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SOME NEW RESULTS ON POWER CORDIAL LABELING'

C.M. BARASARA* AND Y.B. THAKKAR

ABSTRACT. A power cordial labeling of a graph G = (V(G), E(Q)) is a
bijection f : V(G) — {1, 2, ...,|V(G)|} such that an edge e = uwv is assigned
the label 1 if f(u) = (f(v))™ or f(v) = (f(u))", For some n € NU {0}
and the label 0 otherwise, then the number of edges labeled with 0 and
the number of edges labeled with 1 differ by at most 1. In this paper, we
investigate power cordial labeling for helm graph, flower graph, gear graph,
fan graph and jewel graph as well as larger graphs obtained from star and
bistar using graph operations.
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Key words and phrases : Graph labeling, graph operation, cordial labeling,
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1. Introduction

We begin with simple, finite and undirected graph G = (V(G), E(G)). For
all standard terminologies and notations we refer to Gross and Yellen [8]. We
provide a brief summary and definitions that are relevant to the current inves-
tigations.

Definition 1.1. A graph labeling is an assignment of integers to the vertices or
edges or both subject to certain condition(s). If the domain of the mapping is
the set of vertices (edges) then the labeling is called a vertex labeling (an edge
labeling).

In 1967, Rosa [2] introduced S - valuation of a graph. Golamb [15] subse-
quently called such labeling as a graceful labeling.
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Harmonious labeling has been introduced by Graham and Sloane [10] in 1980
during their study on modular versions of additive bases problem stemming from
error correcting codes.

The famous Ringle-Kotzing [5] conjecture, ‘All trees are graceful’ generates
great interest for the study of graph labeling. Many researchers have given varies
graph labeling schemes.

For a dynamic survey of various graph labelings along with bibliographic
references we refer to Gallian [7].

In 1987, Cahit [6] introduced cordial labeling as a weaker version of graceful
labeling and harmonious labeling. Variants of cordial labeling like H-cordial
labeling, A-cordial labeling, prime cordial labeling, product cordial labeling were
also introduced.

Motiveted by this, Barasara and Thakkar [3] have introduced power cordial
labeling of graph as a variant of cordial labeling and defined it as follows:

Definition 1.2. For a graph G = (V(G), E(G)), the vertex labeling function is
defined as a bijection f : V(G) — {1,2,...,|V(G)|} and induced edge labeling
function f*: E(G) — {0,1} is given by

F(e = uv) = {1, if f(u)=(f(v))" or f(v) = (f(u))", for some n € NU{0};

0, otherwise.
The number of edges labeled with 0 and 1 is denoted by e;(0) and ey (1) respec-
tively. f is called power cordial labeling of graph G if |ef(0) — ef(1)] < 1. The
graph that admits a power cordial labeling is called a power cordial graph.

Barasara and Thakkar [3] have discussed power cordial labeling for path,
cycle, complete graph, wheel, tadpole, K3 ,,, K3, star and bistar.

Labeled graph have applications in many different field such as coding theory,
communication networks, determination of optimal circuit layouts etc. A study
on wide verity of applications of labeled graph have been exploited by Bloom
and Golomb [4].

There are three types of problems that can be considered in this area.

(1) Construct new families of power cordial graphs by finding suitable la-
beling.

(2) How power cordiality is affected under various graph operations.

(3) Given a graph theoretic property P, characterize the class of graphs with
property P that are power cordial.

This paper is focused on problems of first two types.
In this paper, we investigate power cordial labeling for helm graph, flower

graph, gear graph, fan graph and jewel graph as well as larger graphs obtained
from star and bistar using graph operations.
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2. Power cordial labeling for some standard graphs

Definition 2.1. Let G; and G2 be two graphs with no vertex in common, We
define the join of G; and G2 denoted by G + G2 to be the graph with vertex set
V(Gl + Gz) = V(G1) U V(Gg) and edge set E(Gl + Gg) = E(Gl) U E(Gg) uJ,
where J = {z122 : 11 € V(G1),22 € V(Ga)}.

Definition 2.2. The wheel W, is defined to be the join Ky 4+ C),, the vertex
corresponding to K7 is known as an apex vertex and vertices corresponding to
C,, are known as rim vertices.

Definition 2.3. The helm H, is the graph obtained from a wheel W,, by at-
taching a pendant edge to each rim vertex.

Theorem 2.4. The helm H,, is a power cordial graph forn <9 andn = 13 and
not a power cordial graph for n = 10,11,12 and n > 14.

Proof. Let v be the apex vertex and v;, for 1 < i < n be the rim vertices of
wheel W,,. To obtain helm H,, join vertices u; to the vertices v;, for 1 < <n
of wheel W,,. Then |V(H,)| =2n+ 1 and |E(H,)| = 3n.

We define a bijection f: V(H,) — {1,2,...,2n+ 1} by following five cases.
Case 1: For n = 3,4.
fv) =1,
f(v;) = 24; for1 <i<n,
flu;))=2i+1; forl<i<n.
In view of above defined labeling pattern, we have ef(0) = 5 and ef(1) = 4

for n =3 and e;(0) = 6 and e¢(1) = 6 for n = 4. Thus, f satisfies the condition
lef(0) —ep ()] < 1.
Case 2: For n =5,6 and 7.
fv) =1,
flvi)=i+1; for1<i<2,
flu;)) = (i+1)2%; for1<i<2,
flv,) =23,
Now assign the labels to remaining vertices arbitrarily.

In view of above defined labeling pattern, we have e;(0) = 7 and ef(1) = 8
forn =5, er(0) =9 and ef(1) =9 for n =6 and e;(0) = 11 and ef(1) = 10 for
n = 7. Thus, f satisfies the condition |ef(0) —es(1)| < 1.

Case 3: For n =38,9.

fw) =1,

flv) =24 for 1 <i<2,
fvize) = 3% for1<i<2,
flu;)) =212 for 1 <i<2.
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Now assign the labels to remaining vertices arbitrarily.

In view of above defined labeling pattern, we have e;(0) = 12 and ey (1) = 12
for n = 8 and ef(0) = 14 and ef(1) = 13 for n = 9. Thus, f satisfies the
condition |ef(0) —ef(1)] < 1.

Case 4: For n = 13.

fv) = 1’4

fvi) =24 for 1 <:<2,
f(vig2) = 3% for 1 <i <2,
f(viyqg) =55 for 1 <i<2,
flu;) = 212 for 1 <i<2,
f(U3) =2n+1

Now assign the labels to remaining vertices arbitrarily.

In view of above defined labeling pattern, we have ef(0) = 20 and ey (1) = 19.
Thus, f satisfies the condition |ef(0) —ef(1)] = 1.

Case 5: For n =10,11,12 and n > 14.
In order to satisfy the edge condition for power cordial labeling of graph it

3 3
is essential to label at least {;J edges with label 0 as well as at least {;J
edges with label 1 out of total 3n edges. All the possible assignment of vertex
labels will give rise at most F;J — 1 edges with label 1 and at least {?J +1

edges with label 0 out of total 3n edges. Therefore, |ef(0) — ef(1)| > 2. Thus,
the helm H,, is not a power cordial graph for n = 10,11,12 and n > 14.

Hence, the helm H,, is a power cordial graph for n < 9 and n = 13 and not a
power cordial graph for n = 10,11,12 and n > 14. O

Example 2.5. The helm Hg and its power cordial labeling is shown in Fig 1.

Fig 1: The helm Hg and its power cordial labeling.
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Definition 2.6. The flower Fl, is the graph obtained from a helm H, by
joining each pendant vertex to the apex of the helm.

Theorem 2.7. The flower Fl, is a power cordial graph.

Proof. Let v be the apex vertex and v;, for 1 < i < n be the rim vertices of
wheel W,,. To obtain helm H,, join vertices u; to the vertices v;, for 1 <7 <mn
of wheel W,,. To obtain flower Fl, from helm H,, join the apex vertex v to the
vertices u;, for 1 < i <mn. Then |V (Fi,)| =2n+ 1 and |E(Fl,)| = 4n.

We define a bijection f: V(Fl,) = {1,2,...,2n + 1} as follows:

flv) =1,

f(Ul) =2,

flw)=2i+1; for2<i<n,
f(ul) = 3a

flu) = 24 for 2 <i<n.

In view of above defined labeling pattern, we have e;(0) = 2n and e;(1) = 2n.
Thus, f satisfies the condition |ef(0) —ef(1)| = 0.

Hence, the flower Fl,, is a power cordial graph. O

Example 2.8. The flower Flg and its power cordial labeling is shown in Fig 2.

Fig 2: The flower Flg and its power cordial labeling.

Definition 2.9. Let e = wv be an edge of the graph G and w is not a vertex
of G. The edge e is called subdivided when it is replaced by edges ¢/ = uw and

e’ = wv.

Definition 2.10. The gear graph G,, is the graph obtained from the wheel W),
by subdividing each of its rim edge.
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Theorem 2.11. The gear graph G, is a power cordial graph for n < 9 and
n = 13 and not a power cordial graph for n =10,11,12 and n > 14.

Proof. Let v be the apex vertex and v;, for 1 < i < n be the rim vertices of
wheel W,,. To obtain gear graph G,, from wheel, subdivide each rim edge e; of
wheel by a new vertex u;, for 1 < i < n respectively. Then |V(G,)| = 2n +1
and |E(G,)| = 3n.

We define a bijection f: V(G,) — {1,2,...,2n + 1} by following six cases.

Case 1: For n = 3.

flv)=1,
flo)=i+1; for1<i<2,
flvz) =T;

flu;))=i+3; forl1<i<3.

In view of above defined labeling pattern, we have e;(0) = 5 and e;(1) = 4.
Thus, f satisfies the condition |ef(0) —ef(1)| = 1.

Case 2: For n =4,5.

flv) =1,
flo)=1i+1; for 1 <i <2,
flo)=i+2; for 3 <i <n,

flu))=(G+1)?% for1<i<2.
Now label the remaining vertices in such a way that they do not generate

edge label 1.

In view of above defined labeling pattern, we have e¢(0) = 6 and ey(1) = 6
for n =4 and e;(0) = 8 and e;(1) = 7 for n = 5. Thus, f satisfies the condition
lef(0) —ep(1)] < 1.

Case 3: For n =6,7.

flv)=1,

flo)) =i+ 1 for 1 <i <2,
flo)=1i+T,; for 3 <i<mn,
flu))=(G+1)2% for1<i<2,
fluy) =23,

Now label the remaining vertices in such a way that they do not generate
edge label 1.

In view of above defined labeling pattern, we have ef(0) = 9 and ef(1) = 9 for
n =6 and e;(0) = 11 and e;(1) = 10 for n = 7. Thus, f satisfies the condition
lef(0) —er (D] < 1.
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Case 4: For n =8,9.

flv) =1,

f(vl) :2’

f(,vQ) :243

flv3) =3,

fv)) =i+6; for 4 <i<n,
flu)) = (i+1)% for1<i<2,
flup) =23

Now label the remaining vertices in such a way that they do not generate
edge label 1.

In view of above defined labeling pattern, we have ef(0) = 12 and ef(1) = 12
for n = 8 and ef(0) = 14 and ef(1) = 13 for n = 9. Thus, f satisfies the
condition |ef(0) —ef(1)] < 1.

Case 5: For n = 13.

+ 5; for 5 <4 < 10,
+ 6; for 11 <i<mn,
wi))=(i+1)% forl1<i<2

I I I I e
<

Now label the remaining vertices in such a way that they do not generate
edge label 1.

In view of above defined labeling pattern, we have e;(0) = 20 and ef(1) = 19.
Thus, f satisfies the condition |ef(0) —ef(1)| = 1.

Case 6: For n =10,11,12 and n > 14.
In order to satisfy the edge condition for power cordial labeling of graph it

is essential to label at least {?)QHJ edges with label 0 as well as at least YZLJ
edges with label 1 out of total 3n edges. All the possible assignment of vertex
labels will give rise at most f’;J — 1 edges with label 1 and at least f’sz +1

edges with label 0 out of total 3n edges. Therefore, |ef(0) — ef(1)| > 2. Thus,
the gear graph G,, is not a power cordial graph for n = 10,11,12 and n > 14.

Hence, the gear graph G,, is a power cordial graph for n <9 and n = 13 and
not a power cordial graph for n = 10,11,12 and n > 14. O
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Example 2.12. The gear graph G7 and its power cordial labeling is shown in
Fig 3.

Vs

Fig 3: The gear graph G7 and its power cordial labeling.

Definition 2.13. The fan F, is defined to be the join P, + K;, the vertex
corresponding to K7 is known as an apex vertex.

Theorem 2.14. The fan F,, is a power cordial graph.

Proof. Let v;, for 1 < i < n be the vertices of path P, and v be the vertex of
complete graph K;. To obtain fan F,, = P, + K3, join vertex v to the vertices
v;, for 1 <4 <mn. Then |V (F,)|=n+1and |E(F,)| =2n—1.

We define a bijection f: V(F,) = {1,2,...,n+ 1} as follows:

flv) =1,
flo))=1i+1; forl<i<n.

In view of above defined labeling pattern, we have ef(0) = n—1 and ef(1) = n.
Thus, f satisfies the condition |ef(0) —ef(1)| = 1.

Hence, the fan F,, is a power cordial graph. O

Example 2.15. The fan F5 and its power cordial labeling is shown in Fig 4.
v

vl vz V3 v4 Vs

Fig 4: The fan F5 and its power cordial labeling.
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Definition 2.16. The jewel graph J,, is the graph with vertex set {u,x, v, y, u; :
1 < ¢ < n} and edge set {uz, vz, uy, vy, xy, uu;, vu; : 1 <i < n}.
Theorem 2.17. The jewel graph J, is a power cordial graph.

Proof. Let J, be the jewel graph with vertex set V(J,) = {u,z,v,y,u; : 1 <
i < n} and edge set E(J,) = {uz,vz,uy, vy, 2y, uu;,vu; : 1 < i < n}. Then
[V(J,)| =n+4and |E(J,)| =2n+5.

We define a bijection f: V(J,) = {1,2,...,n+ 4} as follows:

flu) =1,
flz) =2,
fly) =3,
f(v) =p; where p = largest prime number < n + 4,

Now assign the labels to remaining vertices arbitrarily.

In view of above defined labeling pattern, we have e;(0) =n+3 and ef(1) =
n + 2. Thus, f satisfies the condition |e;(0) —es(1)| = 1.

Hence, the jewel graph J, is a power cordial graph. O

Example 2.18. The jewel graph J; and its power cordial labeling is shown in
Fig 5.

Fig 5: The jewel graph Jy and its power cordial labeling.
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3. Power cordial labeling for graphs obtained using graph operations

Definition 3.1. A complete bipartite graph K, is called star. A vertex cor-
responding to partition having one vertex is known as an apex vertex.

Definition 3.2. Subdivision of the graph G is obtained from G by subdividing
each of its edge. It is denoted by S(G).

Theorem 3.3. S(K1,) is a power cordial graph.

Proof. Let K, be the star with apex vertex v and other vertices w1, us, ..., up.
Subdivide each edge vu; by vertex v; for i = 1,2,...,n to obtain graph S(K7 ).
Then |V(S(K1,,))| =2n+1 and |E(S(K1,,))| = 2n.

We define a bijection f: V(S(K1,,)) = {1,2,...,2n+ 1} as follows:
fv) =1,

f(vi) = 24; for 1 <i<mn,
flu;))=2i+1; forl<i<n.

In view of above defined labeling pattern, we have ef(0) = n and ef(1) = n.
Thus, f satisfies the condition |ef(0) —es(1)| = 0.

Hence, S(K1,,) is a power cordial graph. O

Example 3.4. The graph S(K;s) and its power cordial labeling is shown in
Fig 6.

Fig 6: The graph S(K7 g) and its power cordial labeling.
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Theorem 3.5. 2K, ,, is a power cordial graph.

Proof. Let u be the apex vertex and uq,us, ..., u,, be the other vertices of first
star K, and v be the apex vertex and vy, vs,...,v, be the other vertices of
second star K7 ,. Then |V(2K7 )| = 2n + 2 and |E(2K1 )| = 2n.

We define a bijection f: V(2K7,,) — {1,2,...,2n + 2} as follows:

flu) =1,
flu;)=2i+2; forl1<i<n,
flv) =2,

fw)=2i+1; forl<i<n.

In view of above defined labeling pattern, we have e;(0) = n and e;(1) = n.
Thus, f satisfies the condition |ef(0) —ef(1)| = 0.

Hence, 2K, is a power cordial graph. U
Example 3.6. The graph 2K, ¢ and its power cordial labeling is shown in Fig
7.

u, v

3 5
u, v,

Fig 7: The graph 2K, g and its power cordial labeling.

Definition 3.7. For a graph G, the splitting graph of G, is obtained from G
by adding a new vertex u for each vertex v of G so that u is adjacent to every
vertex that is adjacent to v. It is denoted by S'(G).

Theorem 3.8. S'(K3,) is a power cordial graph forn <5 and n =7 and not
a power cordial graph for n =6 and n > 8.

Proof. Let vy, v2, ..., v, be the pendant vertices and v be the apex vertex of K

and w,uy,us, ..., u, are added vertices corresponding to v,v1,va, ..., v, respec-
tively to obtain S’(K7 ). Then |V(S'(K1,))| = 2n+2 and |[E(S'(K7,,))| = 3n.

We define a bijection f : V(S (K1) — {1,2,...,2n + 2} by following two

cases.
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Case 1: Forn <5andn=71.

f(u) =1,
flu;))=2i+2; forl1<i<n,
fv) =2,

flu)=2i+1; forl<i<n.

In view of above defined labeling pattern, we have ef(0) = 1 and ef(1) = 2
for n =1, ef(0) = 3 and ef(1) = 3 for n = 2, e;(0) = 4 and e;(1) = 5 for
n=3,er0) =6and es(l) =6 forn =4, ef(0) =8 and ef(1) =T7forn =5
and ef(0) = 11 and ef(1) = 10 for n = 7. Thus, f satisfies the condition
les(0) —es (D] < 1.

Case 2: For n =6 and n > 8.
In order to satisfy the edge condition for power cordial labeling of graph it

is essential to label at least {?J edges with label 0 as well as at least anJ
edges with label 1 out of total 3n edges. All the possible assignment of vertex
labels will give rise at most f’sz — 1 edges with label 1 and at least f)sz +1
edges with label 0 out of total 3n edges. Therefore, |ef(0) — ef(1)| > 2. Thus,
S’(K1 ) is not a power cordial graph for n = 6 and n > 8.

Hence, S’(K1,,) is a power cordial graph for n < 5 and n = 7 and not a power
cordial graph for n =6 and n > 8. O

Example 3.9. The graph S’'(K; 4) and its power cordial labeling is shown in
Fig 8.

Fig 8: The graph S’(Kj 4) and its power cordial labeling.

Definition 3.10. The graph G = <K(1) Kﬁ{) is obtained by joining apex

1,n
vertices of two stars K, to a new vertex x.
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Theorem 3.11. The graph G = <K(1)

1n,K§27)1> 18 a power cordial graph.

Proof. Let u be the apex vertex and u1, ug, ..., u, be the other vertices of first star
K, and v be the apex vertex and vy, vg, ..., v, be the other vertices of second
star K1, and G = (Kl(lgl, K{QT)) be the graph obtained by joining apex vertices

of two stars to a new vertex z. Then |V(G)| = 2n+ 3 and |E(G)| = 2n + 2.
We define a bijection f: V(G) — {1,2,...,2n + 3} as follows:

F()=2n+3,
flu) =1,
flu)) =2i4+2; for 1 <i<nmn,
flv) =2,

fwi)=2i+1; forl<i<n.

In view of above defined labeling pattern, we have e;(0) =n+1 and ef(1) =
n + 1. Thus, f satisfies the condition |e;(0) —es(1)| = 0.
Hence, the graph G = (K(l) K®

1., K1) is a power cordial graph. 0

Example 3.12. The graph G = <K§,7), K {27)> and its power cordial labeling is
shown in Fig 9.

Vs
Fig 9: The graph G = (K{%, K£27)> and its power cordial labeling.

Definition 3.13. The bistar B, , is graph obtained by joining the apex vertices
of two copies of stars K7 , by an edge.

Theorem 3.14. S'(B,.,) is a power cordial graph for n < 8 and not a power
cordial graph for n > 8.

Proof. Let By, ., be the bistar with vertex set V(By, ) = {u, v, u;,v; : 1 <i < n}.
In order to obtain S’(B,, ), the splitting graph of a bistar B,, ,,, add vertices
' v ub, vl for 1 < 4 < n corresponding to vertices u,v,u;,v; for 1 < i < n.
Then |V (S (Bpn))| =4n+ 4 and |E(S"(By,,))| = 6n + 3.

We define a bijection f : V(S'(Byn,n)) = {1,2,...,4n + 4} by following five

cases.
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Case 1: For n = 1.

Fig 10: The graph S’(Bi,1) and its power cordial labeling.

Case 2: For n =2,3.

=1,
flv) = 25_
flul)y =271 for1<i<mn,
flu) = 3i; for 1 <i<n,
f(ul) = 5i; for1 <i<n,
fw =7

Now label the remaining vertices in such a way that they do not generate
edge label 1.

In view of above defined labeling pattern, we have e;(0) = 7 and e (1) = 8 for
n =2 and e;(0) = 10 and ey(1) = 11 for n = 3. Thus, f satisfies the condition

ler(0) — es(1)] = 1.
Case 3: For n =4,5.

flu) =1,

f(v) = 2"

fl) =2+ for 1 <i<3,
f') =3,

f') =3,

f(vl) = 321

flu;))=9+1i; forl1<i<n,
fu) =16+14; forl<i<nm.

Now label the remaining vertices in such a way that they do not generate
edge label 1.

In view of above defined labeling pattern, we have e;(0) = 13 and e¢(1) = 14
for n = 4 and ey(0) = 17 and ef(1) = 16 for n = 5. Thus, f satisfies the
condition |ef(0) —ef(1)] = 1.

Case 4: For 6 <n <8.
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flu) =1,

fl) =2, )
[y =20+, for1 <i< [5—‘,
f') =3,

flv;) = 3t for 1 <i<2,
f(u') =5,

flur) =52,

flu) =247, for 2 <i<n,

flul)=2(2i4+1); forl<i<n.
Now label the remaining vertices in such a way that they do not generate
edge label 1.

In view of above defined labeling pattern, we have e;(0) = 19 and e;(1) = 20
for n =6, ef(0) =22 and ef(1) =23 for n = 7 and ef(0) = 26 and e;(1) = 25
for n = 8. Thus, f satisfies the condition |ef(0) —es(1)] = 1.

Case 5: For n > 8.
In order to satisfy the edge condition for power cordial labeling of graph

6 3
it is essential to label at least {n;—J edges with label 0 as well as at least
{671 +3

J edges with label 1 out of total 6n+3 edges. All the possible assignment
6n + 3

of vertex labels will give rise at most L J — 1 edges with label 1 and at

3
least nt

4+ 1 edges with label 0 out of total 6n + 3 edges. Therefore,
lef(0) —ef(1)] > 2. Thus, S’(By ) is not a power cordial graph for n > 8.

Hence, S’(By,,) is a power cordial graph for n < 8 and not a power cordial
graph for n > 8. O

Example 3.15. The graph S’(B4,4) and its power cordial labeling is shown in
Fig 11.

Fig 11: The graph S’(By.4) and its power cordial labeling.
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4. Concluding remarks

Every power cordial graph is divisor cordial but every divisor cordial graph
need not be power cordial. Hence, it is interesting to study power cordial labeling
for divisor cordial graphs. Varatharajan et al. [11, 12] have proved that S(K7 ),

2Ky, and G = (K e {27)) are divisor cordial graphs while Vaidya and Shah

1,n
[13, 14] have discussed divisor cordial labeling for S'(K1 ), S'(Bpn), helm H,,
flower Fl, and gear graph G,. Divisor cordial labeling for fan F), is studied
by Murugan and Devakiruba [1]. Raj and Manoharan [9] have obtained divisor
cordial labeling for jewel graph J,. In this paper, we have investigated power
cordial labeling for the same graphs.
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