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ABSTRACT

2D/1D coupling method is an important neutron transport calculation method due to its high accuracy
and relatively low computation cost. However, 2D/1D coupling method may diverge especially in small
axial mesh size. To analyze the convergence behavior of 2D/1D coupling method, a Fourier analysis for k-
eigenvalue neutron transport problems is implemented. The analysis results present the divergence
problem of 2D/1D coupling method in small axial mesh size. Several common attempts are made to solve
the divergence problem, which are to increase the number of inner iterations of the 2D or 1D calculation,
and two times 1D calculations per outer iteration. However, these attempts only could improve the
convergence rate but cannot deal with the divergence problem of 2D/1D coupling method thoroughly.
Moreover, the choice of axial solvers, such as DGFEM SN and traditional SN, and its effect on the
convergence behavior are also discussed. The results show that the choice of axial solver is a key point for
the convergence of 2D/1D method. The DGFEM SN based 2D/1D method could converge within a wide
range of optical thickness region, which is superior to that of traditional SN method.
© 2022 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

2D/1D method couples a radial 2D transport equation and an
axial 1D equation for solving the 3D neutron Boltzmann equation. It
achieves high accuracy under a relatively low calculation burden.
This method was originally developed by two groups in Korea
during 2002—2007 [1—3]. One group at KAIST developed 2D/1D
fusion method for CRX code [4]. The other one at KAERI developed
2D/1D method for DeCART code [5] and later for nTRACER [6]. In
this paper, the 2D/1D coupling method is refer to the 2D/1D
method developed at KAERI. Several codes are developed based on
2D/1D coupling method like MPACT [7], NECP-X [8] and HNET [9].
In the early version of DeCART, it meets the divergence problem in
small axial mesh size [10]. Similarly, for the 3X3 partially rodded
lattice problem, MPACT also suffers from the divergence problem
when refining the axial mesh size [11]. To pursue high accuracy,
fine axial mesh size is usually required in the 2D/1D coupling
method and it may lead to the divergence problem. Therefore, it is
necessary to analyze the convergence behavior of 2D/1D coupling
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method, especially for the fine axial mesh size.

Fourier analysis is an important tool to analyze the asymptotic
convergence rate of the iteration [12—19]. A Fourier analysis of 2D/
1D coupling method has been implemented for solving 3D k-
eigenvalue diffusion problem [29]. With the help of the Fourier
analysis, the divergence problem may occur in small axial mesh
size. The stability of 2D transport/1D diffusion coupling method is
performed by Fourier analysis for the code DeCART [10]. It also
shown that the 2D/1D coupling method may fall down the diver-
gence problem. Please note that, in the above work, the diffusion
method is used as the 1D solver. While, in this study, the radial and
axial transport physics are preserved. This paper focus on the
divergence problem of 2D/1D coupling method in small axial mesh
size. In practice, two times 1D calculation per 2D/1D outer iteration,
as well as the increase of the inner iterations number of 2D or 1D
solver, is usually used to improve the convergence rate. In this
work, these common attempts are utilized and assessed for solving
the divergence problem. Moreover, the choice of axial solvers and
its effect on the convergence behavior are also discussed here. The
comparison between traditional SN axial solver and Discontinuous
Galerkin Finite Element Method based (DGFEM) SN [20] axial
solver is performed.
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The paper is organized as follows. In section 2, the basic theory
of 2D/1D iteration scheme is described. Following the iteration
scheme, the linearization of the major equations is derived and
presented. In section 4, the Fourier analysis of traditional SN based
2D/1D coupling method is derived. The divergence problem of 2D/
1D coupling method, as well as the possible tricks, are discussed in
section 5. Moreover, the effect of the axial solver on the stability is
also analyzed. In section 6, the numerical tests are performed to
evaluate the performance of Fourier analysis. Finally, the conclu-
sions are summarized in section 7.

2. Theory of 2D/1D iteration scheme
2.1. Formula of 2D/1D coupling method

The formula of 2D/1D coupling method of the Ith iteration are
shown as follows. The 2D radial equation is shown in Eq. (1) and 1D
axial equation is shown in Eq. (2). These two equations couple with
each other by transverse leakage term. Due to the high accuracy
and good geometric adaptability, MOC is often applied to solve the
2D transport equation in the practical applications. In Fourier
analysis, the traditional 2D SN is often adopted as the radial solver,
instead of the MOC, to pursue the simplicity [10,21].

UEf
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Where p, 1, £ are the angle of Z, Y and X direction respectively. ¢ is
the angular flux, and¢ is the scalar flux.>;, X, ¢ is total cross-
section, scattering cross-section, fission cross-section respectively.
v is the number of fission neutrons per fission, k. is the effective
eigenvalue, ] is the net current,A is the coarse mesh radial size, and
A, is the coarse mesh axial size. The superscript Z represents that
the variable is axially averaged and XY represents that the variable
is radially averaged. The superscript top, bottom represent the
coarse-mesh top and bottom boundary, x;, xg, ¥, ¥g are the coarse-
mesh left and right boundary in X and Y direction respectively. The
subscript m represents the discrete angular. TLyy,, is the axial
transverse leakage and TLgug, is the radial transverse leakage.
Here, the isotropic transverse leakage term is applied, which is
calculated by the net current. Isotropic scattering source term and
fission source term are also used for simplicity.

The flow chart of the 2D/1D iteration scheme for the k-eigen-
value neutron transport problem is shown in Fig. 1. Specifically,
there are twice 1D axial SN, a radial SN and a 3D adCMFD accel-
eration [8,13,22] in each outer iteration. For the I!" outer iteration,
according to the 2D/1D iteration scheme, the radial transverse
leakage for the first time 1D axial SN is calculated from the (I — 1)
CMEFD. While, the axial transverse leakage is calculated from the [
first-time 1D axial SN calculation. The radial transverse leakage for
the second 1D axial SN is calculated from/® 2D radial SN
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calculation. For the first 1D axial SN calculation, the number of
inner iteration (sweep) refers to N;. Similarly, the number of inner
iteration (sweep) of 2D radial SN and the second 1D axial SN
calculation are N, and Ny, respectively. Also, the indexes of the
inner iteration are set as nj, nz and n3 respectively. During the inner
iteration, the scattering source updates, while, the transverse
leakage term and fission source term keep as constant.

The spatial discretization of the 2D/1D coupling method is
shown in Fig. 2. Axially, the number of fine meshes per coarse mesh
is p. Radially, the number of fine meshes per coarse mesh is p2. In
Fig. 2, the p is set as 3 for example. I, ], K represent the index of
coarse mesh in X, Y, Z direction respectively.

Using SN method, the 2D equation is discretized as follows for
the 2D cartesian square mesh:

5_m [+1ny+1 _ [+1ny+1 +77_m [+1ny+1 _ [+1ny+1
hy ¢m,i+%j,l( ¢m,i—%j,K hy ¢m,ij+%4l< ¢m,i1j7;1<
l+3n2+1 Ln, vy top _ rbottom
2Pk = ‘/’uK ankl; Plik 4,rA (i —atpiem)
(3a)
hy=A4/p (3b)

Where the subscripts i, j represent the index of fine mesh in the
coarse mesh in X, Y direction, respectively. The subscript K repre-
sents that the equation is axially averaged on coarse mesh K. i +%
and i — % are the fine mesh right and left boundary in X direction,
andj + 5 landj are the boundary in Y direction. n, represents the

th inner 1terat10n of scattering source, and h; is the fine mesh
radial size. After one inner iteration, a new axially averaged scalar
flux is obtained by the updated angular flux:

l+2 I‘l2+1
11 K

I+1n,+1

Z Windm itk (4)

It should be noted that the scalar flux calculated from 2D

equation is the axially averaged value of the fine mesh (i, j, K). SN
discretization needs supplement equation which is:

l+4n+1
m,i+1jK

[+1n+1
m,i—1jK

I+1n+1
mij+3K

I+1n+1
m,ij—3iK

¢ +¢ —|¢ +¢ =0 (5)

Here, diamond difference (DD) format is applied. The central
angular flux of the fine mesh (i, j, K) can be represented by the
boundary angular flux, which is:

1

4

Hn+1

[+1n+1
Pmijk

mi+1,jK

[+1n+1
m,i—1jK

I+1ny+1
m,ij+3K

I+1ny+1
m,ij—1K

¢ +¢ +¢ +¢ (6)

Eq. (6) is substituted into Eq. (3), then the 2D equation becomes:
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inner source iteration
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Fig. 1. Flow chart of 2D/1D iteration scheme for k-eigenvalue problems.
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X direction
Y direction
Fig. 2. Square meshes of 2D/1D coupling method.
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Similar as 2D equation, using SN, the 1D equation can be dis-
cretized as follows for the 1D cartesian square mesh:
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Where the subscripts I and ] represent that the equation is radially
averaged on coarse mesh (I, ]). k + 5 land k — are the fine mesh top
and bottom boundary. n denotes the nth 1r1r1er iteration of scat-
tering source. After one inner iteration, a new radially averaged
scalar flux can be updated by the angular flux:

I+1n+1
Z Wm¢m 1]k

The central angular flux of the fine mesh (I, ], k) is presented by
the boundary angular flux using DD format, which is:

l+2,n+1
IJ k

9)

1

"2

[+3n+1

l+3.n+1
¢m,IJJ<

[+3n+1
¢m,1j,k+%

¢m,lJ,k—% (10)

Substituting Eq. (10) into Eq. (8), then the 1D equation becomes:

Km | H3n+1 I+1n+1 e inst l+dn+1
hy Pmigiees ~ Omijis | T2 | Pmigre T Pmijaey
E 1 vy
34’1; kT g kj; ¢1J,k + TLyadial (11a)
1
TLradial = - A7A (]ij[{ _];(ij +]’;’ij —]{’LK) (] ]b)

Then the coarse-mesh scalar flux is updated by solving the
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artificially diffusive CMFD (adCMFD) equation:

1 I+1 1+1 1 1+1 1+1
A -]I+%J,K _-]If%JAK +K -]IJ+%,K -k
(12)
1 [ a1 141 1 _ VEFCM 141
A, JIJJ@% ik | T Eacmdy = keff i1 D1k

Where I+], J+1 and K+] represent the left and right edge of coarse
mesh in X, Y, Z direction respectively. The boundary current J is
calculated by Eq. (13a) and Eq. (13b), here the Z direction is taken as
example. While, the X and Y direction is similar.

D, ~l+L

141 d (11 111 141 11

T == ($ike1 — 91y ) + Dijicss(Prjkaa +41jx

] 2 AZ

(13a)

1 Dad (141 I+1 ]_A)H% I+1 +1

Jijky= 4, <¢1J,I(*¢IJJ<71> + Dk (¢1J,K+ ¢’u,1<4)
(13b)

Different from the traditional CMFD, adCMFD applies an artifi-
cially diffusive coefficient, which is:

_ 1
735 om

+0A (14)

6 is called the artificially diffusive coefficient, and here it is set as

41
0.25. The D,?Ki% is calculated from the boundary net current
calculated from 2D radial SN and 1D axial SN, which is:

I+ I+1 I+1

D,
BH% K+ +Tzd (¢1-]1K+1 B ¢[*]’ZK> 15
LK+ = s} 01 (15a)
by T gk
I+ D, I+ I+3
5 iy R ( 1k~ b1yk-1) 15b
IJK=5— [ I+ ( )
by Ty

After the adCMFD calculation, the fine mesh scalar flux of 2D
radial SN and 1D axial SN are updated by the coarse mesh scalar
flux of CMFD, which is:

1+1
I+1 ¢Lj,1<
ik 1417

1J.K

$ik=9 (16)

(i,j,kye,],K)

3. Linearization

In order to perform Fourier analysis to evaluate the performance
of 2D/1D coupling method, the 2D SN Eq. (7), 1D SN Eq. (11), 3D
adCMEFD Eq. (12), as well as the scalar updated process Eq. (16) are
linearized near the exact solution. The solutions are expressed as a
function of error term <1 for a 3D homogeneous medium k-
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eigenvalue problem.

I+in 1 ~I+ln

Smijk =7 T EPmijk (17a)
l4+3.n; _ ~l+3ny
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=75 17k
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By summing up all the coarse meshes, it can be obtained that:

edt1=0 (18)

For the first 1D axial SN calculation as shown in Fig. 1, the radial
transverse leakage term is calculated from the CMFD calculation
and the formula is shown in Eq. (19a). Substituting Eq. (17c, d, e)
into 1D axial Eq. (11), the linearized equation becomes Eq. (19b):

1
TLradial = g & | Jiebgac = Iy Higepx —Jig-1x (19a)

I 72

= +1

m,lJ k——=
A 2

1
=41
$ 2 |+9

m,l‘[«,k#’j

Py

2

25 ~ Lm Za ~1 1

= E(bl""k + E(bl‘]’k - m ]Pr*a] K
>4

+J] -J
IJ+§,K

7]1 1 K I 11(
59 I

(19b)

For the second 1D axial SN calculation, the radial transverse
leakage term is calculated from the 2D radial calculation, taking the
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left boundary net current in X-direction for example:

Z Zwm5m¢m 0J.K

m1]

1] K= (20)

For brief, the error term of the net current is simplified as:

~ 1
]iLI,K =p Z Z Wm5m¢>r}zl\,]cz>JJ<

m=1 j=1

(21)

The linearized second 1D axial SN calculation is as follows:

=, l+ M3+1 b l+ n3+1 l+ M3+1
e CAE T A e A A
2 Moz ke i mijkis mlkes

Xslny | Xasl WL
47T¢1Jk 701k 47rA (JX]K ]XJI<+]IJK ]u,K)

(22)

Eq. (17a, b, f) is substituted into 2D radial Eq. (7), then the
linearized 2D equation becomes Eq. (23):

Em ~l+inp+1 S liny+1 I Nm ~I4in+1 s lHiny+1

E ¢m,i+%j,K ¢m1 1iK hy ¢mﬁi«j+%‘K ¢m1]—§K
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+4 )
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m,i+} JK+¢m1 ‘J,K+¢mu+1l<+¢mu 1K (23)

Ya-1 ~top  ~bottom

Ys ~In
ik ik —Jijk

47r¢” K+ 47r¢” K= 41rA

After two 1D calculations and one 2D radial calculation, the net
current of the coarse mesh is obtained using Eq. (13) and Eq. (15).
Substituting Eq. (17h-j) into Eq. (13), the linearized net current

becomes:

+1 _Dgg (~141 ~I4+1 Dgq A+l

Jijk= (¢1J K+1— %1y, K) Aaz ¢1 Jk+1 ¢u k| ik
(24a)

<I+1 D +1 =141 Dag | <14 -1 <+1

Jijx- <¢1J K~ 1y K- 1)+ A, bk =Pk | Hiyke 1

(24b)

Then the net currents are substituted into the 3D CMFD Eq. (12),
the linearized form of the CMFD equation is presented as:

| 1 | 1 | 1 | 1 | 1
AZ ~+§ ~+§ ~+§ ~+§ A ~+§ +§
Daa ]l 1 KiJI 1 K+JI 1K7]I L "D JI Kk Tkt
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l+1 l+1 I+ 1
A = 2 Az r-111 ~l+1 ~l+1
4, bryk1 — Pk ~20,,% JK| =3 (¢I+1J1K — ¢kt o1k —
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The fine-mesh scalar fluxes of 1D axial meshes and 2D radial
meshes are updated by the CMFD coarse-mesh scalar flux using Eq.
(16). The linearized form of Eq. (16) is:

Sl S S

bijie=bijr+ b1k — (26)

drc (i.d. k)€ (L].K)

4. Fourier analysis

To theoretically analyze the convergence rate of the iteration,
Fourier analysis is usually applied [16,17]. The first step of the
Fourier analysis is the linearization near the exact solutions, which
is derived in Section 3. The error terms of the linearized equations
are expressed as Fourier mode in X, Y, Z direction, and then the
error transition matrix can be obtained. The spectral radius of the
error transition matrix indicates the convergence rate of the iter-
ation. The Fourier analysis is carried out in one single coarse mesh
with periodic boundary conditions [16—19]. Following the standard
Fourier analysis, the Fourier ansatz expands the error terms as a
function of Fourier frequency as Eq. (27):

~ l+%,n2

L (27a)
s = A o
&ng = ng IS dXi o EelyY) piSeheZi (27¢)
J’irt%l,;tki%: iri%liki%eizflxxfe"Ef"yyie"E‘AZZk (27d)
a’fﬁ( _ Cll;r?(ezztixx, =AY piSchezi (27e)
‘iﬁjzk _ l?k oIZhXi g ZeAyY) pi ZeeZi (271)
¢l+2 — EM3piZidi pi Sy pi Sz (27¢g)
qbﬁﬂ — Fl1 piScki oI ey, ol e (27h)
Jﬁif,Hl_Kil = i?h‘ K+1e'£tAXXIeiErAyyj e (271)
2 2 21
ity ~Hi g @7

The essential part of the Fourier analysis is to derive the

1 1 1
s s >
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AZ ~I+§
b Tk Ttk —
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+ —4d1k
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(25)
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transition matrix of the fine-mesh scalar flux error term. In the 2D/
1D coupling method, the fine-mesh scalar flux errors contain two
parts, which are p? number 2D radial fine mesh scalar flux errors
and p number 1D axial fine mesh scalar flux errors. These two scalar
flux errors are expressed by Fourier ansatz in Eq. (27e) and Eq. (27f).
The vector S! is defined, which stores the 2D radial fine-mesh scalar
flux errors and 1D axial fine-mesh scalar flux errors as shown in Eq.
(28). The first p elements are the 1D axial fine-mesh scalar flux
errors and the next p® elements are the 2D radial fine-mesh scalar
flux errors.

~1
b11
~1
fblIJ‘P (28)
D11k

~1
Ppp.K

(p+p?)x1

The vector Blr,ﬁ‘n contains p number boundary angular flux er-
rors of the 1D axial fine-mesh as shown in Eq. (29).

~l+in
, ¢m1‘],%
lyn .
m ksl = (29)
(}H’%ﬂ
m.1j 2t

px1

Fourier ansatz is applied into the first-time linearized 1D Eq.
(19b). At Ith source iteration calculation step, the I+ % intermediate

step boundary angular flux Biﬁﬂﬂ of 1D axial SN is obtained as
follows:

Limdl
B%gﬂ% —y;! (q E; S 4 GyE St + C3s’) (30)

Where Yj, is a matrix of the 1D axial SN transport calculation with
the size of p x p, C; is the matrix of the scattering source error term,
C, is the matrix of the absorption error term, and C3 is the matrix of
the radial transverse leakage error term. E; is the transform matrix
that convert the scalar flux error matrix of 2D/1D into the matrix of
1D SN scalar flux error, and E is the identity matrix. The detailed
expressions of the matrices are:

—Hm | 2t

=t Hm o Z¢
S ke . 0o o0 0
“Hn o T Mmooy S
Yon = 0 W Rty 00
Hm | Zt\ iz, S
(h2+2>e 0 0 0 Jr+3 p
(31a)
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s
an 0 0 0 O
0 % 0 0 O
0 0 0 £ O
0 00 0 =
L 4l pxp
-5, _
an 0 0 0 O
0 2 0 0 O
Czi 0 0 i?_; 0 0 (31C)
0 0 O f—; 0
Zq
|0 0 0 0 2 o
E] = [EPXP 0p><p2 ]px(p+p2) (31d)

The presentation of the radial transverse leakage term matrix C3
is provided later in Eq. (45). During the inner iteration, the 1D axial
scalar flux errors are updated and the 2D radial scalar flux errors
keep constant. The updated scalar flux is shown in Eq. (32a) and the
next inner iteration is displayed as Eq. (32e):

M
Dl+%: Z meme;lr%-,n] _ th Sl (323)
m=1
% 1 0 0 o0
101
W | © 2 2 00 (32b)
1 iz, 1
5 0 0 0 1
- = pxp
I+1n R?l [ n cl
stim=| 1 |S'=RR}'S (32¢)
3
Es=[0p.p Epsp |y pipe) (32d)
Bt =yt (CLE1RR] + GoEq + C3)S' (32e)

Here, the presentations of R]' and RR]' depend on the n;, when
np=1:

M
Rl =" wnYYnY, (CiEy + GEp +C3) (33a)
m=1
Rl
RRI=|"1 (33b)
E5

Whennq > 1
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RM = Z WYY Yo (C1E1RR”‘ + GE, +c3) (33¢)
1

RRY — {Rl } (33d)
E
3

After Ny times inner iterations of the first 1D calculation, the
axial transverse leakage for the 2D calculation is obtained using Eq.
(1b). According to the periodic boundary condition, the top
boundary net current error term can be calculated by the bottom
boundary net current error term, which is shown in Eq. (34a). The
axial transverse leakage error term is shown in Eq. (34b):

c BN
I?K 1= ZW’"“"‘! r:ZIJ,(])
(34a)
- Z Winfem Yo (C1E1RRN‘ +GE +c3)s’
top  ~bottom eiZikzb: _ q I+ I
TLaxial = 47rA <JI]1< =Jiyx ):TAZGUZK 1=P1S (34b)

Then the Fourier ansatz is applied into the 2D linearized Eq. (23).
The intermediate fine mesh boundary angular flux of 2D SN is
calculated as:

L+ +1
A2
m,i+dj+l K

=X (%E4E3S”“2

Where X, is the matrix of the 2D SN transport calculation with
size of p? x p?, E4 is a transform matrix that converts the matrix
with size of p® into matrix with size of 2p?. Defining the 2D radial
I+3n+1
m,itd j+L K
tation of the 2D mesh is shown in Fig. 3. It contains 2p® fine mesh
edge angular flux that ordered from bottom to top.

The detailed presentations of the matrices are:

Xa I 1
+ JoE4E3S! — EqP1S ) (35)

fine-mesh boundary angular flux error matrix A the no-

__T’ 7’m r ym t
h—]m+z 00,1 243 je+d 000, fo
0 i} 0-0p, Fr§ BrF 0
Xm=
00, 1 -1 (00},
0 1 00, ; -1 1 o

=
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i=1 i=2 i=3
b X direction
3)
win 123 EoiA
) o0 (4) Py
1oe wlo @2
)]
1
o f 1(10) ¢i?’ LERY
2 ¢ @ e’
1s)
wim
o e
3¢ @
® Unknown
S irecis 1w 5., @ Known (boundary point)
irection
Fig. 3. Mesh notation of the 2D calculation.
~I+1n;
¢mA1ﬁ%
(}H—%,nz
mpj
i:?:‘f +—K (36b)
2% &IJr%,Hz
mj.p
~l+in,
Pmitp
L ’ d2p2x1
Eq = [Epropei Opope 36¢
4 PEXpTr FpeXp 2p2xp? ( )

During the inner iteration, the 2D radial scalar flux errors and
the scattering source error are updated. The 1D axial scalar flux
errors, the absorption term and the axial transverse leakage error
term keep constant. The updated scalar flux is presented in Eq.
(37a) and the following inner iteration is presented in Eq. (37d):

_,_% [0...0]'
0, 5 Jm+% [0-0]
: (36a)
1 [0---0]
b2 1 [0---0]

dop2x2p2
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M
[+1 l+3.m, o ol
CE = 3" WinXXmAp 2™ = RIS
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(37a)
m=1
1 0---0 ! 1 [0---0 1 0---0
i [0---0],_ ! 1 [0-+0],, ! [0---
XX = 37b
m 0 }1 [O.A.O]pil ‘ll zll [0...0]1772 411 [0---0] ( )
. . N pzx2p2
I+1 1M I+1.N,
Gk ~p Z > WmémA, ik
E j=1 m=1
st — | 1 1Sl — RRIzS! 37¢ 1M b
{Rgz 2 (37¢) :EZ > WimnépX ( T EaE RRY-1 +4—;E453—E4P1)5'
Jj=1 m=1
(41a)
I+1n,+1 172 X
SIS X1 (ESTE4E3RR22 + oEqE3 — EqP) )s’ (37d)
Here, the presentations of R}? and RR}’ depend on the nj, when Gt zp: Izw: AN
Ny = 1: G ylik= WmlmA 31k
: i=1 m=1
LY N> —1
; Z S wWinnmXn, ( SE,EsRR)2~ 4—E4E3 E4P1)S
b X 1:1 m=1
1_ —1(=s =a _
R = n;] WinXXimX ( EaEs + 0By E4P1> (40a) (41b)
The right boundary and the front boundary net current are
presented by the left boundary and behind boundary net current
E; according to the periodic boundary condition, which is:
RR} = Rl (40b)
2 I+ _ A isoa
When np > 1: GH%‘]’K - Glf%‘“(e (422)
I+ i Ay A
M 5 5 GIJi%,K Gljz 1€ et (42b)
n _ —1(=s -1, =a _
Ry = mZ] Wi XXX <477E4E3RR2 + 47rE4E3 E4P]> (40¢) Therefore, the radial transverse leakage term for the second 1D
B SN calculation can be obtained:
1 XL IR P eihd 1 14y
RR™: — Eq (40d) A7A (];(J,K *];(JK +Jijx *Ju,l() Py — ,,i_“( 43
2 R™ i A ( )
2 elEtAy _ 1 i I
AnA Guilk =P,S
After N, 2D SN inner iterations, the radial boundary net current z
can be obtained by accumulating the edge angular flux. The left The intermediate matrix is defined as follows:
boundary net current is presented as Eq. (41a) and the behind
boundary net current is presented as Eq. (41b).
n iZ A, A Em [ iso
t 1)11,---1,0,0, o t 1)(0,1,0,1,---
-l ( & 5 ( )9 ) (44a)
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e (1,0)

L,= (44b)
0,---,0
~——

L : 12p2xp

Similar as the presentation of P,, the radial transverse leakage
term for the first 1D calculation C; can be presented as follows:

o 53 3w

(45)

After Nq times 1D axial SN calculation and N, times 2D radial SN
calculation, the intermediate scalar flux error term is presented as:

. |RD
Stz = St=T¢! (46)
RZ

The radial angular flux Eq. (43) is substituted into the second 1D
SN calculation Eq. (19b). The form of the second 1D SN calculation is
similar as the first 1D SN calculation and it is shown in Eq. (47):

Bl+%,n3+l

iy = Y (GEITS'™ + GE TS - PS) (47)

Same as the first 1D SN calculation, during inner iteration, the
scattering error term is updated, while, the fission source and the
radial transverse leakage is fixed. The updated scalar flux and the
next inner iteration are presented as:

M
1 I+1,
D= 3" Wi YYmBy*™ = RPS!

m=1

(48a)
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n3

Shns _ {RB ]5’ :RR?SI (48D)
E3

B Y (CERRDT + GET - Py)S (489)

Here, the presentations of R} and RR}® depend on the n3, when
n3 =1:

Rl= Z Wi YYm Y L (CLE{T + GE T — Py) (49a)
m=1
R]
RRY =3 (49b)
Es
When n3 > 1
R = Z WYYV <C1E1RR”3‘1T+C2E1T P2) (49¢)
m=1
R
RRP =| 3 (49d)
E3

Then a newly updated axial boundary net current is obtained by
accumulating the boundary angular flux, which is:

l+2 I+2,N3
IJK 17 ZWm“m m.1J,0

(50)
= ZWm,um (C]E] RN3 ]T+C2E]T Pz)S
The updated scalar flux error matrix is shown:
RN
St = Sl =T,8! (51)
Rz

After the 1D axial SN calculation and the 2D radial calculation,

six net currents G- , are supplied to 3D CMFD Eq. (25).

I+1 j+1 K+}
g Bz (eiE[AXA e T | Gy | Ty _ 4> n A (eimzaz e iZebs _ 2)
A A,
8, eishd 1) A; piZchyA l+3 A ison, I+ I
D—( 1)G, !K+D_d( A1) 1K+D_od<e “1)Gi L[S (52)

_ple {% {( QIZ b | o iShd | piShyA | o iTiyA 74> AA ( eS| priSih _ 2)} }
Z

Table 1

Test problem specifications.
e(em™1) ng(cmfl) Zs(em™1) p Quadrature set Az (cm) A(cm) Order of DGFEM
1.0 0.01 0.9 2 S6-Gaussian Legendre 1.0-10.0 1.0 2
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Table 2

Outer iterations for 3X3 partially lattice problem (Axial 36 layer).

Nuclear Engineering and Technology 55 (2023) 1350—1364

Case Number of 1st 1D sweeping Number of 2D sweeping Number of 2nd 1D sweeping Keff Number of outer iterations
Reference - — — 1.21566+0.00028 —
1 1 1 1 1.21597 30
2 2 1 1 1.21597 29
3 5 1 1 1.21597 27
4 5 1 5 1.21597 25
5 5 2 5 1.21597 23
6 5 5 5 1.21597 20
7 5 2 0 1.21597 36
8 5 2 2 1.21597 25
1.0 1.0 T .
— N2=1
—_— N2=2
0.8 094 —a N2:4
—v—N,=6
g ] —e— N.=
5 06 £ 0.8 N8
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Fig. 4. Spectral radius of different axial mesh size. Fig. 6. Spectral radius of different Na.
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Fig. 5. Spectral radius of different Ny.
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From Eq. (52), it can be derived that:

A, (e — l)GH% + A (elThA l)GH%

-1k

i l+3
g Al - 16
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5. Results and discussion

The convergence performance of traditional 2D/1D coupling

1j K1

5= FH—] _ EH—% —

D, d% (eiShd | e=iSihd y @iSthA 4 e=iZdyA _ 4) 4 Dyy AAZ R L )

The fine-mesh scalar fluxes are updated by the coarse mesh
scalar flux as Eq. (26), the final fine-mesh error transition matrix is
shown:

SHT=T,8' + 6 = T3S (54)

Where T3 is the final error transition matrix of the whole calcula-
tion process. The spectral radius is the maximum eigenvalue of the
error transition matrix for all the combinations of Fourier fre-
quencies [23,24]:

p=max(w (X, Ay, A;)) = max(max(abs(eig(T3))), V Ax, Ay, Az)
(55)

The Fourier frequency Ay, Ay, A; are shown in Eq. (54). Ly, Ly, L; is
the domain size of the problem in X, Y, Z direction.

27 . Lx
/\xfthX,lfl,Z, I—l,Ifx (56a)
_2m _L
27k L,
Azfm,kfl,z,”'I(—l,I(fA—z (56C)
1.0 — —
_,_p_z
094 ——p=4 =
ﬁ_p_s
%
5 0.8+ -
bt
E
131
2074 e
w
0.6 -
0.5 T T T
10* 10" 10° 10’ 10°
Optical thickness

Fig. 8. The influence of p on the spectral radius for traditional scheme.

st (53)

method for solving neutron transport k-eigenvalue problem is
discussed here. The computational domain here is a homogeneous
cube model with the size of 10cm x 10cm x (10 ~ 100)cm and
periodic boundary conditions. The computational parameters are
listed in Table 1.

5.1. Divergence problem in small axial mesh size

In this part, the divergence problem of 2D/1D coupling method
is shown and analyzed. Here, set the number of inner iterations of
1D calculation(N1/N3) as 2 and the number of inner iterations of 2D
calculation (N3) as 1. For other combinations of the inner iterations,
the phenomenon is similar. Keeping the radial mesh size as a
constant as 1.0 cm, the axial mesh size changes from 1.0 to 10.0 cm.
The convergence behavior of different axial mesh size is shown in
Fig. 4. When the axial mesh size is 10.0 cm, the 2D/1D coupling
method converge in all the optical thickness region. However,
when finer the axial mesh size, the 2D/1D method diverge in small
optical thickness region. Moreover, with the decrease of the axial
mesh size, the divergence problem become more and more serious.
In practice, utilizing the fine axial mesh size can improve the ac-
curacy but it may lead to the divergence of the 2D/1D coupling
method [10,11]. The Fourier analysis results show the divergence
phenomenon in small axial mesh size. In section 5.2, several at-
tempts are tried to solve the divergence problem in small axial
mesh size. Therefore, the axial mesh size is set as 1.0 cm in the next
section.

1.0 r
—=— DGFEM-1

—— DGFEM-2
0.89 —=— Tradition

=3
(=2}
1

Spectral radius
=)
~
1

] —8
0.2 4 /

0.0 r . r
102 107! 10° 10! 10*
Optical thickness

Fig. 9. The influence of 1D axial SN solver on the spectral radius.
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5.2. Common attempts for solving the divergence problem

Empirically evidence suggests that more than one inner itera-
tion can supply a tight convergence. Therefore, a common attempt
for solving the divergence problem is that changing the number of
inner iterations of 2D or 1D calculation. Firstly, by keeping N, and
N3 as constant and changing Ny, the convergence behavior is shown
in Fig. 5. Ny is set as 6, N3 is set as 1, other combinations of N, and N3
achieve the similar results. It can be clearly seen that the increase of
N; achieves better convergence rate. Also, with the increase of the
N, the decrement of the spectral radius slackens. It is noted that the
increase of the 1D SN calculation cannot solve the divergence
problem. For optical thickness between 1072 to 1, all the strategies
fail.

Secondly, the effect of inner iterations number of 2D calculation
is analyzed. Here, Ny is set as 6 and Nj is set as 2, other combina-
tions of N1 and N3 achieve the similar trend. The results are shown
in Fig. 6. It can be seen in the figure that when N is larger than 4,
the curves tend to be consistence. In small optical thickness around
102 to 10°, all the iteration strategies diverge. When N is set as 1,
the 2D/1D method converge in optical thickness region between 1
and 3. However, the increase of N; lead to the divergence in this
optical thickness region. On the other side, the increase of N, do
benefit to the spectral radius for high optical thickness region. The
smallest spectral radius for N = 2 is around 0.7 and for N3 > 4 is
around 0.85. In all, the change of N, cannot solve the divergence
problem in small axial mesh size.

In practice, two 1D axial SN calculations per outer iteration, as
shown in Fig. 1, can improve the convergence rate. The influence of
two 1D axial SN calculations on the spectral radius is shown in
Fig. 7. Here N; and N; are set as 6 and1 to clearly present the result.
As a comparison, the other strategy is applied, which the second 1D
axial SN calculation is deleted and is labeled as N3 = 0 in the figure.
In this strategy, the fine-mesh scalar flux error transition matrix is
shown in Eq. (46), and the axial net current for 3D CMFD is calcu-
lated from the first 1D axial SN calculation as shown in Eq. (34). The
results show that the usage of two 1D axial SN calculations per
outer iteration can reduce the spectral radius of the system. With
the increase of the Ns, the acceleration effect is more obvious.
However, the usage of two 1D axial SN calculations cannot solve the
divergence problem in small optical thickness region.

It can be seen from Figs. 5 to 7 that for small optical thickness
region from 1072 to 10°, all the combinations among Nj, N, N3
diverge. The change the number of inner iterations and the usage of
two 1D SN calculations per outer iteration cannot solve the diver-
gence problem.
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Moderator

Reflective BC
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@
@
U

@
@
U

Reflective BC
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5.3. The influence of the 1D axial SN solver

The 1D axial SN solver plays an important role in the 2D/1D
coupling method. A comparison between the traditional axial 1D
SN based 2D/1D coupling method (traditional scheme) and 1D axial
DGFEM SN based 2D/1D coupling method (DGFEM scheme) is
made here. The calculation flow of DGFEM scheme is the same as
the traditional scheme, the only difference is that it adopts DGFEM
SN as 1D axial solver. Different from the traditional SN FDM, DGFEM
introduced the spatial basis functions to represent the solutions
within each mesh. Here, the axial DGFEM SN mesh size is the same
as the CMFD coarse mesh size. The detailed theory of the DGFEM SN
is shown in Ref. [20].

The errors of DGFEM scheme contains two parts, which are the
different orders of scalar flux moments in axial direction and the 2D
radial fine mesh scalar flux. Instead of the axial fine-mesh scalar
flux errors in traditional scheme, the DGFEM scheme contains
(order+1) number of axial flux moment errors. The Fourier analysis
of the DGFEM scheme is similar as the Fourier analysis of the
traditional scheme here shown in Section 4. The detailed lineari-
zation and the Fourier analysis process of DGFEM scheme is shown
in the previous work [28]. Different from the previous work, here
two times 1D DGFEM SN calculation are applied here. The disposal
of the 2-nd time 1D calculation, especially the presentation of the
radial transverse leakage term from the 2D radial calculation is the
same as the traditional scheme as shown in Eq. (45)- Eq. (51).

Two kinds of DGFEM schemes tested here, which labeled as
DGFEM-1 and DGFEM-2. It is worth noted that the O-th order scalar
flux moment is the coarse-mesh scalar flux in DGFEM scheme. In
DGFEM-1 scheme, this O-th order scalar flux moment in the scat-
tering source term is updated during the 1D SN calculation. In
DGFEM-2 scheme, this O-th order scalar flux moment in the scat-
tering source term is fixed. In both two DGFEM schemes, the 0-th
order scalar flux moment in the fission source term is fixed.

Here, the number of the 1st time1D inner sweeping, the number
of the 2D inner sweeping and the number of the 2nd time 1D inner
sweeping are set as 6, 6 and 2, respectively. For DGFEM scheme, the
axial SN mesh size is the same as the coarse mesh size, which
means the number of fine mesh per coarse mesh (p) is 1 in axial

Table 3
DGFEM-2 scheme calculation results for 108/216 axial layer.

Case Keff Number of outer iterations
108 axial layers 1.21578 31
216 axial layers 1.21578 43
Vacuum BC
Moderator Control rod
=
@
=
&
=4 Fuel
<
a
8
Fuel Guide tube
Reflective BC
Fuel

Fig. 10. The geometry of 3X3 partially rodded lattice problem.
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Fig. 11. The geometry of C5G7 benchmark.

direction. However, to obtain the enough accuracy, for traditional
scheme, p is often higher than 1 in axial direction. For traditional
scheme, the influence of axial p on the spectral radius is shown in
Fig. 8.

It can be seen in Fig. 8 that the value of p has slightly influence
on the spectral radius. To make a comparison with DGFEM scheme,
in the traditional scheme, p is set as 1 in axial direction.

The influence of the 1D axial SN solver on the spectral radius is
shown in Fig. 9. It can be seen clearly that the traditional scheme
and DGFEM scheme without fixed O-th order scalar flux moment
(DGFEM-1) diverge in small optical thickness region between 102
to 10°. The DGFEM scheme with fixed O-th order scalar flux
moment (DGFEM-2) solve this problem. For DGFEM-1, the O-th
order scalar flux moment in the scattering source term is updated
during 1D axial SN calculation. For DGFEM-2, the 0-th order scalar
flux moment in the scattering source term keeps constant during
the 1D axial SN calculation, which means the updated O-th order
scalar flux moment is abandoned. Then after the 2D radial calcu-
lation, the O-th order scalar flux moment is updated by the coarse-
mesh scalar flux calculated from 2D radial calculation.

A reasonable explanation for the divergence problem in small

Nuclear Engineering and Technology 55 (2023) 1350—1364

optical thickness region for traditional scheme is that in Eq. (11),
the right side of the iteration contains negative elements. The right
side of Eq. (11) contains the scattering source term, fission source
term and the radial transverse leakage term. The expression of the
radial transverse leakage term is shown in Eq. (45). Detailed for-
mula of the term L, in Eq. (45) is shown in Eq. (44b). When the axial
mesh size A, is small, the item ‘Z—f;‘(e"mzAz —1) in L, maybe a huge
negative value and lead to the negative radial transverse leakage
term. In this case, the total source of Eq. (11) is probably negative.
Then the scalar flux and the axial net current calculated from 1D
axial calculation diverge and lead to the divergence of 2D/1D
coupling method. In DGFEM scheme, the high order equations
contain no transverse leakage moment so that the total sources for
high order equations are always positive. It means that the high-
order flux moments converge in small optical thickness region.
The zero-order equation contains the radial transverse leakage
term moment. Especially in small optical thickness region, this
term may lead to the total source to be negative and then lead to the
divergence of 0-th order scalar flux moment. It also explains the
divergence problem of DGFEM-1 in small optical thickness region.
If keeping the O-th order scalar flux moment constant during the
1D axial calculation like DGFEM-2, all the different-order flux
moments converge. The axial net current is calculated by different-
order flux moments in DGFEM scheme. Therefore, in this case, the
axial net current supplied to 2D radial calculation is reasonable and
promise the convergence of 2D/1D coupling method in small op-
tical thickness region.

For traditional scheme, when axial p is set as 1, the axial fine
mesh is the same size of the coarse mesh. Then, the axial scalar flux
is kept constant during 1D axial calculation, and is updated through
coarse-mesh scalar flux like what DGFEM-2 scheme does. A
possible speculation is that in this case, the traditional scheme may
solve the divergence problem in small optical thickness region.
Unfortunately, this speculation fails. When the negative total
source exists, the 1D traditional SN calculation process may have
problems and results in the unreasonable angular flux. For tradi-
tional SN, the scalar flux and the boundary net current are calcu-
lated by the angular flux. Even though the scalar flux is fixed, the
boundary net current that used to calculate the axial transverse
leakage term as shown in Eq. (7b) maybe unreasonable. Then the
unreasonable axial transverse leakage may lead to the divergence
of the 2D/1D coupling method in small optical thickness region.
Compared with the traditional scheme, DGFEM-2 promises the

Table 4

Outer iterations for 3D C5G7-UR benchmark.
Case Number of 1st 1D sweeping Number of 2D sweeping Number of 2nd 1D sweeping Number of outer iterations
1 1 1 1 47
2 5 1 1 41
3 10 1 1 36
4 10 1 10 29
5 10 2 10 25
6 10 5 10 22
7 10 2 0 38
8 10 2 5 28

Table 5

Calculation results comparisons for 3D C5G7 benchmark.

Case DGFEM-2 scheme Traditional scheme
Error of Keffl [20]' Computation time/hours No. Outer iteration Error of Keffl [20]' Computation time/hours No. Outer iteration
UR -1pcm 418 20 7pcm 5.09 25
RA 9pcm 4.46 21 1pcm 5.04 25
RB 3pcm 4.37 21 —14pcm 5.06 25
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convergence of the axial net current in small optical thickness
region.

In all, the traditional SN based 2D/1D coupling method meets
the divergence problem in small optical thickness region. For
DGFEM SN based 2D/1D coupling method, the divergence problem
can be solved by keeping the 0-th order scalar flux moment fixed
during 1D axial calculation and updating it after the 2D radial
calculation.

6. Numerical tests
6.1. 3 x 3 partially rodded lattice problem

To further evaluate the performance of Fourier analysis, a 3X3
partially rodded lattice problem, designed by Jarrett [11], is utilized
as shown in Fig. 10. In radial direction, a square of UO; fuel pins is
arranged with a guide tube in the center. In axial direction, there
are two fuel layers and one moderator layer. The thickness of each
layer is 21.42 cm, and the control rod is inserted 42.84 cm from top
to bottom. All the radial boundaries and bottom boundary are
reflective, and the top boundary is vacuum. In Jarrett's work, it is
found that the eigenvalue does not appear to converge with
increasing axial refinement [11]. When there are more than 72
planes axially, it suffers from the divergence problem.

In this work, the ray spacing of 2D MOC is fixed as 0.01 cm S8
quadrature set is implemented for angle discretization. This
benchmark is conducted by single processor. The convergence
criteria of eigenvalue and the scalar flux are 10~ and 10~>. When
the number of the axial plane is set as 36, the traditional SN based
2D/1D coupling method converge. The influence of the number of
inner iterations on the convergence is analyzed, and the results are
shown in Table 2. The reference eigenvalue is calculated by Monte
Carlo code OpenMC [25]. It can be seen in case 1 to 3 that the in-
crease of the number of 1st time 1D sweeping decrease the number
of outer iterations from 30 to 27, indicating that the spectral radius
is reduced which is consistent with the Fourier analysis. Compared
among the case 4—6, it is concluded that with the increase of the
number of 2D sweeping, the number of outer iterations decrease
from 25 to 20, agreeing with the Fourier analysis. According to the
results of case 5, 7 and 8, it could draw a conclusion that the
application of two times 1D SN calculation per outer iteration can
obviously reduce the spectral radius. The outer iteration in this case
reduces from 36 to 23. In all the cases, the eigenvalue is the same,
whose error is 31pcm error.

When the number of axial plane is set as 108 and 216, which
means smaller axial mesh size, the DGFEM-1 scheme and the
traditional SN based 2D/1D coupling method diverge. While, the
DGFEM-2 scheme with fixed O-th order scalar flux moment
converge in this case. The results of DGFEM-2 scheme are shown in
Table .3. When the size of axial mesh is smaller than 0.595 cm (108
layer), the eigenvalue has little difference. The error of the 2D/1D
coupling method is 12 pcm, which is smaller than that under 36-
layers. With the increase of axial plane, the number of outer iter-
ations increases from 31 to 43. The results show that choice of axial
solver is a key issue for the convergence of 2D/1D method, and 1D
DGFEM based 2D/1D coupling method with fixed 0-th order scalar
flux moment is able to solve the divergence problem in small axial
mesh size.

6.2. 3D C5G7 benchmark

To promise the generality of the results, the 3D C5G7 bench-
marks [26] are tested. The geometry of the C5G7 benchmark is
shown in Fig. 11 [20]. The related geometric parameters and the
cross-sections can be seen in the reference [27]. In axial direction,
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the size of the benchmark is 64.26 cm and is divided into 36 layers.
The benchmark contains 51 lattices in radial direction and each
lattice is subdivided into 5 rings and 16 sectors. This benchmark is
conducted by 144 processors (36 for axial direction and 4 for radial
direction), and the spatial decomposition parallel strategy is used.
The convergence criteria of eigenvalue and the scalar flux are 106
and 107>,

Firstly, the influence of the inner iterations on the convergence
are analyzed and shown in Table .4. The phenomenon of 3D C5G7
benchmark is similar as the 3 x 3 partially rodded problem.
Compared among the case 1 to 3, it can be clearly seen that the
increase of the 1st time 1D sweeping significantly decrease the
number of outer iterations from 47 to 36, which is consistent with
the Fourier analysis. Increasing the number of 2D sweeping can also
decrease the spectral radius, where the number of outer iterations
decreases from 29 to 22 for case 4—6. According to the results of the
case 5,7 and 8, it can be concluded that the implementation of two
times 1D SN calculation per outer iteration can reduce the spectral
radius.

To further verify the convergence improvement by employing
the DGFEM as 1D solver, a comparison between the DGFEM-2
scheme and the traditional scheme are made here. To promise
the tight convergence, the number of inner iterations for the 1D
calculation and the 2D calculation are set as 10 and 2 respectively.
The calculation results of the 3D C5G7 benchmarks are shown in
Table .5. It can be seen that the convergence behavior of the
DGFEM-2 scheme is better than the traditional scheme. For UR case,
the number of outer iterations for the traditional scheme is 25,
whereas for the DGFEM-2 scheme is only 20. For RA and RB cases,
the number of outer iterations for the DGFEM-2 scheme is also
smaller than the traditional scheme, which decreases from 25 to 21.
Also, the computation time of the DGFEM-2 scheme is also smaller
than the traditional scheme, which is about 85% of the traditional
scheme.

7. Conclusion

2D/1D coupling method is an important neutron transport
method. However, 2D/1D coupling method often suffers from the
divergence problem in small axial mesh size. To analyze the
convergence problem, a Fourier analysis of traditional SN based 2D/
1D coupling method for k-eigenvalue neutron transport problems
is implemented in this work. Fourier analysis results theoretically
show the divergence problem of 2D/1D coupling method. Several
common attempts are tested to solve this problem. The influence of
the 1D axial solver is also analyzed by comparing the traditional SN
and DGFEM SN based 2D/1D coupling method. The detailed con-
clusions are shown.

1. 2D/1D coupling method meets the divergence problem in small
axial mesh size. When refining the axial mesh size, the 2D/1D
coupling method may diverge in the thin optical thickness
region.

2. The increase of the 1D axial SN inner iteration can reduce the
spectral radius. However, with the increase of the number of
inner iterations, the decrement of the spectral radius slackens,
and the coupling method still suffers from divergence in the thin
optical thickness region.

. Increasing the number of 2D radial SN inner iteration do harm to
the spectral radius in the small optical thickness region between
1 and 3. But it is benefit to the optical thickness region higher
than 3. When the number of 2D radial SN inner iteration is
higher than 4, the increase of the iteration has little impact on
the spectral radius. The divergence problem in small optical
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thickness region cannot be solved by changing the number of

inner iterations.

. Two times 1D axial calculation per outer iteration can reduce the
spectral radius. The increment of the second 1D axial SN inner
iteration can reduce the spectral radius and when the inner
iteration is higher than 4, the curves tend to be consistent.
However, the method still cannot solve the divergence problem
in small optical thickness region.

. The 1D axial solver has great influence on the convergence. For

traditional 1D SN based 2D/1D coupling method, when finer the
axial mesh size, it meets the divergence problem in small optical
thickness region. When applying DGFEM based SN as axial 1D

solver with fixed 0-th order scalar flux moment, it converges in

all the optical thickness region.
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