 2, then CALR does not
take place. In this case, it is known that eigenvalues decay exponentially fast [9]. But, it is not
known how the single layer potentials of eigenfunctions are localized at 9f).

As mentioned before, no three-dimensional domains where CALR take place. It would be
interesting to find one, if there is any.

3. NP SPECTRUM AND CALR FOR THE LAME SYSTEM

The NP operator for the Lamé system of the linear elasticity is defined similarly to that for
the Laplace operator. However, there is a significant difference between two NP operators:
Unlike the one for the Laplace operator, the NP operator for the Lamé system (abbreviated to
the eNP operator) is not compact even if the boundary of the domain is smooth. Recently, it
is proved that if the domain has a smooth boundary, then the corresponding eNP operator is
polynomially compact and spectrum consists of eigenvalues accumulating to some numbers
determined by Lamé constants. CALR occurring at different accumulation points are investi-
gated when the domain is an ellipse. It is further proved in a recent preprint that vector fields
on the boundary of the domain can be canonically decomposed so that each linear factor of the
polynomial of the eNP operator is compact on each subspace, and those subspaces characterize
eigenspaces. We review these results in this section.

3.1. Spectral structure of the eNP operator. Let Q C R, d = 2, 3, be a bounded Lipschitz
domain. Let (), pt) be a Lamé constants for € satisfying the strong convexity condition:

w>0, d\+2u>0. 3.1
The corresponding Lamé operator L), , is defined by
Ly v = pAu+ A+ p)V(V - u),
and the corresponding conormal derivative d,, on 0f2 is defined by

Ayu = AV - w)n + 2u(Vu)n,
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where V denotes the symmetric gradient, namely, Vu = %(Vu +VuT) (T for the transpose).
LetI' = (Fij)g{ ;=1 be the Kelvin matrix of fundamental solutions to the Lamé operator £ ,,
namely,

M idn o] — 200 p g =,
() =4 27 2m |z (3.2)
N _ 010 Q2 Tty ifd =3,

A |z Aw |x]37

11, 1 . 1/1 1
ap =< | — and ap:= - — — ,
Vo T A+ 2u T2\ A+2u

and 0;; is the Kronecker’s delta (see [30]).

The eNP operator, which we denote by /C,, (the subscript e is added to distinguish it from the
NP operator for the Laplace operator and OS2 is deleted from the subscript for ease of notation),
is defined by

where

Klfiw) = pv. | (0,1 =) f0) doty). @ €00

Like the NP operator Kyq for the Laplacian, the eNP operator K. can be realized as a self-
adjoint operator on H'/2(9Q)¢ by introducing a new inner product (see [31]).! Unlike Ksq
which is compact on H'/2(9Q) if 9 is - for some o > 0, the eNP operator is not compact
on H'/2(99Q)% even if 9 is smooth (see [32]). We will see that the eNP operator is polynomi-
ally compact on H/ 2(9£2)¢ and each linear factor of the polynomial is compact on a subspace
of HY/2(9Q)% whose sum is H'/2(9Q)%. To prove this, a decomposition theorem for surface
vector fields is proved in [33]. We review the decomposition theorem in a separate subsection
since it is of independent interest.

Decomposition theorem for surface vector fields. Set % := H'/2(9Q). For each f € H¢,
let v/ € H? (©)? be the unique solution to

Au=0 in$,
u=f  on0f.
Similarly, we define v_{ for the unique solution to
Au=0 inR?\ Q,
u=f on 012, (3.3)

u=0(z|7!) as|z| = oo,

such that var € L2(RY\ Q)% if d = 2 and vfr € H'(R?\ Q)% if d = 3. Note that we need
to impose the condition |, a0/ = 0 to ensure the existence of the solution to (3.3) if d = 2. We

Here we work with K. instead of KC% while for the Laplace operator we work with KC3¢,. We do so because the
decomposition theorem is more transparently described if we deal with H v 2(89)d than with H~/ 2(89)‘1.
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define subspaces of HY as follows:
Haiv :—{fEHd’V Uf—OmQ A\ v+—01an\Q}
Hdivrot:{fEHd’V vl =0,V xol =0inQ},
Hiror = 1F €HI[ V0] =0,V xv] =0inR!\ O}

If d = 2, Vx is replaced by rot>.
In two dimensions, the decomposition theorem is an immediate consequence of the jump
relation of the Cauchy integral. For a complex function f, the Cauchy integral C is defined by

L[ fw)

d Q.
Clfl(=) 371 Joy 10— 2 w, z€C\0
Let C, be the Cauchy transform on 02, namely,
1
Gl = —pv. [ L g e o0,
2mi W —2

The following jump relation is well-known:

clfll= = (v 51) 1)

See [34, (17.2)] for the case when 0f2 smooth, and [35, 36, 37] for the Lipschitz case. Thus we
have a decomposition

f=CIfll- = Clfll+,
where C[f]| extends to € as an anti-holomorphic function and C[f]| to C\ Q. By identifying

the vector field f = (f1, fo) with the complex function f; — i fo, this decomposition yields the
following theorem.

Theorem 3.1. Let Q) be a bounded domain in R? with the Lipschitz boundary.
H? =H : D HE

div,ro

34

div,rot*

The sum in (3.4) is actually the orthogonal sum with respect to the inner product on #?2
defined by the (inverse of) single layer potential, namely,

IFIE = (£ S
where S is the single layer potential defined by the fundamental solution (3.2).
In three dimensions, we have the following theorem.

Theorem 3.2 ([33]). Let Q be a bounded domain in R? with the Lipschitz boundary. The

subspaces H ;. rot? H:{iv ot @nd Haiy are infinite-dimensional, and it holds that

3 _ q/— +
H = Hdiv,rot ® Hdiv,rot (Hdlv rot + Hle r0t> ’

2The results reviewed in this section hold to be true even when d > 3. We describe the results for d = 2, 3 for
convenience.
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where the decomposition is orthogonal, and
- 1
(Hdiwrot + H+ ) - Hdiv~

div,rot
In particular, we have
3y +
H' = Hdiv,rot & /Hdiv,rot + Haiv- (35)

We do not know whether the decomposition (3.5) is orthogonal for a general domain {2, or
equivalently,
yE

div,rot

NHaw = {O}
Regarding this question the following theorem is proved.

Theorem 3.3 ([33]). Let Q2 be a bounded domain in R3. If 9 is CY° for some oo > 1/2, then
the following inequality holds:

dim Haiy /(Ho o+ HE ) = dim Hage N (H;

div,rot div,rot div,rot

where by (02) denotes the first Betti number of OS2

+HE ) < b1(09),

div,rot

In particular, if 02 is simply connected, then b;(0€2) = 0 and the following corollary is
obtained.

Corollary 3.4 ([33]). Let 2 be a bounded domain in R3. If 0 is C1 for some o > 1/2 and
simply connected, then the orthogonal decomposition

7_[3 = ,H(;iv,rot ® H(—ii—iv,rot ® Hdiv
holds.

It is helpful to review the proof of Theorem 3.2 briefly. The Lamé operator can be written as

Lyu=—pV x (Vxu)+ %V(V -u),
0
where
ko o= b (3.6)
2(X +2p)
The corresponding conormal derivative is given by
O u(w) == —puny x (V x u)(x) + 5= (V - u)(@)n
0

for all z € 0. We introduce the div-free eNP operator X2 defined by
KEU@) = p. [ @57 =) ) do).

We call K div-free eNP operator because the corresponding double layer potential produces
divergence-free solutions of the Lamé system. It is worth mentioning that the divergence-free
solutions of the Lamé system are solutions for any pair of Lamé parameters. It is then proved
in [33] that

1
+ D
/Hdiwrot = Ker (’Ce + 21)
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Ran <IC6D + ;I> (Kf - ;I) C Haiv,

and

from which Theorem 3.2 follows.

Spectral structure of the eNP operator. As mentioned before, K. is not compact even if
0N is smooth. However, it is proved that eNP operator is polynomially compact. In fact, it
is proved in [31] that if Q C R? and 99 is C** for some o > 0, then K2 — k%] (kg is the
number defined in (3.6)) is compact and the spectrum of X, on H? consists of eigenvalues
converging to kg and —ko; in [38] that if Q@ C R3 and 9Q is C*°, then K.(K? — k:gl) is
compact and the spectrum of K. on H? consists of eigenvalues converging to kg, —kg and 0.
Refinements of these results are obtained in [33]. One refinement is that the linear factors of
K2 — k21 or K.(K? — k2I) are compact on subspaces appearing in the decompositions (3.4)
or (3.5), respectively. The other refinement is characterization of eigenspaces in terms of those
subspaces.
The two-dimensional result is as follows, which yields the result of [31] as corollary.

Theorem 3.5 ([33]). IfQ is a bounded domain in R? whose boundary is C* for some o > 0,
then K¢ + kol and K¢ — kol are compact on Hy, . and HE respectively.

div,rot’

We then have characterizations of eigenspaces. Here and afterwards, || || is the norm in-
duced by the inner product { , )..

Theorem 3.6 ([33]). Let Q be a bounded domain in R? whose boundary is CY® for some
a > 0. Let {f;}>2, be an orthonormal system in H? consisting of eigenfunctions of K. and
let \j € R be the corresponding eigenvalues, i.e., K.[f;] = \;fj. Let P¥ be the orthogonal
projections onto ’Hfﬁvjmt, respectively. The followings hold.

() IF A = ko, then [|(P* = D[£,]]l. — 0.

(i) If \j = —ko, then ||(P~ — I)[f;]||« — O.

Moreover, estimates on the rotation and the divergence of the solutions to the interior and ex-
terior boundary value problems with the eigenfunctions f; as the boundary values are obtained
[33].

In three dimensions, the following theorem is obtained.

Theorem 3.7 ([33]). Let Q be a bounded domain in R* whose boundary is CY* for some
a > 0.
(1) If a > 0, then the operators K. + kol and K. — kol are compact on H(;iv’mt and
H(Jiriv,rot’ respectively.
(ii) If « > 1/2, then the operator K. is compact on H giy-
In (ii) above, the condition o > 1/2 is assumed to guarantee the multiplication operator

by the normal vector n to be bounded from # into 3. As an immediate consequence of this
theorem, the result of [38] is extended to domains with C''® boundaries:
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Corollary 3.8 ([33]). IfQ is a bounded domain in R? whose boundary is C for some o >
1/2, then the operator K.(K? — k2I) is compact on H?3.

We use infinite dimensionality of the subspaces H ;. ... Hj{iv rot» and Hgyy to prove that
the operators K2 — k:g[, Ke(Ke — kol), and e (K. + kol) are not compact on H3. As a
consequence we obtain the following theorem, which was proved in [38] when 0€2 is C*°.

Theorem 3.9 ([33]). If Q is a bounded domain in R3 whose boundary is CY* for some o >
1/2, then the eigenvalues of the eNP operator K. on H? consist of three infinite real sequences
converging to 0, ko, and —ky.

Then, the following theorem is obtained.

Theorem 3.10 ([33]). Let Q2 be a bounded domain in R? whose boundary is C*® for some
a > 1/2. Let { f;}72, be an orthonormal system in H3 consisting of eigenfunctions of K.. Let
Aj € R be the corresponding eigenvalues, i.e., Kc[f;] = \jfj. Then f; can be decomposed
into the sum f; = f;r + f; + f9, where

fj;t < Hj:iv,rot’ fJO € (H<—£v,rot + /H(;iv,rot)L - Hdiv’
and the following statements hold as n — oo:
() If \j — ko, then || f; — [} lys — 0.
(ii) If)\j — —ko, then Hf] — fj_H’H3 — 0.
(iii) If\; — O, then || f; — f]o||7.l3 — 0.

Like the two-dimensional case, estimates on the curl and the divergence of the solutions to
the interior and exterior problems are also obtained.

3.2. Convergence rates and asymptotics of eigenvalues. In this subsection, we review recent
results on estimates of the convergence and asymptotic behaviour of eigenvalues.

Let a = +1,—1 in two dimensions and @ = +1,0, —1 in three dimensions, and let )\;? be
eigenvalues of the eNP operator converging to akg as j — 0. They are enumerated counting
multiplicities in such a way that

‘)‘(11 - ak0| > \)\‘5 —ak()‘ > ’)\g — ako‘ >
The following results for the two-dimensional case are proved in [39].

Theorem 3.11 ([39]). Let Q be a bounded domain in R? whose boundary is C** with k+a >
2and 0 < o < 1, It holds for a = +1, —1 that

X! = ako +0(j°) asj— oo (3.7)
forany § > —(k+ o) +3/2.

To present the result for the domains with real analytic boundaries, we need the notion of
the parametrization by a Riemann mapping. Let U be the unit disk and let ® : U — Q2 be a
Riemann mapping. Then, ¢(s) = ®(e*) is called the parametrization of 92 by .



CALR AND NP SPECTRUM 105

Theorem 3.12 ([39]). Let Q be a bounded domain in R? whose boundary is real analytic. Let q
be a parametrization of 02 by a Riemann mapping and let e, be its modified maximal Grauert
radius. It holds that

)\? = ako + o(e_ej) as j — oo (3.8)
forany e < ¢;/8.

It is worth mentioning that (3.8) is not optimal as was shown in also shown in [39] by an
example.

Quite recently, the leading order asymptotics of )\? are derived in [40] when Q C R? and
0f) is C'*°. Precise asymptotics of positive and negative parts of Af — aky are obtained. Here
we write the asymptotics of [A] — ako| just for simplicity.

Theorem 3.13 ([40]). Let 2 be a bounded smooth domain in R3. It holds that
A — ako| ~ (AW (99) + Bax(9Q))2572, as j — oo,

where A, and B, are constants determined only by the Lamé constants X\, u, and W (92) and
X (09) are Willmore energy and the Euler characteristic of the surface OS2, respectively.

3.3. CALR on ellipses. We now review the result of [31] on CALR for the Lamé system on
ellipses. Ellipses are the only domains where CALR takes place. No domain is known where
CALR does not take place.

Let § be a bounded domain in R? with C** boundary. Let (), i) be the Lamé constants of

R? \  satisfying the strong convexity condition (3.1). Let (), /i) be Lamé constants of {2. We
assume that (A, z) is of the form

(A, 1) == (e + i) (A, ),
where ¢ < 0 and § > 0. Since eigenvalues of the eNP operator accumulate at either kg or —kq,

we choose ¢ so that k(c) = ko or —ko, where

c+1

k(c) = Ne—1)

Let C and C be the isotropic elasticity tensor corresponds to (A, z2) and (X, i), respectively,
and let

Cq = Cxq + Cxpre\os

where x denotes the indicator function as before. We consider the following transmission
problem:

V-Cg@u:f in R?,
u(z) = O(Jz|~1) as|z| = oo,
where the source function f is taken to be a polarizable dipole, namely,

f=AVS,.
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Here, A is a 2 X 2 constant matrix not of the form

)

In this case, the relevant energy is given by

B |AVS,[1h;](2)[2
Fs = 6262+]k5 — NP2

where ); is eigenvalues of the eNP operator and 1); is the corresponding normalized eigen-
functions.

The following theorem is proved in [31].
Theorem 3.14 ([31]). Let §2 be the ellipse defined by (2.9).

(i) If k(c) = ko, then

B ~ llog 8| 6=2T°=/P0if py < p. < 3py,
) if p= > 3po,

as§ — 0.
(i) If k(c) = —ko, then

Q

Es {’1°g5|353/2+”z/2'”° if po < p= < 5po,

4 lpr > 5/)07
as d — 0.

As a consequence of this theorem, it is proved that if k(c) = ko, then CALR occurs if
po < p. < 2pg. Itis worth mentioning that this cloaking region coincides with that for Laplace
equation explained in subsection 2.3. If k(c) = —ko, then CALR occurs if pg < p, < 3pp. It
is interesting to observe that the cloaking region is different from that for the case k(c) = k.

3.4. Discussions. The decay estimate (2.2) for the Laplace operator in two dimensions strongly
suggests that there is a room for the estimate (3.7) to be improved. In three dimensions the de-
cay rate of eigenvalues of the eNP operator for domains less regular than C*° is not known.
These are interesting problems to investigate. No three-dimensional domain is known where
the CALR occurs or does not occur. This is also an intriguing problem.

ACKNOWLEDGMENTS

This work is partially supported by National Research Foundation (of S. Korea) grants No.
2022R1A2B5B01001445 and by a KIAS Individual Grant (MG089001) at Korea Institute for
Advanced Study.



CALR AND NP SPECTRUM 107

REFERENCES

[1] K. Ando, H. Kang, Y. Miyanishi and M. Putinar, Spectral analysis of Neumann-Poincaré operator, Rev.
Roumaine Math. Pures Appl, Vol. LXVI (2021), 545-575.

[2] H. Kang, Spectral Geometry and Analysis of the Neumann-Poincaré Operator, a Review, In: Kang, NG.,
Choe, J., Choi, K., Kim, Sh. (eds) Recent Progress in Mathematics. KIAS Springer Series in Mathematics,
vol 1. Springer, Singapore, 2022. https://doi.org/10.1007/978-981-19-3708-8_4

[3] D.Khavinson, M. Putinar and H.S. Shapiro, Poincaré’s variational problem in potential theory, Arch. Rational
Mech. Anal, 185 (2007), 143-184.

[4] S. Fukushima, H. Kang and Y. Miyanishi, Decay rate of the eigenvalues of the Neumann-Poincaré operator,
arXiv:2304.04772.

[5] K. Ando and H. Kang, Analysis of plasmon resonance on smooth domains using spectral properties of the
Neumann—Poincaré operator, Jour. Math. Anal. Appl, 435 (2016), 162-178.

[6] H. Ammari, G. Ciraolo, H. Kang, H. Lee and G.W. Milton, Spectral theory of a Neumann-Poincaré-type
operator and analysis of cloaking due to anomalous localized resonance, Arch. Rational Mech. Anal, 208
(2013), 667-692.

[7]1 R. C. McPhedran and G. W. Milton, A review of anomalous resonance, its associated cloaking, and super-
lensing, C. R. Phy, 21 (2020), 409-423.

[8] H. Ammari and H. Kang, Polarization and moment tensors with applications to inverse problems and effective
medium theory, Applied Mathematical Sciences, Vol. 162, Springer-Verlag, New York, 2007.

[9] K. Ando, H. Kang and Y. Miyanishi, Exponential decay estimates of the eigenvalues for the Neumann-
Poincaré operator on analytic boundaries in two dimensions, J. Integr. Equ. Appl, 30 (2018), 473-489.

[10] E. Bonnetier and H. Zhang, Characterization of the essential spectrum of the Neumann-Poincaré operator in
2D domains with corner via Weyl sequences, Rev. Mat. Iberoam, 35 (2019), 925-948.

[11] J. Helsing and K.-M. Perfekt, On the Polarizability and Capacitance of the Cube, Applied and Computational
Harmonic Analysis, 34 (2013), 445-468.

[12] J. Helsing and K.-M. Perfekt, The spectra of harmonic layer potential operators on domains with rotationally
symmetric conical points, J. Math. Pures Appl, 118 (2018), 235--287.

[13] H. Kang, M. Lim and S. Yu, Spectral resolution of the Neumann-Poincaré operator on intersecting disks and
analysis of plasmon resonance, Arch. Rational Mech. Anal, 226(1) (2017), 83-115.

[14] K.-M. Perfekt and M. Putinar, Spectral bounds for the Neumann-Poincaré operator on planar domains with
corners, J. d’ Analyse Math, 124 (2014), 39-57.

[15] K.M. Perfekt and M. Putinar, The essential spectrum of the Neumann-Poincare operator on a domain with
corners, Arch. Rational Mech. Anal, 223 (2017), 1019-1033.

[16] K.-M. Perfekt. Plasmonic eigenvalue problem for corners: limiting absorption principle and absolute conti-
nuity in the essential spectrum, J. Math. Pures Appl, 145 (2021), 130-162.

[17] Y. Miyanishi, Weyl’s law for the eigenvalues of the Neumann-Poincaré operators in three dimensions: Will-
more energy and surface geometry, Adv. Math, 406 (2022), 108547.

[18] Y. Miyanishi and G. Rozenblum, Eigenvalues of the Neumann-Poincaré operator in dimension 3: Weyl’s law
and geometry, Algebra i Analiz 31(2) (2019), 248—268; reprinted in St. Petersburg Math. J, 31(2) (2020),
371—386.

[19] Y. Jung and M. Lim, A decay estimate for the eigenvalues of the Neumann-Poincaré operator using the Grun-
sky coefficients, Proc. Amer. Math. Soc, 148 (2020), 591—600.

[20] Y. Miyanishi and T. Suzuki, Eigenvalues and eigenfunctions of double layer potentials, Trans. Amer. Math.
Soc. 369 (2017), 8037—8059.

[21] J. Delgado and M. Ruzhansky, Schatten classes on compact manifolds: kernel conditions, J. Funct. Anal,
267(3) (2014), 772-798.

[22] S. Fukushima and H. Kang, Spectral structure of the Neumann-Poincaré operator on axially symmetric func-
tions, in preparation.



108 S. FUKUSHIMA, Y.-G. JI, H. KANG, AND Y. MIYANISHI

[23] K. Ando, H. Kang, Y. Miyanishi and T. Nakazawa, Surface localization of plasmons in three dimensions and
convexity, SIAM J. Appl. Math, 81 (2021), 1020-1033.

[24] Y. Ji and H. Kang, A concavity condition for existence of a negative value in Neumann-Poincaré spectrum in
three dimensions, Proc. Amer. Math. Soc, 147 (2019), 3431-3438.

[25] M. S. Birman and M. Z. Solomjak, Asymptotic behavior of the spectrum of pseudodifferential operators
with anisotropically homogeneous symbols, Vestnik Leningrad. Univ, (13 Mat. Meh. Astronom. vyp. 3), 169
(1977), 13-21.

[26] G.W. Milton and N.-A.P. Nicorovici, On the cloaking effects associated with anomalous localized resonance,
Proc. R. Soc. A, 462 (2006), 3027-3059.

[27] D. Chung, H. Kang, K. Kim and H. Lee, Cloaking due to anomalous localized resonance in plasmonic struc-
tures of confocal ellipses, SIAM J. Appl. Math, 74 (2014), 1691-1707.

[28] H. Ammari, G. Ciraolo, H. Kang, H. Lee and G.W. Milton, Spectral theory of a Neumann-Poincaré-type
operator and analysis of anomalous localized resonance II, Contemporary Math, 615 (2014), 1-14.

[29] H. Ammari, H. Kang, and H. Lee, A boundary integral method for computing elastic moment tensors for
ellipses and ellipsoids, J. Comp. Math, 25 (1) (2007), 2-12.

[30] V.D. Kupradze, Potential methods in the theory of elasticity, Daniel Davey & Co., New York, 1965.

[31] K. Ando, Y. Ji, H. Kang, K. Kim and S. Yu, Spectral properties of the Neumann-Poincaré operator and
cloaking by anomalous localized resonance for the elasto-static system, Euro. J. Appl. Math, 29 (2018), 189—
225.

[32] B.E.J. Dahlberg, C.E. Kenig and G.C. Verchota, Boundary value problems for the systems of elastostatics in
Lipschitz domains, Duke Math. J, 57(3) (1988), 795-818.

[33] S. Fukushima, Y.-G. Ji, and H. Kang, A decomposition theorem of surface vector fields and spectral structure
of the Neumann-Poincaré operator in elasticity, arXiv:2211.15879.

[34] N.I. Muskhelishvili, Singular integral equations. Boundary problems of function theory and their application
to mathematical physics, Translated from the second (1946) Russian edition and with a preface by J. R. M.
Radok, Noordhoff International Publishing-Leyden, 1977.

[35] A.P. Calderén, Cauchy integrals on Lipschitz curves and related operators, Proc. Nat. Acad. Sc. USA, 74
(1977), 1324-1327.

[36] L. Escauriaza, E. B. Fabes, and G. Verchota, On a regularity theorem for weak solutions to transmission
problems with internal Lipchitz boundaries, Proc. Amer. Math. Soc. 115 (4) (1992), 1069-1076.

[37] G. Verchota, Layer potentials and regularity for the Dirichlet problem for Laplace’s equation in Lipschitz
domains, J. Funct. Anal, 59(3) (1984), 572-611.

[38] K. Ando, H. Kang and Y. Miyanishi, Elastic Neumann—Poincaré operators on three dimensional smooth
domains: Polynomial compactness and spectral structure, Int. Math. Res. Notices, 12 (2019), 3883-3900.

[39] K. Ando, H. Kang and Y. Miyanishi, Convergence rate for eigenvalues of the elastic Neumann—Poincaré
operator on smooth and real analytic boundaries in two dimensions, Jour. Math. Pures Appl, 140 (2020),
211-229.

[40] G. Rozenblum, The Discrete Spectrum of the Neumann-poincare Operator in 3D Elasticity, J. Pseudo-Differ.
Oper. Appl. 14 (2023), article number 26. https://doi.org/10.1007/s11868-023-00520-y.



