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SYSTEM OF GENERALIZED MULTI-VALUED RESOLVENT
EQUATIONS: ALGORITHMIC AND ANALYTICAL
APPROACH

JAVAD BALOOEE, SHIH-SEN CHANG, AND JINFANG TANG

ABSTRACT. In this paper, under some new appropriate conditions im-
posed on the parameter and mappings involved in the resolvent operator
associated with a P-accretive mapping, its Lipschitz continuity is proved
and an estimate of its Lipschitz constant is computed. This paper is also
concerned with the construction of a new iterative algorithm using the
resolvent operator technique and Nadler’s technique for solving a new
system of generalized multi-valued resolvent equations in a Banach space
setting. The convergence analysis of the sequences generated by our pro-
posed iterative algorithm under some appropriate conditions is studied.
The final section deals with the investigation and analysis of the notion
of H(-,-)-co-accretive mapping which has been recently introduced and
studied in the literature. We verify that under the conditions considered
in the literature, every H (-, -)-co-accretive mapping is actually P-accretive
and is not a new one. In the meanwhile, some important comments on
H(-,-)-co-accretive mappings and the results related to them appeared in
the literature are pointed out.

1. Introduction

Because of the importance and the wide applications in different areas of
science, engineering, social science, economics and management, the theory of
variational inequalities has increasingly received much attentions, and has been
greatly extended and generalized in various directions to study a wide class of
problems arising in physics, nonlinear programming, mechanics, optimization
and control, elasticity and applied science, etc., see for example [7,21,26,28,29]
and the references therein. Among generalizations of the variational inequality,
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the variational inclusion is very important and useful, and has been studied
intensively by many authors in the past years, see, for example, [2,6,8-11,14—
16,19,23,31,33,36] and the references therein.

The development of numerical methods which provide an efficient and imple-
mentable algorithm for solving variational inequality/inclusion and its general-
izations, is of the most important and interesting problems in the theory of vari-
ational inequalities and inclusions. There are many methods to find solutions
of different classes of variational inequality and variational inclusion problems.
Among these methods, the resolvent operator technique is very important and
interesting. With the development of an iterative algorithm to compute approx-
imate solutions of generalized variational inequalities/inclusions, the technique
of resolvent operators has become more and more important and efficient. For
this reason, in recent past, the methods based on different classes of resolvent
operators have been developed to study the existence of solutions and to discuss
convergence analysis of iterative algorithms, for various classes of variational
inclusions and their generalizations, see, for example, [2,14-16,19,22,23] and
the references therein.

Ding [12], Ding and Luo [13] and Lee et al. [24] have used subdifferentiability
and proximal mapping of a proper function on Hilbert space to study general
and generalized quasi-variational-like inclusions, respectively. In 2001, Huang
and Fang [17] were the first to introduce generalized m-accretive mapping.
They defined the resolvent operator associated with a generalized m-accretive
mapping and presented some properties related to it. By introducing a class
of generalized monotone operators, the so-called H-monotone operators, and
by defining their associated resolvent operators, Fang and Huang [14] studied
a class of variational inclusions involving H-monotone operators in the frame-
work of Hilbert spaces. Subsequently, Fang and Huang [15] further introduced
a class of generalized accretive operators, called H-accretive operators (also
referred to as P-accretive mapping in the literature), which extends the notion
of H-monotone operators to the Banach spaces. They defined the resolvent
operator associated with an H-accretive operator and gave some its impor-
tant properties. They also used the defined resolvent operator to construct
an iterative algorithm for finding the approximate solution of a class of vari-
ational inclusions involving H-accretive operator in a Banach space setting.
It is worth mentioning that in most of the resolvent operator methods, the
maximal monotonicity has played a key role, but recently introduced notions
of H-monotonicity and H-accretivity have not only generalized the maximal
monotonicity, but gave a new edge to resolvent operator methods. In 1990,
Siddiqi and Ansari [32] introduced and studied another useful and important
generalization of variational inequalities the so-called mixed variational inequal-
ity. Because of the involvement of nonlinear term in the formulations of mixed
variational inequalities, the projection method could not be applied to propose
iterative algorithms for solving them. Indeed, the applicability of the projec-
tion method is limited due to the fact that it is not easy to find the projection
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except in very special cases. Making use of the notion of resolvent operator
technique, Noor and Noor [27] introduced and studied resolvent equations and
proved the equivalence between the mixed variational inequalities and the re-
solvent equations. Later, Ahmad and Yao [5] considered and studied a system
of generalized resolvent equations in the framework of uniformly smooth Ba-
nach spaces by verifying its equivalence with a system of variational inclusions.
Zou and Huang [38] introduced and studied a class of generalized accretive
operators, called H(-,-)-accretive operator as an extension of H-accretive op-
erator in a Banach space setting and defined its associated resolvent operator
for constructing an iterative algorithm in order to solve a class of variational
inclusions. Inspired and motivated by the above research works, Ahmad et
al. [3,4] introduced and studied H(, -)-cocoercive and H (-, -)-co-accretive map-
pings, as generalizations of H(-,-)-accretive operator, for solving variational
inclusion problems.

Recently, Ahmad and Akram [1] employed the notion of H (-, -)-co-accretive
mapping and established the equivalence between a system of generalized resol-
vent equations involving generalized pseudocontractive mapping and a system
of variational inclusions. They also proved the existence of a solution for the
above-mentioned system of resolvent equations and studied the convergence
analysis of the sequences generated by their proposed iterative algorithm.

The purpose of this paper is twofold. Our first objective is to study a new
system of generalized multi-valued resolvent equations (for short, SGMRE) in-
volving P-accretive mappings in the framework of real Banach spaces. For
this end, the Lipschitz continuity of the resolvent operator associated with a
P-accretive mapping is proved under some new assumptions imposed on the pa-
rameter and mappings involved in it and an estimate of its Lipschitz constant is
computed. With the help of the resolvent operator technique, the equivalence
between the SGMRE and a system of generalized variational inclusions (for
short, SGVI) is established. We apply the obtained equivalence relationship
and Nadler’s technique to construct a new iterative scheme for finding the ap-
proximate solution of the SGMRE. The convergence analysis of the sequences
generated by our suggested iterative algorithm under some suitable conditions
is studied. The second objective of this paper is to investigate and analyze the
concept of H(-,-)-co-accretive mapping introduced and studied in [1] and to
point out some important comments concerning it. We verify that under the
considered conditions by the authors in [1], every H(:,-)-co-accretive mapping
is actually P-accretive and is not a new one. Some errors and mistakes in the
algorithms and main result of [1] are detected and the corresponding correct
versions of them are presented. At the same time, we point out that all results
given in [1] related to H(:,-)-co-accretive mappings can be drawn by using our
results regarding P-accretive mappings provided in Sections 2 and 3 of this

paper.
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2. Preliminary matters and some notion

Before proceeding to the main results of the paper we recall the necessary
terminology and notation and few useful results. Throughout the paper, unless
otherwise specified, X is a fixed real Banach space with the dual space X*. The
norms of the various Banach spaces that enter our discussion are all denoted by
the same symbol ||-|| as there is no occasion for confusion. As usual, the symbol
(-,-) will represent the duality pairing of X and X*. The symbol CB(X) (resp.,
2X) is used to represent the set of all nonempty closed and bounded (resp., all
nonempty) subsets of X.

For a given multi-valued mapping M:X —2X ,
(i) the set Range(]\//f) defined by

Range(M)={ye X : 3z € X : (my)EM}—UM

reX
is called the range of ]/\/[\ ;
(ii) the set Graph(M ) defined by
Graph(M) = {(z,u) € X x X :u € M(z)}

is called the graph of M.
Let us recall that the normalized duality mapping F : X — 2% is defined
by
Fla) ={f e X" : (&, [) = l=llIfIl, =] = I/1I}, V= € X.

We observe immediately that if X = H, a Hilbert space, then F is the
identity mapping on H. Moreover, it is an immediate consequence of the Hahn-
Banach theorem that F(z) is nonempty for each z € X. In the sequel, j is
used to represent a selection of the normalized duality mapping F.

Definition 2.1. Let T : X — X be a single-valued mapping and F : X — 2%
be the normalized duality mapping. Then T is said to be

(i) accretive if
(T(x) =T(y),j(x —y)) 20, Vo, y € X, j(z —y) € Flx —y);

(ii) strictly accretive if T'is accretive and equality holds if and only if = y;
(iii) k-strongly accretive if there exists a constant & > 0 such that

(T(x) = T(y),j(x —y)) = kllz —yl>, Yo,y € X, j(z —y) € Flz —y);
(iv) o-relaxed accretive if there exists a constant ¢ > 0 such that
(T(x) = T(y),j(x —y)) = —ollz —yllI*, Yo,y € X, j(z —y) € Fz —y);

(v) ¢-cocoercive if there exists a constant ¢ > 0 such that

(T(x) = T(y),j(z —y)) = <|T(x) = T Yo,y € X, jl@—y) € Flz—y);
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(vi) y-relaxed cocoercive if there exists a constant v > 0 such that
(T(x) = T(), i@ —y)) = T () = TW)|* Yo,y € X, j(z —y)€F(z —y);
(vil) a-expansive if there exists a constant « > 0 such that
[T(z) =T = allz =y, Yo,y € X;
(viil) k-contraction if there exists a constant 0 < k < 1 such that
IT(x) =Tl < kllz =y, Yo,y € X;
(ix) B-Lipschitz continuous if there exists a constant 5 > 0 such that
1T (z) =TI < Bllz —yl, Yo,y € X.

Evidently, every contraction is a Lipschitz continuous mapping with a Lip-
schitz constant that is smaller than 1.

Definition 2.2. Let M : X — 2% be a multi-valued mapping and F : X —
2X" be the normalized duality mapping. Then M is said to be
(i) accretive if

—

(u=—v,j(z—y)) 20, V(z,u), (y,v) € Graph(M), j(x —y) € F(z —y);
(ii) r-strongly accretive if there exists a constant r > 0 such that
(w=v,j(@—y) >rlz—yl*, V(z,u), (y,v) € Graph(M),
(@ —y) € Flr—y);
(iii) &-relaxed accretive if there exists a constant & > 0 such that
(u—v,j(z —y)) = —€llz — yll*, ¥(@,u), (y,v) € Graph(M),
j(z —y) € Fle—y);

(iv) m-accretive if M is accretive and I+ MM )(X) = X holds for every
real constant A > 0, where I stands for the identity mapping.

We note that M is an m-accretive mapping if and only if M is accretive and
there is no other accretive mapping whose graph contains strictly Graph(]/w\ ).
The m-accretivity is to be understood in terms of inclusion of graphs. If M
X — 2% is an m-accretive mapping, then adding anything to its graph so as
to obtain the graph of a new multi-valued mapping, destroys the accretivity. If
fact, the extended mapping is no longer accretive. In other words, for every pair
(x,u) € X xX\ Graph(]\//f) there exists (y,v) € Graph(JT/[\) and j(z—y) € F(a—
y) such that (u — v, j(x —y)) < 0. Thanks to the argument mentioned above,
a necessary and sufficient condition for a multi-valued mapping M:X 2%
to be m-accretive is that for any (z,u) € X x X, the property

—

(u—v,j(x—y)) >0, V(y,v)€ Graph(M), j(z—y) € F(z —y)
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—

is equivalent to (z,u) € Graph(M). The above characterization of m-accretive
mappings provides a useful and manageable way for recognizing that an element
u belongs to M(z).
Definition 2.3. For a given mapping P : X — X, the multi-valued mapping
M : X — 2% is said to be
(i) P-accretive if M is accretive and (P + AM )(X) = X holds for every
real constant A > 0;

(ii) P-maximal m-relaxed accretive if M is m-relaxed accretive and (P+
AM)(X) = X holds for every real constant A > 0.

The following example illustrates that an m-accretive mapping may not be
P-accretive for some single-valued mapping P : X — X.

Example 2.1. Let ¢ : N — (0, +00) and consider the complex linear space (2,

the weighted [? space, the space of all complex sequences {z,}2%; such that
>0 1 |znl?e(n) < co. It is a well known truth that

={z={z)021: ) lzal’6(n) < 00, 2, € C}

n=1

with respect to the inner product (-, ) : li X li — C defined by

(z,w) = Zznwn(b(n), Vz=A{z,}02q, w={wp}22, € li
n=1

is a Hilbert space. The inner product defined above induces a norm on li as
follows:

I2lliz = V(2.2 = O lzaPo(n)7, ¥z = {za}32, € 13
n=1

Any element z = {2, }72; = {@, + iy }52; € [} can be written as

(0707 oo ,071.2](:71 + iy2k71)x2k + inkvovoa B )

M

E
Il
-

[ka—l + yor, — i(xak—1 +1'2k)(0 0 0, i1, i2%,0,0,...)

M

2
k=1
Yok — *yk*il'k_ — Tog ) .
4 P2k-1 2 2( 2k—1 2)(0,0,...,O,ZQk_1,—22k,O,O,...)
_ i |:y2k71 + Y2k — 7:(3}2]671 + ;1;2k)
N W2k —1,2k
2
k=1
Yok—1 — Y2k — 7:(.’1,'2/@71 — ka)
+ 2 Wékq,zk}’
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where for each k € N, wop_12k = (0,0,...,0,4925-1,42k,0,0,...), 7 at the
(2k — 1)th and (2k)th coordinates and all other coordinates are zero, and
Wor 10 = (0,0,...,0,i251, —i2;,0,0,...), i and —i at the (2k — 1)th and
(2k)th places, respectively, and 0’s everywhere else. Therefore, the set B =
{wgk,lﬁgk,wék_l,% : k € N} spans the Banach space li. It can be easily ob-
served that the set B is linearly independent and so it is a basis for li. Taking

O02k—1,2k = 12k—1, Z2k7 0,...)
262k — 1) V29

and

i2%,0,0,...)

1 1
ol o = (0,0, 0, iy g
2k-t2 = 2002k —1) 7 \/20(2k)
for each k € N, it goes without saying that {o2x—12k,0%;_1 0 : k € N} is
also linearly independent such that HO%_L%H@ = ”01%71,21@”1; = 1. Let the
mappings P, M : 17 — 13 be defined, respectively, by P(2) = —az + 7055 o
and J/W\(z) = az + fogs_1,25 for all z € 12, where § is an arbitrary but fixed
natural number, « is an arbitrary positive real constant, and 8 and - are two
arbitrary nonzero real constants. Then, for all z,w € I3 and j(z—w) € F(z—w),
we yield
(M(2) = M(w), j(z = w)) = (M(2) = M(w), s — w)
= (az + Bos—125 — aw — Boas—126,% — W)
=alz —w,z —w) = al|z —w|]* >0,
which means that M is an accretive mapping. In the light of the fact that
for any z € I3 and A > 0, (I + AM)(2) = (1 + Aa)z + A\3oas 1,25, where T is
the identity mapping on (2, it follows that (I + )\]\7)(13,) = lé for every real

constant A > 0, that is, the mapping I + AM is surjective for every positive
real constant A. Accordingly, M is an m-accretive mapping.
Thanks to the fact that for any z € li,

(P + M)(z) = Boas 126 + V0551 25

B : B
= (0,0,...,0, 125—1, 125,0,0, ...
( V2620 —1) 7 2e(20) )
Y . vy .
+0,0,...,0,7 L i25,0,0,...
( 2o D! m% )
= (0,0, .. k] ),

m 25 15 \/T,LQ(S’

we conclude that for any z € 12 #

(P + M)(Z)Hz; = ||Bo2s—1,26 + ’705571,25”5; =(B+7)*+(B-7)
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=2(8%++%) > 0.

This fact guarantees that 0 ¢ (P+ M) (12), where 0 is the zero vector of the

space 12 Consequently, P + M is not surjective and so the mapping M is not
P- accretlve

Denoting the set of all functions ¢ : N — (0,1] by ® and 2 = {li D¢ €
®}, it is easy to see that [* C I3 for each ¢ € @ so that for some ¢y € P,
we have 12 C l20, that is, [2 is strictly contained within lio. We recall that
P={r={x,}5, : 37 |z,|> < o0, ¥, € F =R or C} denotes the real or
complex linear space consisting of all square-summable sequences z = {z,}52,
for which ||z]|;2 < oco. Evidently, if ¢(n) = 1 for all n € N, then the weight space
7, coincides exactly with the linear space [*. Tt is significant to mention that the
two Hilbert spaces (% and l; need not be the same for all ¢ € ®. In order to show

this fact, we consider the two cases when F = Ror C. If F = R, letting z,, = lnn
for all n € N, we have Y 0, |z,]? = ZOO (Inn)? = oo, ie., x = {x,}5°, ¢ 12

Defining ¢1 : N — (0, +00) by ¢1(n) = = for all n € N, we have ¢; € ® and
Yoo mal?oi(n) = 3000, (112)2. Since anl 1‘;2)2 is convergent, it follows

that x € 12 In the case where F = C, letting 2, = \% + z% for all n € N, we
have "7 | \zn| =" (n!)? = oo which ensures that z = {2z, }°; ¢ [%. Now,

n=1

let ¢2 : N — (0, +00) be defined by ¢2(n ) =e " for all n E N. Then we have

62 € @ and 177, [z 02(n) = 57, Gk Sinee X0, )
conclude that z = {2,}p2, € [3,. Therefore, for some qb € ®, I3 is a proper

is convergent, we

superset of the Hilbert space {2.

Example 2.2. Let m,n € N be arbitrary but fixed and let M,,«,(F) be the
space of all m x n matrices with real or complex entries. Then

Mpsn(F) ={A = (a;j) |a;j €F,i=1,2,....,m;j =1,2,...,n;F =R or C}
is a Hilbert space with respect to the Hilbert-Schmidt norm

1

IA| = (ZZ laij2)2, VA € Mypyn(F)

induced by the Hilbert-Schmidt inner product

m n

(A,B) =tr(A"B) = > Y aibij, VA, B € Mpyn(F),

1=1 j=1

where tr denotes the trace, that is, the sum of the diagonal entries, and A*
denotes the Hermitian conjugate (or adjoint) of the matrix A, that is, A* =
At the complex conjugate of the transpose A, and the bar denotes complex
conjugation and superscript denotes the transpose of the entries. Let us denote
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by D, (R) the space of all diagonal n X n matrices with real entries, that is, the
(i,4)-entry is an arbitrary real number if 4 = j, and is zero if ¢ # j. Then

DH(R):{A:(CL”) |aij€R, aij:Oifi;éj; i,j:l,?,...,n}

is a subspace of M,,x,(R) = M, (R) with respect to the operations of addition
and scalar multiplication defined on M, (R), and the Hilbert-Schmidt inner
product on D, (R), and the Hilbert-Schmidt norm induced by it become as

(A,B) =tr(A*B) = tr(AB)

and

4]l = VIAA] = Vir(A4) = (3 a2) ",

respectively. Let the mappings Pl,Pg,]\//.? : D,(R) - D, (R) be defined by
Py(A) = Pi((aiy)) = (al;) , Pa(A) = Pa((ai;)) = (al;) and M(A) = M((ai;)) =
(aff) for all A = (a;;) € Dy (R), respectively, where for eachi,j € {1,2,...,n},

a/,,{ |ais — Bl + lais — 7| — 0als — pi/as, i =7,
0,

Y L F 7,
al. = %’ i=7J
Y 0, i 7 J,
and . o
o = ) 0t e, 1=,
“ 0, i 7 J,

where g, ;1 and ¢ are arbitrary positive real constants, 8 and « are arbitrary real
constants such that 8 > ~, and k, [ are arbitrary but fixed odd natural numbers.
Then, for any A = (a;5),B = (bi;) € Dp(R) and j(A — B) € F(A — B), we
yield

(M(A) — M(B),j(A~ B)) = (M(A) — M(B), A - B)
= tT( (a;’; — b///) (aij — b”))
= (olaly = 0 + p(Waw — /b)) (i = bi)

=1
n k
2 —tyt—1
=0 E Q5 — E a i bii
=1 t=1

For any i € {1,2,...,n},
(1) if Ai; = b“ = 0, then (,l/aii — \l/ b“)(a” — b“) = 07
(11) if (0271 75 0 and bii = O7 then (W — \VbTJ (aii — b”) = CL”W = \l/ aéj‘l;
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ceey . /11
(111) lf Ai; = O and b” 7& 0, then (W — \l/ b”)(a“ — b“) = b“‘\l/ b” =y bij_l;
(1V) if 778 bi; 7& 0, then \l/(TM — \l/ b;i = —lr:lailiiﬁ;;‘;bzrl .

Since [ is an odd natural number, we conclude that \l/aéj'l, y béj‘l > 0 and

Zf«:l y aﬁ;rb;ifl > 0. In view of these facts, we infer that ({/a;; — v/bii)(ai; —
bii) > 0 and

n
Z \/ Qg5 — 17, au - ii = Z
i=1 =1y

> 0.

(aii — bis)?
l l—rpr—1

r=1 i O

In the meanwhile, due to the fact that k£ is an odd natural number, it can be
easily seen that for each i € {1,2,...,n}, Et Lab7 it > 0. In the light

of the arguments mentioned above and the fact that 0 and 1 are positive, we
deduce that for any A = (ai;), B = (b;;) € D,(R) and j(A — B) € F(A - B),

(M(A) — M(B),j(A— B)) >0,

that is, M is an accretive mapping.
Let f : R — R be a function defined by f(z) := |z — 8] + |x — ~| for all
x € R. Then, for any A = (a;;) € D,(R), we have

(P + M)(A) = (P + M) ((ai;)) = (ai; +aff) = (asg) .

where for each i, € {1,2,...,n},

Qi = |a2175|+|a“77|a i =7, — f(a‘ii>7 =7,

v 0, i # J, 0, i F

The fact that f(R) = [ — 7, +00) implies that (P + M)( n(R)) # Dp(R),
i.e., P + M is not surjective, and so M is not a Pi-n-accretive mapping. Now,
assume that the real constant A > 0 is chosen arbitrarily but fixed and let the
function g : R — R be defined by g(z) := + Aok + A/ for all x € R.
Then, for any A = (a;;) € D, (R), yields

z+1

(P + AM)(A) = (P + AM)((ai5)) = (af; +Aaif) = (@)
where for each i, € {1,2,...,n},
a = gi;} + Xoals + A\uag;, i=j, _ [ 9(ai), Z = .7:3
! 0, i#j 0, i # .
Relying on the fact that k and [ are odd natural numbers, it is easy to observe
that g(R) = R, which guarantees that (P, + AM)(D,,(R)) = D, (R), that is,

P+ AM is a surjective mapping. Taking into account the arbitrariness in the
choice of A > 0, we conclude that M is a Py-accretive mapping.
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It should be pointed out that if P = I, then the definition of [-accretive
mappings is that of m-accretive mappings. In fact, the class of P-accretive
mappings has close relation with that of m-accretive mappings.

Pr0p051t10n 2.1. Let P: X — X be a stmctly accretive mapping and let
M: X — 2% be a P-accretive mapping. Then M is m-accretive.

Proof. Taking into account of the fact that M is accretive, in order to show that
M is m-accretive, it is sufficient to prove that for any given points x,u € X, the
inequality (u — v, j(z —y)) > 0 holds for all (y,v) € Graph(]\/i) and j(z —vy) €
F(x — y) implies that (z,u) € Graph(]/w\). For this end, by contradiction, let
us suppose that there exists some (zg, ug) ¢ Graph(M M) such that

(21) {uo — v,5(z0 —y)) >0, ¥(y,v) € Graph(M), j(xo —y) € F(zo — v)-

In the light of the fact that M is P-accretive we have (P + AM\)(X) = X for

every constant A > 0. Consequently, there exists (x1,u;) € Graph(M) such
that

(22) P(l’l) + Aup = P(ZC()) + Aug.

Since (x1,u1) € Graph(M\), replacing (y,v) by (z1,u1) in (2.1) and with the
help of (2.2),
—(P(z0) — P(z1),j(x0 — 1)) = Muo — u1, 20 — 21) = 0,
Vi(zo — 1) € F(zo — 1),
which implies that

(2.3) (P(x0) — P(x1), (w0 — 1)) <0, Vij(zo — 1) € Flzo — 71).
On the other hand, from accretivity of P it follows that
(2.4) (P(zg) — P(x1),j(zo — x1)) >0, Vj(xo —21) € F(x0 — 21).

By (2.3) and (2.4) and the strict accretivity of P we conclude that zy = 1.
Then (2.2) implies that uwg = uy and so (zg,ug) € Graph(]/w\), which con-
tradicts with our assumption. Accordingly for any given points z,u € X,
if the inequality (u — v,j(z — y)) > 0 holds for all (y,v) € Graph(]\?) and
jlx —y) € F(x —y), then we have (z,u) € Graph(l/w\). This property guaran-
tees that M is m-accretive. This completes the proof. O

Theorem 2.1. Let P: X — X be an accretive mapping and M:X —2X be
a o-strongly accretive mapping. Then, the mapping (P + AM)~! : Range(P +
AM) — X is single-valued for every constant A > 0.

Proof. Choose real constant A > 0 arbitrarily. For any given point u €
Range(P + AM), let ,y € (P + AM)~!(u). Then, we have

w= (P +AM)(z) = (P + \M)(y),
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form which we yield A™!'(u — P(z)) € ]\7(:)3) and \71(u — P(y)) € ]\/Z(y)

—~

Considering the fact that P is accretive and M is p-strongly accretive, it follows
that

Aol =yl < AA (u = P(a) = A7} (u— P)). j(z — )
+ (P(x) = P(y),j(x —y)) =0

for all j(z —y) € F(x —y). Since X, ¢ > 0, from the last inequality we deduce
that x = y, which implies that the mapping (P + AM)~! from Range(P + AM)
into X is single-valued. This gives us the desired result. O

We should remark that in the rest of the paper, whenever we say that M is
a p-strongly P-accretive mapping, our mean is that Misa o-strongly accretive
mapping and (P + )\J\/J\)(X) = X holds for every constant A > 0.

We obtain the following assertion as an immediate consequence of the last
result.

Corollary 2.1. Suppose that P : X — X is an accretive mapping and M :
X — 2% is a g-strongly P-accretive mapping. Then, the mapping (P-+AM)~!
X — X is single-valued for every constant X\ > 0.

Clearly, Corollary 2.1 enables us to define the notion of resolvent operator
Rf v associated with P, M and an arbitrary positive real constant A as follows.

Definition 2.4. Assume that P : X — X is an accretive mapping and M :
X — 2% is a v-strongly P-accretive mapping. For every real constant A > 0,
the resolvent operator Rf i is defined by

RP —(z) = (P + AM) (), Va € X.

We now conclude this section with the following theorem in which the ap-
propriate conditions for the resolvent operator Rf o to be Lipschitz continuous

are stated and an estimate of its Lipschitz constant is also given.

Theorem 2.2. Let P : X — X be a &-strongly accretive mapping and M :
X — 2% be a p-strongly P-accretive mapping. Then, for any real constant
A > 0, the resolvent operator Rfﬁ X = X s ﬁ—Lipschitz continuous,

i.e.,

||R§)1\7(x) - Rfﬁ(?/)“ < |z —yll, Vz,y € X.

1
Ao+¢
Proof. Taking into consideration the fact that the mapping M is P-accretive,
for any given points x,y € X with ||Rfﬂ7(x) - Rf ﬁ(y)H # 0, we have

RE () = (P+ AM) ™\ (z) and RE (y) = (P +AM) "' (y),
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which imply that
Afl(x*P(Rf,]g(x))€J\7(R1;A7(x))) and X' (y—P(R{ 5y ))GM(RP ®)))-

Since M is o-strongly accretive, it follows that
A o — P(RE (@) — (y — P(RY (). (R (@) — BY ()
> Q||Ri]\7(x) - Riﬁ(y)ﬂz
for all j(Rfﬁ(m) = Rfﬁ(y)) € ]—'(Rfﬁ(m) = Rfﬁ(y)) Owing to the fact that
A~1 > 0, using the preceding inequality we yield
(e~ 1,3 (R (@) — BY 2(0))
(25) = XllRy () — RY ()]
P P P P
T+ (P(RE (&) — P(RE 5(0),0(RE (x) - RE 5(0)
for all j(RY - (x) — R - (s)) € F(RY - (x) — R - (s).
From &-strong accretivity of P and by means of (2.5), it follows that for all
JBE (@) ~ RV () € F(RY - (2) — R _(v)).
lz = yllllRS 57(x) = RY M(y)ll
= llz = yllli (R () = RY )]
> o=y, (R () - RA,JW(y)»
> Nol|RY () — RY ()2
T+ (P(RE (&) — P(RY 5(0)),3(RE (e) — RY 5(0)
> Nol|RY () — RY G )l? + €IRY (@) — BY (o)
= e+ IR (@) = Ry (w)]*.

In virtue of the fact that ||Rf (@) = Rfﬁ(y)ﬂ # 0, we conclude that

RP L

This completes the proof. (I

3. Formulations, iterative algorithms and convergence results

Let for each ¢ € {1,2}, X; be a real Banach space and P; : X; — X; be an
accretive mapping. Suppose that S : X7 x Xo — Xj and T : X7 X Xy — X5 are
any nonlinear mappings, and E : X; — 2%t and F : Xy — 2%2 are multivalued
mappings. Furthermore, let for each i € {1,2}, the multi-valued mapping

M; : X; — 2% be a g;-strongly Pj-accretive mapping. For given two arbitrary
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real constants A1, A2 > 0, we consider the problem of finding (z,y) € X7 x X,
u € E(x), v e F(y), 2 € X1 and 2"’ € X5 such that

S(z,v)+ AT () =0,
(31) { T(u )_,_)\ 1J)}321\/[ ( /,) _ O
Y 2 Ao, Mo -
where for each i € {1,2}, J,]\wa\ =1, —Po Rfﬁ = (Rf b7 (),
I; is the identity mapping on X, RP " — is the resolvent operator associated

)\7,7]\/[1'
with PZ, positive real constant )\; and strongly P;-accretive mapping M;, and
P; oR}\l i denotes P; composition RP . The problem (3.1) is called a system

1,44

of generalized multz valued resolvent equatzons (SGMRE).

Let X;, P;, MZ (i=1,2),5,T, E and F be the same as in the SGMRE (3.1).
Corresponding to the SGMRE (3.1), we now consider the following system of
generalized variational inclusions (SGVI): find (z,y) € X1 x X2, u € E(z) and
v € F(y) such that

0€ S(z,v) +J\71($)7
(3.2) { 0eT(uy)+ ]\72(3/)

We remark that for appropriate choices of the mappings P;, J\//j2 (i = 1,2),
S, T, E and F, and the underlying spaces X; (i = 1,2), the SGVI (3.2)
includes various systems of variational inequalities/inclusions and many classes
of variational inequality /inclusion problems, see, for example, [18,20,34,35,37]
and the references therein.

The following conclusion, which has a prominent role in getting the main
results of this paper, follows directly from Definition 2.1 and some simple ar-
guments.

Lemma 3.1. Let X;, P;, J\Z (1=1,2), S, T, E and F be the same as in the
SGMRE (3.1). Then (z,y,u,v) € X1 x Xa x E(z) X F(y) is a solution of the
SGVI (3.2) if and only if (x,y,u,v) satisfies the relations

v=R o [Pi(r) = MS(z,v)],
y—R2 [() AT (u, )],

where A; > 0 and Rff' 5 ([@i=1 2) are the same as in the SGMRE (3.1).

The next assertion, which tells the SGMRE (3.1) and the SGVI (3.2) are
equivalent, plays a key role in proposing algorithms and in the study of our
suggested iterative algorithms.

Proposition 3.1. Assume that X;, P;, M, (1=1,2), 8, T, E and F are the
same as in the SGMRE (3.1). Then (x,y,u,v) wzth (z,y) € Xy x X, u € E( )
and v € F(y) is a solution of the SGVI (3.2) if and only if (x,y,u,v, 2, 2"),
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where (2/,2") € X1 x X3, is a solution of the SGMRE (3.1) satisfying

_ ph /
T = R1>\31J/\/I\1(Z ),
— 2 1"
(3.3) y=R 5",

2= Pi(x) — MS(z,v),
2" = P2(?/> - )\QT(U/, y>7

where A\; > 0 and Rf" — (i =1,2) are the same as in the SGMRE (3.1).

iy 4Vd

Proof. In the light of Lemma 3.1, (z,y,u,v) € X7 X Xo x E(z) x F(y) is a
solution of the SGVI (3.2) if and only if

x = Ri,ﬁl [Pi(z) — A\.S(z,v)],
Y= Rf;@ [P2(y) — AT (u,y)]

4
_ ph ’
x = R}glyﬁl(z ),
— 2 1
Y= R)\QJ/W\Q (Z )7
2= Pi(x) — MS(z,v),
2" = Pa(y) — AT (u,y)
=
2 = PI(R™ _ () — MS(z,v),
A}%7M1
2 = P2(R)\§71/\22(Z”)) — AT (u,y)
54
(= ProRY 2)(2) = =S(a,v),
(o= ProR® 2 )(2") = —MaT(u,y)
=
—1 7P AN
{ S(z,v) + A\ 1JA1311,A71 ()=0,
- 2 my —
T(u,y) + Ay J)\%ﬁ2(z )=0
where for i = 1,2, J;i,ﬁi =1I,— Pjo Rfi - Consequently, (z,y,u,v,2',2") €

X1 % Xa % E(x) x F(y) x X1 x X3 is a solution of the SGMRE (3.1). Accordingly,
the solution sets of the two systems (3.1) and (3.2) are the same. The proof is
finished. (]

According to the remark which followed the proof of Theorem 5 in [25],
for any A,B € CB(X), a € A and n > 0, there exists a b € B such that
d(a,b) < D(A, B) +n ([25, page 480, lines 12-14]). As a direct consequence
of this fact, for any ¢ > 0 and for any given z,y € X, u € T(x), taking
n=¢eD(T(z),T(y)), we have the following assertion which plays a key role in
the sequel.
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Lemma 3.2. Let X be a complete metric space, and T : X — CB(X) be
a multi-valued mapping. Then for any € > 0 and for any given z,y € X,
u € T(x), there exists v € T(y) such that
lu—vl <(1+&)D(T(x), T(y)),
where D(-,-) is the Hausdorff metric on CB(X) defined by
D(A, B) = max{sup inf ||z —yl|,sup inf ||z —y|[}, VA,B e CB(X).
rcAYEDB yeBTEA

Based on Proposition 3.1 and with the help of Nadler’s technique [25], we
are able to construct an iterative algorithm for approximating the solution of
the SGMRE (3.1) as follows.

Algorithm 3.1. Let X;, P;, ]\/4\, (it =1,2), S, T, E and F be the same as
in the SGMRE (3.1). For any given (zo,yo0), (2}, 20) € X1 x Xa, ug € E(xo)
and vo € F(yo), define the iterative sequences {xn} o, {yn}lo, {Un}slo,
{vn}20, {20152, and {z]/}52 in the following way:

z, = RD" (z1),
B
Yn = sz,ﬂg (Zn)a
(34) Up € E(xﬂ) ||u’n+1 - unHl (1 + 7)D1(E(mn+1); E(J)n)),
Vn € F(yn); ”Un-&-l Upll2 < (1+ 1+n) 2(F(Yn+1), F(yn)),
Z;z+l = Pl(xn) - (fﬂn, n)»
Z;{+1 = P2(yn) - (unayn)>
where n = 0,1,2,...; A; > 0 (z = 1,2) are positive real constants, and for

i1 =1,2, D; is the Hausdorff metric on CB(X;).

Before stating the main result of this section, we need to define and recall
some specific notions and an efficient lemma.

Definition 3.1. A multi-valued mapping S : X — CB(X) is said to be D-
Lipschitz continuous with constant A\g (or Ag-D-Lipschitz continuous) if there
exits a constant Ag > 0 such that

D(S5(=),5(y)) < Aslle —yl, Va,y € X,
where D(-,-) is the Hausdorff metric on CB(X).

Definition 3.2. Let X be a real Banach space and F be the normalized duality
mapping from X into X*. A mapping P : X — X is said to be ¢-generalized
pseudocontractive if there exits a constant ¢ > 0 such that for any z,y € X,

(P(z) = P(y),j(x —y)) <<lle—yl? Vile —y) € Fla—y).
Definition 3.3. A mapping T : X x X — X is said to be

(i) Ap,-Lipschitz continuous in the first argument if there exits a constant
A1, > 0 such that

IT (2, w) = T(y, w)l| < Ayllz = yl*, Yo,y u € X;
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(ii) Ap,-Lipschitz continuous in the second argument if there exits a con-
stant Az, > 0 such that

IT(u, @) = T(u,y)l| < Amyllz = yl*, Vo, y,u € X.

Lemma 3.3 ([30]). Let X be a real Banach space and F be the normalized
duality mapping from X into X*. Then, for any z,y € X,

lz +ylI* < ll2l® + 20y, j(z +y)), Yi(z+y) € Flz +y).

Theorem 3.1. Let for eachi € {1,2}, X; be a real Banach space, P; : X; — X;
be a (;-strongly accretive, r;-contraction, and ¢;-generalized pseudocontractive
mapping, and Z\Z : X; — 2% be a g;-strongly P;-accretive mapping. Assume
that S : X1 x Xo — X1 is Ag,-Lipschitz continuous and Ag,-Lipschitz con-
tinuous in the first and second arguments, respectively, T : X1 X Xo — X5 is
A, -Lipschitz continuous and Ar,-Lipschitz continuous in the first and second
arguments, respectively, and the multi-valued mappings E : X1 — CB(X1) and
F : Xy — CB(X3) are Ap,-D1-Lipschitz continuous and Ap,-Ds-Lipschitz
continuous, respectively. If there exist constants A\; > 0 (i = 1,2) such that

(3.5) {0<E1(K1+\/E+\/9§)<1,
' O<IA/2(IA(2+\/£+\/E)<1,

. 1520 +3m - 1 .
Ry LRSS L (i=1,2),
1—mr Xigi + G

where

1+ )\1)\51 Al)‘Sz/\DF
91 = 5 92 = )
1- )\1()‘51 + )‘Sz)‘DF) 1- )‘1()‘51 + )\S2)\DF)
. )‘2)‘T1)‘DE 1+ /\2/\T2
93 = 94

L= XaOmdn, +A5) 27 1= Xa(nAp, + M)
)\1()\51 +)\52>\DF) <1, )\2(>\T1)\DE + >\T2) <1,

then, the iterative sequences {xn}2 0, {Un}olo, {Un}o, {n}S%0, {2,152,
and {z]/}22 , generated by Algorithm 3.1 converge strongly to z,y,u,v,z’ and
2", respectively, and (x,y,u,v, 2, 2") is a solution of the SGMRE (3.1).

Proof. Making use of (3.3), it follows that

[2n41 — 2nllx
= [|P1(xn) — MS(@n,v5) — (Pr(Tn—1) — MS(Zn—1,vn-1)) [0
< ||33n — Tp—1+ Pl(xn) - Pl(mnfl)lll

+|zn — Tne1 + M (S(@n,vn) — S(Tn_1,vn-1))]1-

Utilizing Lemma 3.3 and taking into account that the mapping P is 7i-
contraction and ¢;-generalized pseudocontractive, we yield

[ #n — Zn_1 + Pi(zn) — Pr(zn_1)|[]
< Hxn - xanH% + 2<P1(xn) - Pl(xnfl)Jl(xn — Tp-1+ Pl(xn) - Pl(xn,l))h

(3.6)
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< Hxn - xanH% + 2<P1(xn) - P1<xnfl)aj1($n - $n71)>1
+ 2(P1(x) — Pr(®n-1),1(xn — Tn—1 + Pi(zn) — Pi(zn—1))
—J1(Tn = Tp_1)n1

< lwn — xanH% +2(Py(2n) — Pi(zp-1),j1(xn — Tn_1))1
+2([1Pr(zn) = Pr(zn-1)l1(len — 2n-1 + Pr(zn) = Pr(za-1)lh
+ |20 — zn-1]1))

<z — fnflnf + 261 |2y, — xnflnﬁ + 2(“H$n —Tp_1|1(|2n — 21
+ Pi(zn) — Pr(zn-1)|l1 + ||xn - xnflnl))

= ||zn — In—lnf + 261 [|xn — xn—IH% +r (QHIn = Zn—1l1l|Tn — Tn-1
+ Pl(xn> - Pl(mnfl)”l) + 2r1|‘$n - xanH%

< & — xn—1||% + 261 [|lzn — xn—IH% +ri(flan — mn—luf
+ ||$n — Tp-1+ Pl(xn) - Pl(xnfl)H% + 27 ||z, — xnle%

= (1421 + 3r)||#n — Taal|2 + r1l|@n — ooy + Pi(z,) — Pi(za,)])?,

which implies that

(3.7) |20 = Zn1 + Pi(zn) = Pi(za-1) 1 < Killzn — o1,

where K; = ,/%. Again, by using Lemma 3.3, and in virtue of the
facts that the mapping S is Ag,-Lipschitz continuous in the first argument
and Ag,-Lipschitz continuous in the second argument, and the mapping F' is
Ap-Da-Lipschitz continuous, we obtain

20 = Zn—1 4+ A1 (S(@n, va) = S(@n—1,vp-1))|7
< Jen — Tn-1llf + 221(S (@0, vn) — S(Tn—1,Vn-1),
J1(@n = Tn-1+ M(S(Tn, vn) = S(Tn-1,vn-1)))11
< lzn — xnflui +2M1[|S (20, vn) — S(Tn—1,vn-1)|1
X |2n = Tn—1 + M (S(Tn, vn) = S(Tn—1,vn-1)) |1
< ”zn - zn—IH% + 2)\1(||S(xn, vn) - S(%L—l, Un)Hl
+ 1S (Zn—1,vn) — S(xn—la'vn—l)nl)
X [|zn = @n—1+ M (S(@n, vn) = S(@n—1,vn-1))[1
< ”xn - xn—IH% +2)\ ()‘51 ”xn - $n—1||1 + s, ||Un - Un—1||2)
X [|@n = Zn-1+ M (S(@n, v5) = S(Tn-1,vn-1))l11

< ”xn - xanH% + 2)‘1()‘51 ||$n - wn—1||1

1
Ao A (14— —
+ As, DF( +1—|—7’L)”y Y 1”2)

X ||‘Tﬂ —Tp-1+ AI(S(ZL‘TL; Un) - S(l’n,h Unfl))Hl
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= ”xn - xanH% +2X\1As, ||$n - $n71||1
X [[2n = Tp—1 + A (S(Tn, v5) = S(Tn—1,v-1))[11
1
+2)\1>\S2)\DF(1+ )Hyn Yn—1l2
||33n — Tp_1+ A (S(xm Un) = S(Tp_1, Un—l))Hl
< lan — xnflui + A1As, (Hxn - xanH%
+ H-ijn — Tn-1 + A1 (S(xn; Un) - S(xn—la Un—l))”%)
1
+ AAs, Apy (1 + m)(”yn — yn-1ll3
+ ||xn —Tp-1+ /\1(5(1"”3 Un) - S(xn—la Un—l))”%)

= [Jzn — xanH% + MAs, [lzn — manH%

1
1+n —Myn — yn-1l15 + (M1 As,

1
+ AMAs, Apy (1 + m))”xn = Tn-1+ M(S(@n,vn) — S(Tp-1, Unfl))H%v

+ MAs,Ap, (1 +

form which we conclude that
||xn — Tp-1 + )\I(S(x’ru Un) - S(xn—ly 'Un—l))H?

1+ Aids, ,
= an_ifn71||1
1 _)\1()\5'1 +/\52/\DF(1—|— H—n))
MAS, AD (1+ n)
S wow v —r) Iy = a1 I3
(3.8) = M(Asy + A A0 (1+ 157))

= 00|z — xnallT + 05 Yn — Y13
< 07 [|zn — xn—llﬁ + 2y 0705 |20 — Tn—1ll1l|yn — yn—1ll2
+ 05 [yn — yn—1l3

= (VO |lzn = znalli + V05 Yn = yn-1ll2)

where for each n € N,
1+ )\1)\51

o =
1= M(s A A, (14 15))

and
MAs; Ay (1+ 1)
1= M(As, + A, App (1+ 95))
Making use of (3.8), we deduce that
[0 — 2n—1 + A (S(zn, vn) = S(Tn-1,0n-1)) 1

< VO zn — 1|l + VO3 yn — Yn—1ll2-

mn o _
5 =

(3.9)
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Substituting (3.7) and (3.9) into (3.6), it follows that

(3.10)  |lzhys — zplh < (K1 + V0|2 — zn—tllt + VO3 |y — Yn—1ll2-

Following the same arguments, taking into consideration the facts that the
mapping P» is re-Lipschitz continuous and ¢s-generalized pseudocontractive,
T is Ap-Lipschitz continuous and Ar,-Lipschitz continuous in the first and
second arguments, respectively, and E is Ap,-D;-Lipschitz continuous, and
using Lemma 3.3 and (3.4), we can show that

(311) = = znlle < VOl — @il + (Ko + VO lyn — 212,

where for each n € N,

o [TH2a+3r2 4, _ AeA7 Apy (14 115)
T L—ro 77 T 1N O+ AnAp, (1+ )

14n
n 1+ )\2/\T2
0y = — -
1- )‘2 ()‘Tz + )\Tl)\DE(l + 1+n))
Let us now define a norm || - ||« on X; x X5 by

1z, )l = [l + [[yll2; V(2,y) € X1 x Xo.

It can be easily seen that (X7 x Xo,| - ||«) is a Banach space. Then, employing
(3.10) and (3.11), for each n € N, we obtain

(1 Zn1) = Gzl = Nzhs = 20l + iy = 2512
(3.12) < (K + 07 + /03| — 21

+ (K2 + /05 + /O lyn — Yn—1ll2-

From (3.4) and Theorem 2.2, it follows that for each n € N,

P P
e =zl = IRD o () = B o ()l
(3.13) . , . .
< m”zn = Zn_alli = Lullzn — 2n-all1,
where L = m. By an argument analogous to the previous one, applying

(3.4) and utilizing Theorem 2.2, for each n € N, we deduce that
(3.14) 1Y = Yn-1ll2 < Lallzy, — 212

where Lo = m. Combining (3.12)—(3.14), we yield

1(zrt1s Zna1) = (s 2) 1s < Li (K1 + /07 4+ /03) |27, — 2,1 0
+ Lo(Ka + /05 + /0712 — 2012
<"z, — 21l + 127 — 251 ll2)

=9"1(z0, 2) = (2n-1> 211+,

(3.15)
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where for each n € N,

9" = max{L; (K, + /07 + /03), L3 (K2 + /05 +\/07)}
The fact that for each i € {1,2,3,4}, 07 — 0;, where

9, — 1—|—)\1)\51 9, — )\1)\S2>\DF

! 1—X1(As, + As,Apy)’ ? 1—X1(As, +As,App)’
>\2>\T1>\DE 1 +)\2>\T2

03 = L=

1-— )\Q(ATI)\DE + )\T2)7
implies that 9" — 9 as n — oo, where

¥ = max{Ly (K1 + /01 + /03), Lo(K2 + /0> + \/64)}

Evidently, (3.5) guarantees that 9 € (0,1). Therefore, there exist ng € N and
¥ € (9, 1) such that 9™ < ¢ for all n > ng. Hence, for all n > ng, by (3.15), we
get

1- >\2(>\T1>\DE + )‘T2)7

H( n+1’ n+1) (Zn,Zn)H

<19nH( Zno n)_< Zp—1s%n—1 H
(3.16) §1§||(Zmzﬂ)—( Zn_152n-1)lls
' <INz 2-1) = (2;1—27Zn—2)‘|]

:192H( Zn— 172;/ 1) — (n 25 Fn— 2)”*

< - <19n n()”( “no+1s n0+1) (Z’/ﬂo’zgo)”*

Making use of (3.16), it follows that for any m > n > ny,

||(Z;n,le) _( ;w n x S Z H Zk+1,2k+1) (Zl/c’zl/c/)ll*
(3.17) h=n

m—1

Sl
<Y (211 2 1) = (g 2ol
k=n

Taking into account that J € (0, 1), it follows that the right hand side of (3.17)

tends to zero, as n — oo, that is, ||(z,,20) — (25, 2|« — 0 as n — oo,

Zmr Fm, ni“n
consequently, {(z/,,2/)}52, is a Cauchy sequence in X3 x X2 In view of the
completeness of X7 x Xo, (2, 21) — (2/,2") for some (2,2") € X7 x X5 as
n — 0o. The two inequalities (3.13) and (3.14) imply that z, — x and y, — y
as n — oo. Then, by using (3.4) and thanks to the fact that the mappings
E and F are Ap,-D;-Lipschitz and Ap,-Ds-Lipschitz continuous, respectively,
we observe that {u,}>2, and {v,}>2, are also Cauchy sequences in X; and
X5, respectively. Accordingly, there are v € X; and v € X5 such that u, — u

and v,, = v, as n — oo. Since u, € E(x,) for each n > 0, we have

di(u, E(z)) = inf{|[u — gl : ¢ € E(2)}
< HU - unHl + dl(una E(x))
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< lu = unlly + Di(E(zn), E(z))
< lw = unlly + A l#n — 21

Obviously, the right-hand side of the last inequality approaches zero, as n — oo,
and so in virtue of the fact that E(z) is closed, it follows that u € E(x). In a
similar fashion to the preceding analysis, one can show that v € F(y). Since
Ty = X, Yp — Y, Up — u and v, — v as n — 00, in the light of the Lipschitz
continuity of S and T in both the arguments, with the help of (3.4), we deduce
that 2z, — 2/ = Pi(x) — A\ S(z,v) and 2] — 2" = Py(y) — XoT'(u,y). At the
same time, by using Theorem 2.2, for each n > 0, we yield

(318) RO ()~ RD o ()]

/ /
n A, Mo HZn—Z ||1

1
h < ——
Aro1 + G

Now, taking into account that z;, — 2’ as n — oo, from (3.18) we deduce that
Py I\ _ ph ,
HRAI,J\Aﬁ (z) RAl,ﬁl (ZN)l1 = 0 asn — oo,
and so

R _ (2/) = R _ (2)) asn — .
A1, My A1, M1

Following the same argument, we can prove that R _ (2 — Ny ("), as
A2, Mo /\Q,Mg

n — oo. Now, (3.4) implies that x = Rfl e (z/) and y = R}I\D2 e (z"). In the
1, 1 2 2

light of the above-mentioned discussion, (z,y,u,v,2’,2"”) € X1 x Xo x E(z) X

F(y)x X1 x X3 is a solution of the SGMRE (3.1). This completes the proof. [

It should be pointed out that the SGMRE (3.1) can also be written as
follows:

"= Pi(x) — S(z,v 1 — 1_1 Pr_ (2,
o {za() Sl o)+ (I~ AP o ()

"= Poly) — T(u,y) + (I = A1) T2 o (),

where for ¢ = 1,2, I; is the identity mapping on X;.
The fixed point formulation (3.19) enables also us to suggest the following
iterative algorithm for approximating a solution of the SGMRE (3.1).

Algorithm 3.2. Suppose that X;, P;, Z\Z (it =1,2), 8, T, E and F are
the same as in the SGMRE (3.1). For any given (xo,yo), (2§, 24) € X1 X Xo,
ug € E(xo) and vy € F(yo), compute the iterative sequences {xn 5o, {yn S0,
{un ¥, {Un}flozo, {152, and {2152 by the following iterative schemes:
_ ph /
= R (o),

Yn = Rf; i ()
Un € E(xn); untr —unlr < (14 ﬁ)Dl(E(xn+l)vE(In))v
Vn € F(Yn); [[vnt1 —vnll2 < (1 + 1.|1_n) 2(F(Yn+1), F(yn)),
Zpi1 = Pi(xn) — S(wp,v,) + (I —
(

)
+ (L =AT)I)  (2),
Znpr = PaYn) = T(un, yn) + (2 = Ay )JP2 - (z1)

)
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where n = 0,1,2,...; A\; > 0 (i = 1,2) are positive real constants, and for
1 =1,2, D; is the Hausdorff metric on CB(X,).

It is worth mentioning that by the argument similar to that of Theorem 3.1,
one can study the convergence analysis of the iterative sequences generated by
Algorithm 3.2.

4. Some comments on H(-,-)-co-accretive mappings

This section deals with the investigation and analysis of the H(-,-)-co-
accretive mapping introduced and studied in [1]. By pointing out some impor-
tant remarks on H (-, -)-co-accretive mapping, we show that the main results in
[1] can be easily deduced by using the assertions presented in Sections 2 and 3.

Definition 4.1 ([1, Definition 2.2]). Let H : X x X - X, A,B: X — X be
the mappings and F : X — 2% be the normalized duality mapping. Then

(i) H(A,") is said to be cocoercive (or u-cocoercive) with respect to A, if
there exists a constant 1 > 0 such that

(H(Az,u) — H(Ay,u), j(x —y)) > pl| Az — Ayl|?,
V.’E,y,UGX, j(fE—y) G‘F(x_y);

(ii) H(-, B) is said to be relaxed-cocoercive (or v-relaxed cocoercive) with
respect to B, if there exists a constant v > 0 such that

(iii) H(A, B) is said to be symmetric cocoercive (or uy-symmetric cocoer-
cive) with respect to A and B, if H(A,-) is p-cocoercive with respect
to A and H(-, B) is y-relaxed cocoercive with respect to B;

(iv) H(A,B) is said to be mixed Lipschitz continuous with respect to A
and B, if there exists a constant r > 0 such that

|H(Az, Bx) — H(Ay, By)|| < rlz —yl, Vr,yecX.

Proposition 4.1. Let X be a real Banach space and F be the normalized
duality mapping from X into X*. Assume that A,B : X — X and H :
X x X — X are the mappings such that A is n-expansive, B is o-Lipschitz
continuous and n > o. Suppose further that the mapping H(A, B) is py-
symmetric cocoercive with respect to mappings A and B and P : X — X is a
mapping defined by P(x) := H(Ax, Bx) for all z € X. Then

(i) If un? = o2, then P is an accretive mapping;

(ii) If un® > vo?, then P is a (un? — ~yo?)-strongly accretive mapping;

(iii) If un® < vo?, then P is a (un? — yo?)-relaxed accretive mapping.
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Proof. In the light of the assumptions, for any x,y € X and for all j(z — y) €
F(xz —y), we have

(P(z) — P(y),j(z —y)) = (H(Az, Bx) — H(Ay, By),j(z — y))
= (H(Az, Bx) — H(Ay, Bz), j(z — y))
+ (H(Ay, Bz) — H(Ay, By), j(z — y))
> pl| Az — Ay|* —~|| Bz — By|®
> || — yl|* = vo?||lz -yl
= (un* —~o?)lz — yl*.

Now, the assertions (i)—(iii) follow respectively from parts (i), (ii) and (iv) of
Definition 2.1. O

Thanks to Proposition 4.1, every symmetric cocoercive bifunction H : X x
X — X with respect to mappings A, B : X — X, under the conditions im-
posed on A and B mentioned in it, is actually a univariate accretive, strongly
accretive, or relaxed accretive mapping and is not a new one. In fact, the
notion py-symmetric cocoercivity of bifunction H with respect to mappings
A and B presented in Definition 4.1(iii), where A and B are n-expansive and
o-Lipschitz continuous, respectively, is exactly the same concept of accretivity,
k = (un® —~0?)-strong accretivity, or o = (un? —~yo?)-relaxed accretivity of the
univariate mapping P := H (A, B) given in parts (i), (iii) and (iv) of Definition
2.1.

Definition 4.2 ([1, Definition 2.4]). Let M : X x X — 2% be a multi-valued
mapping, f,g: X — X be the mappings and F : X — 2% be the normalized
duality mapping. Then

(i) M(f,-) is said to be a-strongly accretive with respect to f, if there
exists a constant a > 0 such that

<U—U,j($—y)> ZOé||x_:l/||27 vxava EXa
’U,EM(f(.Z‘),w), veM(f(y),w), ](I_y) Ef(x—y);

(ii) M(-,g) is said to be S-relaxed accretive with respect to g, if there exists
a constant 8 > 0 such that

<’LL - ”U,j(fE - y)> > 76Hx - yH27 vxvyaw € X7
u € M(w,g(x)), ve M(w,g(y)), j(x—y) € Flz —y);
(iil) M(:,-) is said to be symmetric (or aS-symmetric) accretive with respect

to f and g, if M(f,-) is a-strongly accretive with respect to f and
M(-,g) is B-relaxed accretive with respect to g.

Proposition 4.2. Let X be a real Banach space and F be the normalized
duality mapping from X into X*. Suppose that f,g: X — X and M : X X
X — 2% are the mappings, and let the mapping M : X — 2% be defined by
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]\/Z(x) = M(f(z),g(x)) for all x € X. Moreover, let M(-,-) be aB-symmetric
accretive with respect to f and g. Then,

(i) If a = B, then M is accretive;

(ii) If a > B, then M is (o — B)-strongly accretive;

(iil) If @ < B, then M is (o — f8)-relaxed accretive.
Proof. In virtue of the fact that M(-,-) is aS-symmetric accretive with respect
to f and g, for any z,y € X, u € M(x),v € M(y) and j(z —y) € F(x —y), we
yield
=(u—w+w—v,jz-y))
=(u—w,j(@—y) +(w-vjx-y)
> al|lz — y|I* - Bllz — y?
= (a—p)|z -yl

In the light of the last inequality and invoking Definition 2.2(i)—(iii), the state-
ments follow immediately. O

(u—wv,j(z—y))

Based on Proposition 4.2, the concept af-symmetric accretivity of M :
X x X — 2% with respect to mappings f,g : X — X given in Definition 4.2(iii)
is actually the same notion accretivity, r = (a— 3)-strong accretiviy, or £ = («—
B)-relaxed accretivity of the univariate multi-valued mapping M:=M (f,9):
X — 2% presented in Definition 2.2(i)(iii). In other words, every symmetric
accretive mapping is exactly an accretive, strongly accretive or relaxed accretive
mapping, and is not a new one.

Ahmad and Akram [1] considered and studied a class of accretive mappings
the so-called H(-,-)-co-accretive mappings as a generalization of P-accretive
mappings as follows.

Definition 4.3 ([1, Definition 2.7]). Let A, B, f,g: X - X and H : X x X —
X be the mappings. A multi-valued mapping M : X x X — 2% is said to
be H(-,-)-co-accretive with respect to A, B, f and ¢, if H(A, B) is symmetric
cocoercive with respect to A and B, M(f, g) is symmetric accretive with respect
to f and g and (H(A, B) + AM(f,g))(X) = X for every real constant A > 0.

The next assertion tells us that the class of H(:,-)-co-accretive mappings
coincides exactly with one of the classes of P-accretive mappings, or (a — f)-
strongly P-accretive mappings, or P-maximal (o — §)-relaxed accretive map-
pings and in contrary of the claim in [1] is not a new one.

Proposition 4.3. Suppose that X is a real Banach space and F is the nor-
malized duality mapping from X into X*. Let A,B,f,g : X — X and H :
X x X — X be the mappings and let M : X x X — 2% be an H(-,-)-co-
accretive mapping with respect to A, B, f and g with constants p,v,a, 3 > 0.
Furthermore, let the mappings P : X — X and M : X — 2% be defined by
P(z) := H(Az, Bx) and M (z) := M(f(z),g(x)) for all x € X, respectively.



810 J. BALOOEE, S. S. CHANG, AND J. TANG

(i) If « = B, then M is a P-accretive mapping;
(ii) If a > B, then M is an (a — B)-strongly P-accretive mapping;
(iil) If a < B, then M is a P-mazimal (o« — B)-relazed accretive mapping.

Proof. Taking into account that M is H (-, -)-co-accretive with respect to A, B, f
and g, accordance with Definition 4.3, M(f, g) is aS8-symmetric accretive with
respect to f and g with constants «, 8 > 0, respectively, and (H(A,B) +
AM(f,9))(X) = X for every real constant A > 0. Utilizing Proposition 4.2, M
is accretive (resp. (a— 3)-strongly accretive, (o — )-relaxed accretive) if « =
(resp. a > B, a < ). At the same time, thanks to the assumptions, for every
real constant A > 0, we have (P + A]\/Z)(X) =(H(A,B)+ A M(f,9))(X) =X.
Now, the conclusions (i)—(iii) follow immediately. O

Note. In the rest of the paper, we say that M is an H (-, -)-co-accretive mapping
with respect to A, B, f and g, means that H(A, B) is puy-symmetric cocoercive
with respect to A and B, and M (f,g) is af-symmetric accretive with respect
to f and g, where p > v and o > f.

In order to define the resolvent operator associated with an H (-, -)-co-accret-
ive mapping, the authors [1] presented the following assertion in which the
required conditions for the operator (H (A, B)+AM (f,g))~! to be single-valued
for every real constant A > 0, are provided.

Lemma 4.1 ([1, Theorem 2.1]). Let X be a real Banach space and let A, B,
f,g: X =X and H: X x X — X be the mappings. Let M : X x X — 2%
be an H(-,-)-co-accretive mapping with respect to A, B, f and g. Let A be n-
expansive and B be o-Lipschitz continuous such that n > o. Then the mapping
(H(A,B) + AM(f,g))"" is single-valued for every real constant X > 0.

Proof. Let us define the mappings P : X — X and M:X — 2% as P(z) =
H(Az, Bz) and J/\/[\(x) = M(f(x),g(x)) for allz € X. Since o > 3, Proposition
4.3(ii) implies that M is an (a — B)-strongly P-accretive mapping. In the
meanwhile, taking into consideration the facts that H(A, B) is py-symmetric
cocoercive with respect to mappings A and B, and p > v and 1 > o, thanks to
Proposition 4.1(ii) it follows that P is a (un? —~yo?)-strongly accretive mapping.
Now, according to Corollary 2.1, the mapping (P + )\]\/4\)_1 = (H(A,B) +
AM(f,9))~': X — X is single-valued for every real constant A > 0. This gives
the desired result. O

Remark 4.1. Due to the proof of [1, Theorem 2.1] is similar to that of Theorem
3.8 in [4], the authors [1] deleted its proof. However, by a careful reading the
proof of [4, Theorem 3.8], we found that there is a small mistake in the contexts
of [1, Theorem 2.1] and [4, Theorem 3.8]. In fact, in the light of the proof of
[4, Theorem 3.8], in the contexts of [1, Theorem 2.1] and [4, Theorem 3.8],
the two constants n and ¢ in addition to being positive must be satisfied the
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condition 1 > o, as we have added the aforesaid condition to the context of
Lemma 4.1.

By virtue of Lemma 4.1 (that is, [1, Theorem 2.1]), Ahmad and Akram [1]
defined the resolvent operator ngw() N associated with an H (-, -)-co-accretive

mapping M : X x X — 2% and an arbitrary real constant A > 0 as follows.

Definition 4.4 ([1, Definition 2.8]). Let A, B, f,g: X - X and H: X x X —
X be the mappings, and let M : X x X — 2% be an H(-,-)-co-accretive
mapping with respect to A, B, f and g. Suppose further that A is n-expansive
and B is o-Lipschitz continuous such that n > o. The resolvent operator
R X = X is defined by
R (@) = (H(A,B)+ AM(f,9)) " (z), Vo€ X and A > 0.

H(-)
>\7M(.,.)
associated with an H (-, -)-co-accretive mapping M : X x X — 2% and an ar-
bitrary real constant A > 0 based on Lemma 4.1 (that is, [1, Theorem 2.1]).
According to Lemma 4.1, the two mappings A and B must be n-expansive and
o-Lipschitz continuous, respectively. At the same time, as we have pointed out
in Remark 4.1, the two constants 1 and ¢ in addition to being positive must be
satisfied the condition 17 > ¢. In the light of the above-mentioned arguments,
there is a small mistake in the context of Definition 2.8 of [1]. In fact, the condi-
tions n-expansivity of A and o-Lipschitz continuity of B such that n > o, must
be added to the context of [1, Definition 2.8], as we have done in the context of
Definition 4.4. On the other hand, by defining the two mappings P : X — X
and M : X — 2% as P(x) := H(Az, Bx) and J/\/[\(:c) = M(f(x),g(x)) for all
z € X, considering the facts that M is an H (-, -)-co-accretive mapping with
respect to A, B, f and g with constants u,7y,a,8 > 0, and a > 3, Proposi-
tion 4.3(ii) implies that M is an (o — B)-strongly P-accretive mapping. In
the meanwhile, relying on Note 4, H(A, B) is py-symmetric cocoercive with
respect to A and B. Since 1 > 7 and 7 > o, according to Proposition 4.1(ii), P
is a (un? — yo?)-strongly accretive mapping. Then, invoking Definition 2.4, for

every real constant A > 0, the resolvent operator Rf 7= ngw() ) X — X as-

Note, in particular, that the authors [1] defined the resolvent operator R

—

sociated with an (a — 3)-strongly P-accretive mapping M : X — 2% is defined
by

R o) = RY§;) (@) = (P+ M) 7 (@)
= (H(A,B) + AM(f,9)) '(z), Yz € X.

In fact, the notion of the resolvent operator Rfsw() ) associated with an

arbitrary real constant A > 0 and an H (-, -)-co-accretive mapping M : X x X —
2X presented in Definition 4.4, is actually the same concept of the resolvent
operator Rf i associated with (a — 8)-strongly P = H(-,-)-accretive mapping
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M= M(-,-) and real constant A > 0, given in Definition 2.4, and is not a new
one.

Section 2 in [1] is closed with an assertion on the Lipschitz continuity of the
resolvent operator ng\/[() along with an estimate of its Lipschitz constant as
follows.

Lemma 4.2 ([1, Theorem 2.2]). Let A, B, f,g: X - X and H : X xX — X be
the mappings. Suppose that M : X x X — 2% is an H(-,-)-co-accretive mapping
with respect to A, B, f and g with constants p,~y,« and B, respectively. Let A be
n-expansive and B be o-Lipschitz continuous such that o« > 5, p > v andn > o.

Then, for every real constant A > 0, the resolvent operator ng\/[() N X->X

is Lipschitz continuous with constant L = i.€.,

1
IR @) = RIS @)l < Llw—yll, vayeX.

Proof. Define the two mappings P : X — X and M:X — 2% by P(z) :=
H(Az, Bx) and ]\/Z(x) = M(f(x),g(x)) for all z € X, respectively. Since M
is an H (-, -)-co-accretive mapping with respect to mappings A, B, f and g, in
view of Note 4, H(A, B) is a uy-symmetric cocoercive mapping with respect
to A and B, and M(f,g) is an af-symmetric accretive mapping with respect
to f and g such that © > v and o > . Owing to these facts and in the
light of Propositions 4.1(ii) and 4.3(ii), with the help of the fact that n > o it
follows that P is a (un? —yo?)-strongly accretive mapping and M is an (o — B)-
strongly P-accretive mapping. Then, taking ( = un? — y02 and 0 = a — 3,
Theorem 2.2 implies that for any real constant A > 0, the resolvent operator
Rf\DJ\? = f,g\/[’().,.) : X — X is )\QlJrC =
i.e., for any z,y € X,

H(-, H(-,
IR} (@) = RY )l = 1R (@) = BYS) @)l

1 . . .
R Ere—— -Lipschitz continuous,

[l = yll

1
Aa = B) + pm? — yo? I

_ 1
T Ao+ ¢

=yl
This completes the proof. (I

Let for each i € {1,2}, X; be a real Banach space, A;, By, fi,9: : Xi = X,
Hi:XiXXi*}Xi,S:XlXXQ *)Xl andT:X1XX2 %ngethe
mappings, and let F : X; — 2%t and F : X5 — 2%2 be multi-valued mappings.
Suppose further that for each i € {1,2}, M, : X; x X; — 2% is an H;(4;, B;)-
co-accretive mapping with respect to A;, B;, fi and ¢g;. Recently, for given
two arbitrary real constants A;, A2 > 0, Ahmad and Akram [1] considered
and studied the problem of finding (z,y) € X7 X Xo, u € E(z), v € F(y),
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(/,2") € X7 x X5 such that

{ S, v) + AT () =0,
( !

—1 yHa(-,
T(u,y) + A; lJA;}wz)(,’_)

(4.1)

Hi, N HZ N
o=l AR S0 BiBY O,
H; (")

N Mi(e00) is the resolvent operator associated with the H;(A;, B;)-co-accretive
mapping M;. Corresponding to the system of generalized resolvent equations

(4.1), they considered and studied a system of variational inclusions as follows:
find (z,y) € X1 x X2, u € E(z) and v € F(y) such that

0 € S(x,v) + Mi(f1(x), g1(x)),
(4.2) { 0 € T(u,y) + Ma(fo(y), 92(y)).

By providing an alternative equivalence formulation in which the equiva-
lence between the system (4.2) and a fixed point problem is established, they
presented a characterization of a solution of the system (4.2) as follows.
Lemma 4.3 ([1, Lemma 3.1]). Let X;, A;, B;, fi, gi, Hi, M; (i = 1,2), S,
T, E and F be the same as in the system (4.1). Then (x,y,u,v) € X1 x X3 X
E(z) x F(y) is a solution of the system of variational inclusions (4.2) if and
only if (z,y,u,v) satisfies

v =R [H(A (@), Bi()) — MS(@,0)],
Hy (-
y =R Ha(Ax(y), Ba(y)) — 2T (u, ).

where A1, As > 0 are two arbitrary real constants.

where for each i € {1, 2}, ing\/[)(

Proof. Let us define for each ¢ € {1,2}, the mappings P; : X; — X, and
M; = Xj — 2% by Pi(x) = Hi(Ai(x:), Bi(:)) and M;(x;) = M;(fi(2:), gi(w:))
for all z; € X;, respectively. Taking into account that for each i € {1,2}, M;
is an H;(-,)-co-accretive mapping with respect to mappings A;, B;, f; and g,
according to Note (4.1), for each i € {1,2}, H;(A;, B;) is a p;7y;-symmetric coco-
ercive mapping with respect to A; and B;, and M;(f;, g;) is an «;f;-symmetric
accretive mapping with respect to f; and g; such that u; > v; and «; > f;.
In the light of these facts, from Propositions 4.1(ii) and 4.3(ii) and the fact
that n; > o, it follows that for each i € {1,2}, P; is a (u;n? — y;02)-strongly
accretive mapping and Z\Z is an (a; — B;)-strongly P;-accretive mapping. Then,
invoking Lemma 3.1, (z,y,u,v) € X1 X Xo X E(z) x F(y) is a solution of the
system

0€T(uy)+ My(y) | 0€T(w,y)+ Ma(fa(y),92(v)),
if and only if

{ 0 € S(w,v) + M (x) _{ 0 € S(z,v) + My (fi(x), g1 (),

{ o Rfll,ﬁl [Pr(x) = AS(z,v)]

Yy = Rf;m [P2(y) — AT (u,y)]
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_ { v =RySD S TH (A (@), Bi(x)) — MS(@, )],
y= Ry (A (y), Ba(y)) = AT (u,y),

where A; > 0 (i = 1, 2) are real constants. This ends the proof of the lemma. [

It is worthwhile to stress that in virtue of the above-mentioned discussion,
in contrary of the claim in [1], they, instead of presentation a characterization
of a solution for the system (4.2) involving H,(:,-)-co-accretive mappings M;
(1 = 1,2), gave actually a characterization of a solution of the system (3.2)
involving Pj-accretive mappings ]\Z (i=1,2).

Employing Lemma 4.3 (that is, [1, Lemma 3.1}), they proved the equivalence
between the two systems (4.1) and (4.2).

Lemma 4.4 ([1, Proposition 3.1]). Let X;, A;, B;, fi, g, Hi, M; (i =1,2), S,
T, E and F be the same as in the system (4.1). Then the system of variational
inclusions (4.2) has a solution (z,y,u,v) with (x,y) € X1 x X3, u € E(x) and
v € F(y) if and only if the system of generalized resolvent equations (4.1) has
a solution (2', 2", x,y,u,v) with (z,y) € X1 x X2, u € E(z), v € F(y), z; € X1
and z" € Xo, where

Hy(e
T = R)\l,gwl)( )(Zl)a
Ho (-,
y = R,\;,(Mz)( ’ )(z//)7
z' = H1(A1(z), B1(x)) — M S(z,v),

Proof. Let us define the mappings P; : X; — X; and ]\Z c X; = 2%ifori=1,2,
the same as in the proof of Lemma 4.3. By a same argument as the proof of
Lemma 4.3, it follows that for each i € {1,2}, P; is a (un? — v;0?)-strongly
accretive mapping and ]\/4\z is an (o — B3;)-strongly P;-accretive mapping. Then,
we observe that all the conditions of Proposition 3.1 hold and so Proposition
3.1 implies that (z,y,u,v) with (z,y) € X1 X X9, u € E(z) and v € F(y) is a
solution of the system

0 € S(w,v) + M (z) :{ 0 € S(z,v) + Mi(fi(2),1(x)),
0€T(u,y)+ Ma(y) 0€ T(u,y) + Ma(fa(y), 92(y)),

if and only if (', 2", x,y,u,v), where (2/,2"”) € X; x X5 is a solution of the
system

{ S(a,v) + AT L () =0 { S, v) + AT () =0,

T(uy) + A2 2 () =0 | T(uy) + A 020 () =0,
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satisfying
_ pP N _ pHi() ’

m—R;\;’ﬁl(z) R/\&Jyl( )(z),

y=RE () = RIEG) (),

2 = Py() — \S(x,v) = H(Al( ), Bi()) = MS(z,v),

2" = Pa(y) — AT, ) Hy(A2(y), B2(y)) — AT '(u, y),
where A; > 0 and RP 7 RA M, ( 9 (i = 1,2) are the same as in the system
of generalized resolvent equations (4.1). This gives the desired result. O

In order to approximate a solution of the system (4.1), the authors proposed
an iterative algorithm based on Lemma 4.4 (that is, [1, Proposition 3.1]) as
follows.

Algorithm 4.1 ([1, Algorithm 3.1]). Suppose that X;, A;, Bi, fi, i, Hi, M;
(1=1,2),5, T, E and F are the same as in the system (4.1). For any given
(20,y0) € X1 x Xa, ug € E(x0), vo € F(yo), 2, € X1 and z{ € X3, compute
the sequences {z;,}520, {25 }0%0, {Tn}nZo; {yn}nto, {untnie and {va}3i, by
the following iterative schemes:
Hy (-,

4.3) wn =R (5),

H
Yn = R)\;SVIQ)( )(ZH)
un € E(zn); unt1 — unll < D(E(zn41), E(24)),

Un € F(yn); [vns1 — vnll < D(F(yni1), F(yn)),
Znir = Hi(A1(z0), Bi(20)) — A1S(2n, vn),
4.8) Zn1 = Ha(A2(yn), B2(yYn)) — A2T (uns Yn),
wheren =0,1,2,... and A1, A3 > 0 are two real constants.

By a careful reading Algorithm 4.1, we found that the sequences {z,}52,
()20, {un}or 0n}0r {20130 and {2}32, generated by Algorithm
4.1 are not well defined necessarily. In fact, for any given (zo,yo), (20, %) €
X1 x Xo, ug € E(z) and vg € F(yp), the authors [1] computed (z,,y,) €
X1 x X2 by induction on n using the iterative schemes (4.3) and (4.4), and
then they claimed that one can choose up+1 € F(Tpt1) and vpi1 € F(Yny1)
such that the relations ||up+1 — un|| < D(E(xpn41), E(x,)) and ||[vp41 — vp]] <
D(F(yn+1), F(yn)) hold. However, if X is a complete metric space and T :
X — CB(X) is a multi-valued mapping, then Lemma 3.2 tells that for any
e > 0 and for any given x,y € X and u € T'(z), there exists v € T(y) such that
d(u,v) < (1+¢e)D(T(x),T(y)). Whereas, the following example shows that for
any given z,y € X and u € T'(x), there may not be a point v € T'(y) such that
d(u,v) < D(T(2), T(y)).

Example 4.1. Consider X =1°(Z)={z = {2, 52 _ | sup |zn| < 00, z,, € C},
neZ

the Banach space consisting of all bounded complex sequences z = {z,}52

=—00
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with the supremum norm |[|z]jec = sup |z,|- Any element z = {z,}32___ =
ez

— 00

{zn, +iyn 52 _ o €1°°(Z) can be written as follows:

z = Z {( 50,000,029 -1 Fiy20—1,0, T2 1 + Y26 41,0,...)
te{+1,43,...}

+ (.-.707.-.,O7$2t +iy2t707$2t+2 +iy2t+2707" ):|

= Z Yor—1 + Y2t4+1 _21‘(372171 * T241) (-..,0,...,0,42¢—1,0,42¢11,0,...)
te{+1,43,...}
+ Yor—1 — Y2¢+1 7;(332#1 — Tat1) (...,0,...,0,i2t-1,0, —i2t41,0,...)
Lty _;(mt FO22) 000, inesn,0, )
L= Yoo —2’i($2t — Tat42) (.y0,...,0,d94,0, —ig 12,0, ... )}

_ Yor—1 + Yarp1 — i(T2r—1 + Tarq1)
g B O2t—1,2t+1

te{+1,43,...}

Yor—1 — Yoae41 — H(Tar—1 — Toeq1)
+ 5 094—1,2t41

Yot + Yarr2 — (T2t + Tory2)
+ 5 O2¢,2t4+2

Yor — Yorq2 — WX — Tary2)

+ 5 Oa¢,2¢42|>

where for each t € {:l:l, +3,... }, 02t—1.2t+1 = ( .5 0,...,0,49¢1,0, i2t+1,
0,...), ¢ at the (2¢ — 1)th and (2¢ + 1)th coordinates, and all other coordinates
are zero, 0o, 19441 = (-++,0,...,0,4241,0, —i2¢41,0,...), 7 and —i at the
(2t —1)th and (2¢t41)th places, respectively, and 0’s everywhere else, oa; 2142 =
(...,0,...,0,42¢,0,49¢42,0,...), i at the (2¢)th and (2t 4 2)th coordinates, and
all other coordinates are zero, and 0y, o, 1 5 = (.. ,0,...,0,42:,0, —i2¢42,0,...),
i and —¢ in the (2¢)th and (2t + 2)th positions, respectively, and 0’s elsewhere.
Accordingly, the set

/ / . _
B = {02t71,2t+17 094126410 026,2t42, O 9p40 * 0= £1, 33, }

spans the Banach space [°°(Z). It can be easily seen that the set B is linearly
independent and so it is a Schauder basis for the Banach space [°°(Z). Let us
define the multi-valued mapping T : X — CB(X) as

b ;100 / .
@) {{n(nﬂ+l)! (nfhrgml}n:foo? 02t,2t, 52t,2t+2 :
x) = t==41,43,...} x # o}
) sec o S 2s5,25+2»
{o o} ct=+1,43,...} x = o}
2t—1,2¢+1,Y92¢—1,2¢+1 * ’ AR 2s,25+2>
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where v € [—1,0) is an arbitrary but fixed real number, «, 3,60 are arbitrary
but fixed even natural numbers, and s € {£1,43,...} is chosen arbitrarily
but fixed. Take 09,50 # * € X arbitrarily but fixed, y = 05, 5,,5 and

— ol ;100 — al i 00 :
U=\ 0 —lj,— Ma={——L7——i}2 then takin,
{n(nﬂJrl)! (4257 }nf—oo {n(nﬁ+1)! P +2yay }nf—oo7 g

into account that v < 0, for any ¢t € {£1,+£3,...}, we obtain

d(Ch 0’2t—1,2t+1)

g .

— ||{n(n’3+1)1 (7L9+2WZ}ZO:700 - 0’2t71,2t+1||oo
g ] gl 3

(DL TR a9y py((2e=1)Bn) (G prmen

= sup{| 1/,

gl
—1|:neZn#2t—1,2t+1
(2t + 1)(@HD7HD! (@D +20 o1 T)al [:n ¥ )
I(Qt_l)(m_l)m! 7<>+W —1|, ifte{2k+1lk e NU{0}},

v _ - _
|(2t+1)((2t+1)5+1)! (@0 2/t U, ift € {=@k+ 1)k € NU{0},

1—

y :
2ty i DT ift e {2k + 1|k e NU{0}},

= . _
1- 1)@ P (G R r ifte {—(2k+1)|k e NU{0}},

and

d(a, J£t71,2t+1)

¥ .
= I{ (nB11) (w02 e oo — 0/2t71,2t+1||00
nnf+1)! W
= sup{| B4l 17n9+2 ! |’| 8 7((2t—1)9+2)«!/ a1 1|7
nnf+1)! Y nal (2t _ 1>((2t—1) +1)! (2t—1)e!
gl
1 :neZ, 2t — 1,2t + 1
‘(2t+1)((2t+1)3+1)! (@) +2) [ 7)a] +1:n n# +1
- 7 —1]
(2t — 1)(@=DF 41 DT

gl

=1- .
(2t — 1)(@=12 41 DT

The fact that v € [—1,0) implies that

v )
(2t + §) (L0 +1)! (2t+0)%+2)) [ g)a1

5:i1;t:il,ﬁ:3,...}:1.

d(a, T(y)) = inf d(a,b) = inf {1 -
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In the case where a = 09y 2m+2 for some m € {£1,43,...}, then for each
te{£1,£3,...}, we get
d(a,09t—12t+1) = ||02m.2m+2 — T2t—1,2t+1]|cc = 1

and

d(aaOJQt—l,Qt-i-l) = HU2m,2m+2 - 0/2t—1,2t+1||00 =1
Thereby,

dla, Tw) = ol d(a.b) = 1.

If a = 09, 9,1 for some r € {+1,£3,...}, in virtue of the facts that for each
te{£1,43,...},

d(a,02t-1,2t41) = 0%y 2742 — O2t-12041 [0 = 1
and

d(av5§t71,2t+1) = ||U/2r,2r+2 - 0,2t71,2t+1||00 =1,
it follows that

d(a,T(y)) = beiITlfy) d(a,b) = 1.

These facts ensure that

sup d(a,T(y)) = 1.
a€T ()

If b= 09j_1,2;41 for some j € {£1,£3,...}, since v € [-1,0), we get

i .
a({ W’L}ZO:fooaobjfl,QjJrl)
n!

n(nf+1)! (nf+2

- b A

= H(n("ﬁ+1)! (neJrZW'L)n:—oo 52]—1,2]4-1”00

= supf| =] P -1,

pnf+1)! +2W (2] o 1)((2j,1)5+1)g ((2i—1) +2)\-/W
g . .
1ineZn£2j—1,2j+1
‘(2]’4_ 1)((2j+1)ﬂ+1)! ((2j+1)9+2W |:n n # 2j J }

v _ e

- \(2]'71)((2%1)%1)! T e 1], ifje {2k + 1|k e NU{0}},

) | . =1}, ifte{-(2k+1)keNuU{0}},

. ((2§4+1)B41)! ((25+1)%+2) [CZEET
(25+1)

1—

if j € {2k + 1|k e NU {0}},
if j € {—(2k+1)|k e NU{0}},

~

(2—1)(2i—DF+1)! (@i-00+2y e
al

(2j+1) (@408 1)1 (i) 20/ Erar

and for each t € {£1,+£3,...},

1—

d(02t,2t+2,02j—1,2j+1) = ||U2t,2t+2 - U2j—1,2j+1Hoo =1
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and
/ _ ! X . _
d(0%¢ 2042, 02j-1,2j+1) = |02 2042 — 02j-1,2j41]l00 = 1.
Since v < 0, we infer that

d(T(x),b) = aeigl"fx) d(a,b) = 1.

For the case when b = 05, 1 5,41 for some ¢ € {+1,£3,...}, in the light of the
fact that v € [—1,0), we yield

v .
d({ WZ}%O:—OO?OJQ(]—LZ(;—&-I)

(A1) (02
i +\ 00 !
H(n(nﬁ+1)| (n9+2ml)n:—oo O—Qq—l,Qq-‘rlHOO

gl gl
= su y -1 ’
vl n(r+1) 2 pal | (2g — 1)(@a=D2 1) G072/ =Ty |

g . _
| (g & @1 R g +1:n€Zn#2¢—1,2q+1}
= | K -1
_ 1)((2q=1)B 1)1 (2a=D+2) /(g Tyal
(2¢—1)

Y
(2q — 1)((2q—1)ﬂ+1)! ((2"’”9“)\!/W7

and for each t € {£1,+£3,...},

=1

d(02t72t+250l2q—1,2q+1) = ||U2t,2t+2 - Uéq—l,Qq-‘rlHOO =1
and
d(aét,2t+27aéq71,2q+1) = ||‘7§t,2t+2 - 0’,2q71,2q+1H00 =1
Considering the fact that v < 0, it follows that
d(T(z),b) = aeigfx) d(a,b) = 1.

Hence,

sup d(T(x),b) = 1.
beT'(y)

Thanks to the above-mentioned discussion, we deduce that

D(T(), T(y)) = max{ sup _d(a,T(y)), sup d(T(2),6)} = 1.
a€T(z) bET(y)
Owing to the fact that v € [—1,0), we derive that for each t € {£1,+£3,...},

2 .
[ ———t
nnf+1)! (n7+2) /el

— 02t—1,2t+1 Hoo
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- 1-— (gt_1)<<zz—1>ﬁ+1>!7<2H>9+2W >1, ift € {2k+1]|k e NU{0}},
=11 _— (2t+1)((2t+1)‘5+1)!7(2t+1)6+2)\!/m >1, ift € {—(2k+1) |k e NU{0}},
and
Ky Yoo ~ O usa
—1- 7 > 1.

(2t — 1)(@=17 41! (2t=1)%+2) [94 1)1
These facts imply that for any v € T'(y),
d(u,v) = lu —vllec > D(T'(2), T(y))-

It should be remarked that if T'(y) is a compact subset of X, then such a
point v does exist. In fact, if T: X — C(X), where C(X) denotes the family
of all the nonempty compact subsets of X, then for any given z,y € X and
u € T(x), there exists v € T'(y) such that d(u,v) < D(T(x),T(y)). Due to the
above-mentioned arguments, by rewriting the two relations (4.5) and (4.6), we
now present the correct version of Algorithm 4.1 as follows.

Algorithm 4.2, Let Xi; Ai7 Bi; fi, gi, Hi, Ml (Z = 1,2), S, T, E and F be
the same as in the system (4.1). For any given (xo,yo) € X1 X Xa, ug € E(xo),
vo € F(yo), 2 € X1 and z{ € Xa, compute the sequences {z],}5 o, {#1 1520,
{23520, {Un oo, {un}dly and {v,}52 by the following iterative schemes:

N YN

T, = RI)_}I’MI("') Zy,
v = RG0S (),
Un € E(2p); |[uns1 = tnlli < (14 5) D1(E(@n 1), E(2n)),

Up € F(yn)a ||'Un+1 - Un||2 < (1 + ﬁ)DZ(F(ynJrl)aF(yn)%
Zny1 = Hi(A1(zn), Bi(zn)) — AMS(Tn, vn),
Z;Z—&-l = HQ(AQ(yn)7 BQ(yn)) - /\QT(unayn)v

wheren =0,1,2,...; A1, Ao > 0 are positive real constants and fori=1,2, D;
is the Hausdorff metric on CB(X;).

By rewriting the system of generalized resolvent equations (4.1) and obtain-
ing a new format of it as

2= Hy(A(x), Bu(x)) = S(x,0) + (I = AT )G (2),

2" = Ho(As(y), Ba(y)) = T y) + (I = A ) I0G00 (),

Ahmad and Akram [1] used the above new fixed point formulations and con-
structed Algorithm 3.2 in [1]. But, by an argument analogous to the previ-
ous one, mentioned for Algorithm 4.1, one can deduce that Algorithm 3.2 in
[1] does not work. Indeed, because of (4.5) and (4.6) have been also used in
[1, Algorithm 3.2] to define the iterative sequences {z, }5% o, {Un}50s {Un}5os
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{3520, {20,152, and {2/}, by a similar argument given as above, we ob-
serve that the aforesaid iterative sequences generated by [1, Algorithm 3.2] are
not well defined. By editing (4.5) and (4.6) and rewriting them the same as
in Algorithm 4.2, we now present the correct version of [1, Algorithm 3.2] as
follows.

Algorithm 4.3. Assume that X;, A;, B;, fi, gi;, Hi, M; (i=1,2), S, T, E
and F are the same as in the system (4.1). For any given (x¢,yo) € X1 X Xo,
up € E(x0), vo € F(yo), 2y € X1 and 2§ € Xo, compute the sequences {z],}°,,
{2035 0, {zn S0, {Un}0, {un}ey and {v,}52 by the following iterative
schemes:

H,
=y NYXICAL
Yn = }\22)(]\42)(”.)(21/)7

Up € E(xn) ||Un+1 UnHl (1 + 1+n)D1(E($n+l)aE(zn))»
Vn € F(Yn); [[vnt1 —vnll2 < (1 + 1+n>D2( (Yn+1)s F(yn)),
_ Hy(,
2oy = Hi(Ar(20), Bi(2)) = S(an,v0) + (I = AT (),

21 = Ha(Aa(yn), Ba(yn)) = T(tn, yn) + (I = Ay )T (20),

where for i = 1,2, I; is the identity mapping on X;, and \;, D; are the same
as in Algorithm 4.2.

Note, in particular, that by defining the mappings P; : X; — X; and
M; : X; — 2% for each i € {1,2}, by Pi(z;) := H;(A;x;, Bia;) and M;(z;) =

M;(fi(xy), gz(zz)) for all z; € X, respectively, the same argument used in the
proof of Lemma 4.2 shows that for each i € {1,2}, P; is a (u;n? —7;02)-strongly
accretive mapping and Z\Z is an (a; — B;)-strongly P;-accretive mapping. Then,
Algorithms 4.2 and 4.3 become actually the same Algorithms 3.1 and 3.2, re-
spectively, and are not new ones.

Finally, the authors [1] concluded their paper with an assertion regarding
the existence of a solution for the system (4.1) and the convergence of the
iterative sequences generated by their suggested algorithm to the solution of
the above-mentioned system. Before proceeding to the main result in [1], we
need to recall the following notion presented in [1].

Definition 4.5 ([1, Definition 2.6]). Let A,B: X - X and H: X x X - X
be the mappings. Then

(i) H(A,-) is said to be generalized pseudocontractive with respect to A,
if there exists a constant s > 0 such that

(H(Az,u) — H(Ay,u), j(x —y)) < sllz =y,
vxayvnga ](‘rfy) E‘F(:r*y)a
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(ii) H(-,B) is said to be generalized pseudocontractive with respect to B,
if there exits a constant ¢ > 0 such that

<H(’U,,Bl‘) - H(U,By),j(.ﬁ _y)> S t”ﬂ?—yHZ,

Remark 4.2. Tt should be pointed out that if bifunction H : X x X — X is s-
generalized pseudocontractive and t-generalized pseudocontractive with respect
to mappings A : X — X and B : X — X, respectively, then the univariate
mapping P : X — X defined by P(x) := H(Axz, Bz) for all z € X is (s + t)-
generalized pseudocontractive, because of

(P(z) = P(y),j(z —y)) = (H(Az, Bx) — H(Ay, By), j(z — y))
= (H(Az, Bx) — H(Ay, Bz), j(z — y))
+ (H(Ay, Bx) — H(Ay, By), j(z — y))
<slla—yl? + tl|lz -yl
= (s +)[lz + yl*.

In the light of this fact, we found that the notion of generalized pseudocon-
tractiveness of the mapping H : X x X — X with respect to A and B given in
Definition 4.5 is exactly the same concept of generalized pseudocontractiveness
of the mapping P : X — X defined as above, presented in Definition 3.2 and
is not a new one.

Ahmad and Akram [1] finally proved the existence of a solution for the sys-
tem of resolvent equations (4.1) and studied the convergence analysis of the
sequences generated by their proposed iterative algorithm under some appro-
priate conditions imposed on the parameters and mappings. Before dealing
with the main result given in [1], we need to define the following notion.

Definition 4.6. For given mappings A, B : X — X, a mapping H : X x X —
X is said to be r-mixed contraction with respect to A and B if there exists a
constant r € (0, 1) such that

|H(Az, Bx) — H(Ay, By)| < rlz —yl, Vo,y € X.

Theorem 4.1 ([1, Theorem 3.1}). Let for each i € {1,2}, X; be a real Banach
space and let H; : X; x X; — X; be r;-mized contraction with respect to A;
and B;, s;-generalized pseudocontractive with respect to A; and t;-generalized
pseudocontractive with respect to B;. Suppose that S : X1 x Xo — X7 is
As, -Lipschitz continuous and Ag,-Lipschitz continuous in the first and second
arguments, respectively, and T : X1 x Xo — Xa is A, -Lipschitz continuous and
A, -Lipschitz continuous in the first and second arguments, respectively. Let
E: X, - CB(X;) and F : Xy — CB(X3) be Ap,-D1-Lipschitz continuous
and Ap,-Do-Lipschitz continuous, respectively, and let for each i € {1,2},
M; : X; x X; — 2% be an H;(A;, B;)-co-accretive mapping with respect to
Ay, By, fiygi 0 Xi — X, with constants u;, i, «;, B;, respectively, such that o; >
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Bi and p; > ;. Suppose further that for each i € {1,2}, A; is n;-expansive
and B; is o;-Lipschitz continuous such that n; > o;. If there exist constants
)\1, Ao > 0 such that

(49) 0<L1(K1+\/E+\/073)<1a
' 0 < Lo(Ky 4+ V02 +/0s) < 1,
where
K; = , Li = =1,2),
\/ 11— Ai(ai = Bi) + i — vio? ( )
b, — 1—!-/\1)\51 ) = )\1)\S2>\DF
17)\1()\514*)\52/\1)1;)’ 17)\1()\514*)\32/\1)1:)’
0. — >\2)\T1>\DE 0, — 1+)\2>\T2
3 — , U4 —

1_)\2()\T1)\DE+)\T2) 1_/\2(/\T1/\DE+)\T2),
)‘1()‘51 + /\Sz)‘DF) <1, )\2()\T1)\DE + )‘Tz) <1,

then the iterative sequences {xn}o0, {Un}oo, {un}so, {vn}s20, {20152,
and {z}22, generated by Algorithm 4.2 converge strongly to x,y,u,v,z and
2", respectively, and (x,y,u,v,z’,2") is a solution of the system (4.1).

Proof. Let us define the mappings P; : X; _>,\Xi and ]\//Z . X; — 2% for each
i€ {1,2} as Pi(z;) = Hi(A(x;), B(z;)) and M;(x;) = M;(fi(2z4), gi(x;)) for all
x; € X;, respectively. By the argument similar to that of Lemma 4.2, one can
deduce that for each i € {1,2}, P; is a (u;n? —~;0%)-strongly accretive mapping
and ]\//.72 is an (a; — B;)-strongly P;-accretive mapping. Since for each ¢ € {1,2},
H; is r;-mixed contraction with respect to mappings A; and B;, s;-generalized
pseudocontractive with respect to A; and ¢;-generalized pseudocontractive with
respect to B;, it follows that for each i € {1,2}, P; is r;-contraction, and
thanks to Remark 4.2, P; is (s; + t;)-generalized pseudocontractive. Then,
taking ¢; = pin? — vi02, 0i = a; — P and ; = s; + t; for each i € {1,2}, we
observe that (4.9) becomes actually the same (3.5). Furthermore, Algorithm 4.2
coincides exactly with Algorithm 3.1. Now, all the conditions of Theorem 3.1
are satisfied, and so the conclusion follows from Theorem 3.1 immediately. [

Remark 4.3. Tt is important to mention that by a careful reading the proof
of [1, Theorem 3.1], we found that there are some errors and small mistakes
in its context which must be resolved. Firstly, the authors assumed that
for each ¢ € {1,2}, the mapping H; is r;-mixed Lipschitz continuous with
respect to mappings A; and B;. Obviously, the fact for each ¢ € {1,2},

K; = 1/% implies that r; € (0,1). Owing to the fact that ev-

ery r-Lipschitz continuous mapping with » € (0,1) is contraction, it follows
that for each ¢ € {1,2}, the mapping H; is actually a r;-mixed contraction
with respect to 4; and B;. In virtue of this fact, in context of [1, Theorem
3.1], the assumption of r;-mixed Lipschitz continuity of the mapping H; with
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respect to mappings A; and B; (i = 1,2) must be replaced by the assumption
that for each ¢ € {1,2}, the mapping H; is r;-mixed contraction with respect
to A; and B;, as we have done in the context of Theorem 4.1. Secondly, the
authors [1] assumed that the mappings M; and My are Lipschitz continuous
with constants L; = Al(al—ﬁl)iﬂln%—’}ﬂo% and Lo = /\2(%_52)_&#27@_%03, re-
spectively, whereas the sufficient conditions for the multi-valued mappings M;
and My to be Lipschitz continuous with constants L; and Lo, where L; and
Lo are the same as in above, are stated in Lemma 4.2. According to Lemma
4.2, for each i € {1,2}, the multi-valued mapping M; : X; x X; — 2%i needs
to be an H;(-,-)-co-accretive mapping with respect to A;, B;, f; and g; with
constants p;, 7y, «; and (;, respectively, such that «; > 8; and p; > ;, and
the mappings A; and B; need to be m;-expansive and o;-Lipschitz continu-
ous, respectively, such that 7; > o,. Hence, in the context of [1, Theorem
3.1], the assumption that the mappings M; and M are Lipschitz continuous
with constants L; = Al(alfﬁl)ium’f’fvmf and Ly, = )\2((127[32”1#2”%7%6%, re-
spectively, must be replaced by the above-mentioned conditions related to the
mappings A;, B;, fi,g; and M;, as we have done in the context of Theorem
4.1. Thirdly, in view of (4.9), the assumptions of A;(As, + As;Ap,) < 1 and
A2(Ar Ap, + A1) < 1 must be added to the context of Theorem 3.1 of [1], as
we have added to the context of Theorem 4.1. At the same time, as we have
already shown, Algorithm 4.1 (that is, [1, Algorithm 3.1]) does not work and
Algorithm 4.2 is its correct version. Hence, in the context of Theorem 3.1 of
[1], Algorithm 4.1 must be replaced by Algorithm 4.2, as we have done in the
context of Theorem 4.1.

Acknowledgments. The authors thank the editor and anonymous reviewers
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