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A BLOW-UP RESULT FOR A STOCHASTIC HIGHER-ORDER
KIRCHHOFF-TYPE EQUATION WITH NONLINEAR
DAMPING AND SOURCE TERMS

YoNG HaN KANG™

ABSTRACT. In this paper, we consider a stochastic higher-order Kirchhoff-
type equation with nonlinear damping and source terms. We prove the
blow-up of solution for a stochastic higher-order Kirchhoff-type equation
with positive probability or explosive in energy sense.

1. Introduction

In this paper, we are concerned with the following stochastic higher-order
Kirchhoff-type equation with nonlinear damping and source terms

ug(t) + (/Q | D™ u(t)dz)? (= L) u(t) + |ue (1) u(t) = |u(t)[Pu(t)
+eo(x,t)0:W (x,t), in D x [0,T],
o'

e
u(:c,O) = uo(x)a ut(ac,()) = ul(x)a z €D,

u(z,t) =0 =0,i=1,2,---,m—1, in 9D x [0, 7], (1)

where m > 1,p,q,7 > 0, D is a bounded domain in R™ (n > 1) with a smooth
boundary 9D and a unit outer normal v. Here, W(x,t) is a finite dimensional
Wiener process and o(x,t) is L?(D) valued progressively measurable, and ¢ is
a given positive constant which measures the strength of noise.

For the form of High-order Kirchhoff type. Fucai Li [9] considered the higher
order Kirchhoff type equation with nonlinear dissipation as follow

e (t) + (/Q | D™ u(t)da) (=)™ u(t) + |ue (8| ue (1) = [u(®)Pu(t) in D x (0,00).
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He obtained that solution exists globally if p < r, while if p > max{r, 2¢}, the
solution with negative initial energy blows up at finite time.

Gao et al.[4] proved that the solution blows up in finite time under suitable
conditions on the initial datum and when p > ¢ > 2, m,n > 1,

uge () + M (|| D™ u()]13) (=)™ u(t) + [ue ()" 2ue(t) = [u(t)["u(t) in D x (0,00).

Under the consideration of random environment, there are many works on
the stochastic wave equation with global existence and invariant measure for
linear and nonlinear damping (see reference in [1, 2, 3, 5, 10]). For the non-
linear stochastic viscoelastic wave equation with linear damping, the authors
has proved the global solutions and blow-up with positive probability for the
stochastic viscoelastic wave equation (see in [2, 5, 7, 12, 13, 14]).

Cheng et al.[2] consider the stochastic viscoelastic wave equation with non-
linear damping and source term

wn(t) — Ault) + /0 h(t — ) Au(r)dr + Jue(8)|72ua (?)

= |u(t)[P~2u(t) + eo(x, )0, W (2,t) in D x [0,T).
They studied the local solution of stochastic viscoelastic wave equation and
investigated the solution blow-up with positive probability or it is explosive
in energy sense in p > ¢. Kim et al. [8] consider the stochastic quasilinear
viscoelastic wave equation with nonlinear damping and source terms

u(t)|Puse (t) — Au(t) — Auge () + /0 h(t — 7)Au(r)dr + g (£)|92uq (t)

= |u(t)[P~2u(t) + eo(x, )0, W (z,t) in D x (0,T).
Authors proved that finite time blow-up is possible under the condition blow if
p > max{q, p + 2} and the initial data are large enough. Moreover, Rana et al.

[13] proved the global existence and finite time blow-up in a class of stochastic
nonlinear wave equations form

Dru(t) — Adyu(t) — div(|Vu(t)|* *Vu(t)) — div(|Vu(t)|P~2Vou(t))
+a|Opu(t)| T2 0u(t) = blu(t)[P~?u(t) + o(x,t)0:W (x,t) in D x [0,T).
Motivated by previous works, for any p > max{r, 2q}, we study the blow-up

of solution for stochastic higher-order Kirchhoff-type equation with nonlinear
damping and source terms with positive probability or explosive in energy sense.

2. Preliminaries

Let (X, |- ||x) be a separable Hilbert space with Borel o-algebra B(X), and
let (2,3, P) be a probability space. We set H = L?(D) with the inner product
and norm denoted by (-,-) and || - ||, respectively. Denote by || - ||, the LY(D)
norm for 1 < g < oo and by ||V - || the Dirichlet norm in V = H}(D) which is
equivalent to H'(D) norm.



A STOCHASTIC HIGHER-ORDER KIRCHHOFF-TYPE EQUATION 321

Now, we introduce the following hypotheses:
(H1)  We assume that p, g, r satisfy

p > max{r,2q} and 0 < p < ifn>2m, p>0ifn <2m. (1)

n—2m

(H2)  o(x,t) is HY(D) N L*(D) valued progressively measurable such that

E [y (IINo@)[[2 + Vo @)||%)dt < cc. (2)

In this paper, E(-) stands for expectation with respect to probability measure

P, and W(z,t)(t > 0) is a V-valued Q-Wiener process on the probability space

with the covariance operator Q satisfying Tr(Q) < co. A complete orthonormal

system{eg }7° ; in V with co := supy>q ||ex||oo < 00, and a bounded sequence of
nonnegative real members {\; }52 , satisfies that

Qek = )\k@k, k= 1727 .

To simplify the computations, we assume that the covariance operator ) and
Laplacian —/A\ with a homogeneous Dirichlet boundary condition have a com-
mon set of eigenfunctions, that is

_Aek = g€k, T € D7
e, =0, x€0dD,
and then, for any t € [0, T], W (z,t) has an expansion

Wi, = 3 VA (Ben (o) ®
k=1

where {B1(t)}72; are real valued Brownian motions mutually independent on
(,§,P). Let H be the set of LY = L*(QY?V,V)-valued processes with the

norm
1/2

ol = (2 | t |‘I>(3)||igd3>l/2 (= t TH@(5QE ()ds) < .

where ®*(s) denotes the adjoint operator of ®(s). For any ®*(¢t) € H, we
can define the stochastic integral with respect to the Q-Wiener process as
f(f ®(s)dW (s), which is martingale. For more details about the infinite di-
mension Wiener process and the stochastic integral, we refer the readers to [13].

By combining the arguments of [5, 9], we have the following existence theo-
rem.

Definition 1. Assume that (ug,u;) € (H*™(D) x HF*(D)) x HZ*(D), and

E(fOT llo(t)||?dt) < oo, u is said to be solution of (1.1) on the interval [0,T), if

(u,uy) is (H?*™(D) x HJ*(D)) x HJ*(D)-valued progressively measurable, u €

L2(Q; L2(0, T; H>™(D)NHFY(D)))NL?(Q; C([0,T); Hy(D))), ug € L2(; L>(0,T; HF*(D)))N
L3(9;C([0,T); H*(D))), and such that (1.1) holds in the sense of distributions

over (0,T) x D for almost all w.
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Theorem 2.1. ([5, 6]). Assume that (H1) — (H2) hold. Then, for the initial
data (ug,u1) € (H*™(D) N HF'(D)) x HF(D), problem (1) has a pointwise
unique solution u such that
we L*(; L*(0,T; H*™(D) N Hy*(D))) N L*(Q; C([0, T); Hy* (D)),
and
up € L*(Q; L%(0, T3 Hg*(D))) N L2(€; C([0, T); Hg™*(D))).
2.1. Blow-up result

In this section, we prove our main result for p > max{r, 2¢q}. For this purpose,
we give defined restrictions on o(z,t) such that

/ / (z,t)dxdt < oo. (1)

Let B be the best constant of the embedding inequality ||u||p+2 < B||D™ull.
We set

a1 = B~ @+2)/(p=2a)
1 L\ 26a+1)
o) (R ——: (R 2
! (2(q+1) p—|—2) 1 (2)
and
B(t) = 2lwl® + o [[D™u PO - 2 (3)
2 2(¢+1) 421t

Then we have the following.

Lemma 2.2. ([11]). Let u be solution of (1). Assume that E(0) < Ey and
[|[D™ug||a, > 1. Then there exists a constant s > oy such that

ID™u(:, )| = ag, ¥t >0, (4)
[ullpre > Bas, vt > 0. (5)
For each N, stopping time 7y is given as
5 = inf{t > 0:||D™u(t)||* > N}, (6)
where 7 is increasing in N, and

Too = lIm T7p.
N—+oc0

In order to prove our result, we rewrite (1) as an equivalent It6’s system

du = vdt

< / |D™u|2dx)9(—A)"u — |v|"v + |u|pu) dt
+eo(x, t)dWy(z,t), (z,t) € D x (0,T) (7)
u(z,t) =0, (z,t) €9D x(0,T),
u(z,0) = uo(z), v(x,0)=vo(z) =ui(z), z€D,
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where (ug,u1) € (H*™(D)NHF (D)) x Hy*(D). Then the energy function F(t)
becomes
1 ) 1
@)= sllv®I" +

2(g+1)

m 1
1D U(t)l\z(q“)—ml\U(t)Hﬁii- (8)

Next, we give a lemma.

Lemma 2.3. Let (u,v) be a solution of equation(7) with the initial data (ug,vo) €
(H?™(D) N H{Y(D)) x HF*(D). Then, we have

4 BIP®) = B33+ ST B /D N (@)o (x tdr,  (9)
and
Eu(t),0(t) = (o, v0) — / || D™u(s)|[2@ Vs (10)

! r ! p+2 ’ 2
- / E(u(s), [v(s)]"v(s))ds + / Blu(s)| £+ 2ds + / [o(s)][2ds.

Proof. Multiplying equation(7) by v(¢) and using It6’s formula, then we deduce
(9). We also multiplying equation(7) by u(t) and integrating by parts over (0, t),
and we arrive at (10) (see [5]). Let

2 t
G(t) = %E‘j?‘;lE/ / Me?(az)ﬁ(m,s)dwds. (11)
o Jp

Due to (1), we derive
62 - [eS)
Gloo) = EzjzlE/ / )\jei(w)02(m7s)dxds
o Jb

2 oo
< %TT(Q)CoE/ / o?(z,8)drds = Ey < oo. (12)
o Jb

We set

Then, by(9) we get
H'(t) = G'(t) = HE[F(1)] > Ellv(t)][;13 > 0. (13)
U
Lemma 2.4. ([5]). Let (u,v) be a solution of (7). Then, there exists a positive
constant C' such that

Ellu(t)ll;13 < CIG() — H(t) = Elv@)|* + Ellu(®ll}12, 2<s<p.  (14)

Proof. If |Ju||p12 < 1, then |[ul[5,o < [|ul]2,, < C|[D™ul]* by Sobolev embed-

ding. If ||ul|p+2 > 1, then ||u] ;i% < Hu||5ﬁ Thus, there exists a constant

C > 0 such that E||u||§i§ < C(E||D™ul|* + E\|u||§ig) Therefore, in combina-

tion with the definition of energy function, we get (14). O
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Theorem 2.5. Suppose that p > max{r,2q} and

0<p< ifn>2m, p>0ifn<2m. (15)

Assume that (H1)-(H2) and (1) hold. Let (u,v) be a solution of equation (7)
with initial data (ug,vo) € (H*™(D) N HF'(D)) x HF*(D) satisfying

F(0) < =(1+ p)En, (16)

where f > 0 is an arbitrary constant. If L(0) > 0, then the solution (u,v) of
equation (7) and the lifespan 7o, defined above, either

(1) P(Too < 00) > 0, that is, ||D™u(t)|| blows up in finite time with positive
probability, or

(2) there exists a positive time T* € (0,To] such that

lim E[F(t)] = 400, (17)

t—=T*

where
l1—«
oK L—a/(1=a)(0)’
L(0) = H**(0) + § E(ug, vo) > 0,

Ty =

(18)

and o, K are given in later.

O} of (7) with HJ"(D)
. Then, for sufficiently

Proof. For the lifespan 7., of the solution {u(t) : ¢
norm. Firstly, we treat the case when P(7,, = +00)
large T' > 0, by (13) and (16), we have

=
<1

0<(1+ B)E1 < —F(0)=H(0) < H( ) < G(t)

+7EH OlIp2 < B+ —EH Ol (19)

Define by
L(t) = H™(t) + 6 E(u(t), v(t)),

where

1 —
0 < @ < min{—, b P }

27 (p+2)(r+2)" 2(p+2) (20)

and ¢ is a sufficiently small constant to be determined in later.
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Using (8),(10) and (13), we deduce
L'(t) =1 —aH “(OH'(t) + S[E|ID™u(t)|[*“V) — E(u(t), [o(t)|"v(t))
+B|lu()l[p1 + Ello(0)IP)
> (1= a)H™ (O ElJo()|[}13 + 46(q + DIH (1) = G(t) + EF(¢)]
+S[E| D™ u(®)| P — B(u(t), o) o() + Ellu()lb 13 + Ello(®)]]
= (1= a)H (O ElJo(t)[[;13 +20(¢ + 1) H(t) — 20(q + 1)G(?)

46(g+1
+23(g + D[]+ 265 Do) o) - LD a3
+S B D™ u(t)|[* D = SE(u(t), [o(t)|"v(t)) + S Elu(t)|[;13 + S E|lo(t)]?
= (1= a)H (O ElJo(t)[[;13 +406(q + 1) H(t) — 45(q + 1)G(2) (21)
+6(2¢ + 3)B|lv|[* + 26 B[ D™ ()| — SE(u(t), [u(t)|"v(t))
4(g+1) +2
+6(1 — W)E\|U(t)\|g+2~
For r < p by E|[u(t)|[/T3 < cE||u(t)| ;i% and Holder’s inequality, we derive the

following estimate (see[2]):
E(u(t), [v(®)["0(t)) < (Ellv(®)]
< c(Bllo0)|13) 72 (Bllu®)|[;3) ==
< (B3 (EHu(t)Hﬁig)T
<C(E\|U(t)\|:i§)r+2 (Bllu®)|[213) 7= (Bllu(t)|[p13) 727, (22)

and Young’s inequality

(Ello(0)|[r42) 72 (Elju(t)|[213) =

:ﬁ)”z (Ellu(t)|[;33) 7

[N

r+1 - p= D 2
< pE|[o(t)[1713 + " Ellu(t)|[25, (23)

T r42 + 2
where p is a constant to be determined later. In view of (19), we get
Ellu(t)[[13 > (p+ 2)(H(t) - G(t)) = pH(t), (24)

where p = % With the assumption of H(0) > 1, (20), (23) and (24) implies
that

(Bllu@)lp 1372w < prez w2 H(r) i~ 7
< ppFz 2 H_O‘(t) < pﬁiﬁH_a(O). (25)
Combining with (22), (23) and (25),

[E(u(t), lv@®)]"0()] < ax

we arrive at

r+1
r+2

pE|u(b)|[5H (1) (26)

—(r+1)

Elu(t)l[}2H " (0),

+aq e+ 2 p+2
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where a; = cp7+2 77 . Hence, substituting (26) in (21), we have

L) =1—-a)H *M)Elt)]l713 +40(g + 1)H(t) — 46(¢ + 1)G(t)
+6(2q + 3) E|[v(t)|[* + 26 E|| D™ u(t) P+

r + r+2 _ :u‘i(rJrl)(S

B[ BH () - e

4(qg+1
4501 - XD pijuo 3

1 — T
SO (O F[u()]]713

+26(p + 1) H(t) +6(2¢ + 3) Bllo(t)||* — 20(p + 2)G(1)

m 2(g+1) p~ g p+2 gy
+26E|[D™u(t)]| —mﬁEH O|[pr2H*(0). (27)

Elu(t)|[15H*(0)

—ay

r+
>1-a-
> (-« e

Using Lemma 2.4 with s = p and (27), we have

LU H - (|01

+25(p+2)H(t) —26(p + 2)G(t) + 25E||Dmu(t)||2(q+1)

+0(2q 4 3)El[v(t)||? + 20 E|| D™ u(t)]|*@+Y

p~ DS H=(0)C
"+ 2

r+1 —a r
= (1 a—a—pd) H (O E|lv(®)][;}3 (28)

+0[2(p + 2) + agu~ CTVH(t)

—0[2(p + 2) + agu~"TVG(1)

+0[(2¢ + 3) + agu” "V E|fu(1)])?
+20E|| D™ u(t)|[* 0 = Sagu TV Elu()|F13,

L) >(0-—a—alt
.

—ay [G(t) = H(t) = Ellv(0)|]* + Ellu(t)| ;2]

where ay = Cay H=*(0)/(r + 2).
Note that

H(t) > G(t) + i Ellu®} 12 = 3Bl — gy Bl D™ @)+,
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Then estimate (28) yields

S0 H = (0Bl |o(0)]]153 (20)

+02(p+2) — ay 4 agu~ TV H(t)
—02(p+2) — al + apu~ "TYIG(1)

() 2(1—04_@1”

+0[(2¢ + 3) — — +ayu” TTYIE o (1)) ?
5o — ElD™u 2(q+1)
a —(r
+il ;2 BB,

From (12) and (19), we deduce

2(p+2) — a1 + aop~CTVIG() < [2(p +2) — a1 + agp” "IV B
2(p+2) — ay + agu~ Y

< H(t).(30
<| e H().(30)
Substituting (30) in (29), we get
It) >0 —a—a——us £)E||v(t)|[713 31
) 2(0-a-a +2u) “OEv@)[7 12 (31)
52(p +2) — o) Py
+02(p+2) — a1 +azpu” ]1+5 (t)
+3[(2q + 3) - 5+ aa Bl ()]
02 — ———|E||D™u(t)| >t
ai —(r+1 —+2
+5[p+ 5~ a2 CEOLE Ju()| 13-
Next, we can choose p large enough so that (31) becomes
1
L) > (1-a-a ) " OF)]3 (32)

+SE(H (1) + Bllo()|* + B[ D™ u(®)| P + Bllu(t)][;13),

where
. —(r a —(r
E=min{ (2(p+2)— a1+ azp ( +1))7B , (2¢+3) — 24 as i ( 'H),
1+ 2
4 KL agu~ Tt} > 0.

C20q+1) p+2

Once p is fixed we pick ¢ small enough so that

r+1
l1—a-— 6> 0.
« a1r+2,u
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Using this, (32) takes the form

L'(t) > O¢(H(t) + Ell(t)||* + E|[D™u()| [PV + ElJu(®)|[}12) > 033)
Thus, we see that

L(t) > L(0) = H*~*(0) 4 6(ug,u1) > 0, Vt > 0. (34)
Since
|E [ u(t)o(t)de| < e(Bllu(t)][2)? (Bllo(®)][?)?,

it implies that

B [ u(t)o(t)da| ™= < c[(El[u(t)][242) 5 + (Bllo()|?)7050],  (35)

for 1/k + 1/1/ = 1. We choose v = 2(1 — a), k = 2(1 — a)/(1 — 2a), then
k/2(1 —a)=1/(1—-2a) < (p+2)/2, by (20) and (35) becomes

B [ u(t)o(t)da| ™= < c[Bllu()] 15“ + (Ello(®)]7]. (36)
Using Lemma 2.4 with s = 2/(1 — 2a/), we obtain
B [ u(tyo(t)da| ™= < e(H(t) + Ello@®)|]” + Bl|D™u(t)] [+
+EB|lu(t)l[p13) vt = 0. (37)

Therefore, we have
LTa(t) < C(H(t)+5ﬁ\E/ u(t)v(t)dz| =)
D

< c(H(t) + El[o(t)|* + E|[D™u(t)|[P@T + Ellu(t)|[513) Vt %38)
Combining (33) and (38), we get

L'(t) > KL= (t),¥t > 0,

where K is a positive constant depending only on ¢ and 6§, then it yields . It
follows that

LT (t) > 1o .
(1 —-a)L™7=5(0) — aKt
Let
Ty = 1_73.
aK L™ (0)

Then, L(t) — 400 as t — Tp. This means that there exists a positive time
T* € (0,Tp] such that
lim E[F(t)] = +oc0.

t—=T*
As for the case when P(7o = +00) < 1 (i.e.P(To0 < +00) > 0), then E||D™u(t)||
blows up in finite time 7% € (0, 7o) with positive probability. Thus the proof
of Theorem 3.1 is completed. O
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