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BACH ALMOST SOLITONS IN
PARASASAKIAN GEOMETRY

UbpAy CHAND DE AND GOPAL GHOSH

ABSTRACT. If a paraSasakian manifold of dimension (2n + 1) represents
Bach almost solitons, then the Bach tensor is a scalar multiple of the
metric tensor and the manifold is of constant scalar curvature. Addition-
ally it is shown that the Ricci operator of the metric g has a constant
norm. Next, we characterize 3-dimensional paraSasakian manifolds ad-
mitting Bach almost solitons and it is proven that if a 3-dimensional
paraSasakian manifold admits Bach almost solitons, then the manifold is
of constant scalar curvature. Moreover, in dimension 3 the Bach almost
solitons are steady if r = —6; shrinking if » > —6; expanding if » < —6.

1. Introduction

ParaSasakian (in short, ps) manifolds were introduced by Adati and Mat-
sumoto in 1977 [1] as a special case of an almost paracontact (in short, apc)
manifold introduced by Sato [26]. However, in [21] Kaneyuki and Kozai de-
fined an apc manifold on pseudo-Riemannian manifold A of dimension (2n+1)
and constructed the almost paracomplex shape on AN?"*1 x R. The primary
difference among an apc manifold within the sense of Sato [26] and Kaneyuki
et al. [22] is the signature of the metric. In 2009, Zamkovoy [29] defined a
ps manifold as a normal paracontact manifold by taking pseudo-Riemannian
metric and the author obtains a condition for a paracontact manifold to be a
paraSasakian manifold.

Bach tensor was introduced [2] by Bach to observe conformal geometry in
early 1920’s and showed that Bach tensor is a trace-free tensor of rank 2 which
is conformally invariant in dimension 4. Therefore, as an alternative of the
Hilbert-Einstein functional, one chooses the functional

(1) W(g) = /N | C 2 duy
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for a 4-dimensional manifold, where C denotes the Weyl tensor of type (1,3)
defined by

() C(%, %)% = R(%1, %) 2 — 5 [8(Z, 26) 21 — S( 71, Z) 2
+9(Z2, Z3)QZy — g(Z1, Z3)QZs)]

,
+ W_D[Q(zm Z3)Z1 — g(Z1, Z3) Zs),

where R denotes the Riemannian curvature tensor, S being the Ricci tensor
and Q indicates the Ricci operator defined by g(QZ1, Z2) = S(Z1, Z3) for all

smooth vector fields Z;, Z and Z3. On any Riemannian manifold (N, g) of
dimension (2n 4 1), the Bach tensor B of type (0,2) is defined by

n

(3) B(Zle2) = m Z ((vwvvj C)(Zlavi)vjaZQ)
i,j=1
1 n
+ 27’L—1 S(’Ui,’l)j)C(Zl,Ui,’Uj,ZQ),
i,j=1

{vl}fgfl being a local orthonormal basis of the tangent space at each point of
the manifold.
Utilizing the expression of Cotton tensor [28]

(4) Co(Z1,22)Z3 = (V2,8)(Z2, Z3) — (V2,8)(Z1, Z3)

- %[(er)g(Zz, Z3) — (Zar)g(Z1, Z3)],

and the Weyl tensor (2), the Bach tensor can be expressed as

n

> (Yo, Co)(vi, Z1) Z2) + S(vi, 0:)C(Zy, 03, v, Z2)]
=1

1
2n—1

(5) B(Z1,2,) =

for all smooth vector fields Z; and Z>.

For more information about Bach tensor, we confer the reader ([5,12,14,16,
18,27]) and references therein.

In [11], Das and Kar investigate the various aspects of Bach flows on product
manifolds. They compare their results with Ricci flow. In general relativity,
such flow is proposed in [4] to characterize the Harava-Lifschitz gravity and
short time existence of such flow was investigated by Bahuaud and Helliwell
in [3]. In 2013, Cao and Chen published their work on Bach flat gradient
shrinking Ricci solitons in [10]. Later, the author Ho [20] studied depthly the
solitons of the Bach flow and bach flows on a four dimensional Lie group. On
four dimension the Bach flow was also characterized by Helliwell on locally
homogeneous product manifolds in 2020 [19]. Recently Ghosh [17] studied
Bach almost solitons in Riemannian geometry, defined by

(6) (fvg)(ZhZQ)‘i’QB(Zl,ZQ) = 2)\g(Zl7Z2),
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£v being the Lie derivative along the vector field V' and V is the potential
vector field; A is the soliton constant.

The present paper is structured as follows: Section 2, contains some basic
formulas of paraSasakian manifolds. Section 3 deals with the study of Bach
almost solitons in a paraSasakian manifold. Finally, we consider 3-dimensional
paraSasakian manifolds admitting Bach almost solitons.

2. ParaSasakian manifolds

Let N?"*! be a (2n+1)-dimensional smooth manifold. If there exit a tensor
field ¢ of type (1,1), a vector field ¢ and a 1-form 7 on N?"*! fulfilling the
following relation ([6,7,26])

(7) ¢*=1-1®( 1()=1, ¢(=0,T0¢=0,
where T is the identity transformation, then the triplet (¢, ¢, 7) is an apc struc-
ture and the manifold is an apc manifold.

If an apc manifold N?"*1 with an apc structure (¢, ¢, 7) admits a pseudo-
Riemannian metric g such that [21]

(8) 9(Z1,22) = —g(¢Z1, 9 Z>) + 7(Z1)7(Zo)

for all vector fields Z; and Z,, then we say that N2"*! is an apc structure
(¢,¢,7,9) and such a metric g is called a compatible metric. The fundamental
2-form of A2"*1 is defined by

(I)(Zla Z2) = g(Zla d)ZQ)
An apc metric structure becomes a paracontact metric structure if
dr(Z1,Z2) = 9(Z1,9Z2)

for all vector fields Z; and Zs, where

d’T(Zl,ZQ) = [ZlT(ZQ) —ZQ’T(Zl) —T([Zl,ZQ])],

1
2
[Z1, Z5) being the Lie bracket of Z; and Zs.

Paracontact manifolds have been studied by numerous authors such as Cal-
varuso ([8,9]), Mertin-Molina [25], Kaneyuki and Willams [22], Zamkovoy et
al. [30] and lots of others.

An apc manifold is called normal ([23,29]) if and only if the tensor Ny —
2dr ® € vanishes identically, Ny being the Nijenhuis tensor of ¢ : Ny(Z1, Z2) =
[0, 0)(Z1, Z2) = ¢*[Z1, Za] + (921, 6Za] — |92, Za] — G| Z1,9Za]. A normal
paracontact metric manifold is known as a paraSasakian manifold. It is known
[29] that an apc manifold is a paraSasakian manifold if and only if

9) (Vz,0)Z2 = —g9(Z1, Z2)C + 7(Z2) 21

for all vector fields Z;, Z5, where V is the Levi-Civita connection of the pseudo-
Riemannian metric. From the above equation it follows that

(10) V(= —¢7,.
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Moreover, in a ps manifold the curvature tensor R, the Ricci tensor S and the
Ricci operator Q defined by ¢(QZ1, Z2) = S(Z1, Z2) satisfy [29]

(11) R (21, 22)¢ = =(7(22) 21 — 7(21) Z2),
(12) R(¢,Z1) 22 = —g(Z1,Z2) + 17(Z2) 21,
(13) S(Z1,¢) = —2n71(Z1),

(14) Q¢ = —2n¢.

ParaSasakian manifolds have been studied by several authors such as Ghosh et
al. [13], De and Sarkar [15], Erken [24], Zamkovoy [29] and many others.
Zamkovoi [29] proved the following:

Proposition 2.1. Let N?"t! be a paraSasakian manifold. Then
(15) S(Zy,022) = —=S(¢Z1, Z2) — 9(Z1, 6 Z)
for all smooth vector fields Zy and Zs.

3. Bach almost solitons and paraSasakian manifolds

Let (g,¢, \) be a Bach almost solitons in a (2n 4+ 1)-dimensional ps manifold
N. Then

(16) (£c9)(Z1, Z2) + 2B(Z1, Z2) = 2)g(Z1, Z2).
Using (10), we obtain
(17) (£¢c9)(Z1,Z2) = 9(V2,C, Z2) + 9(Z1,V 2,) = 0.

Using (17) in (16) yields
B(Zl, ZQ) = )\g(Zl, Zg)
This leads to the following:

Theorem 3.1. Let (g,(, \) be a Bach almost solitons in a (2n+1)-dimensional
paraSasakian manifold N'. Then the Bach tensor is a scalar multiple of the
metric tensor.

Setting Z3 by ¢ in (2) yields

1
2n —1
—7(21)QZ]+

(18) C(Z1,22)¢ = R(Z1, Z2)(—

[S(Z2,0)Z1—8(Z1,() Z2+7(22) Q21
r
—|7(4s) Z1—7(Z1) Z
2n(2n71)[T( 2)Z1—7(Z1)Z5]
for all smooth vector fields Z; and Zs.
Operating Q on both sides of (18) and using (11), (13), we have

(19) QC(Z1.22)0) = (L= g + st =5 (H(22)QZ1 — 7(21)QZ)

o (F(2)Q 2~ (1) Q).
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Taking an orthonormal basis {v;} and replacing Zs and Z4 by v;, we obtain

2ol r2 — 4n? | Q|? —4n?

(20) Z 9(Q(C(Z1,v:)Q), vi) = *mT(zl) +l,

[7(Z1).
Substituting ¢ for Zs in (4) we get
(21) CO(ZhZQ)C = g((vZ1Q)Z2aC) —g((szQ)Zl,C)

N %[(er)T(ZQ) — (Zor)7(Z41)].

From Proposition 2.1, it follows that
(22) PQZ1 = QoZy — ¢ Zy.
Combining (10) and (14), we have
(23) (Vz, Q)¢ =2n¢Z1 + Qo Z:.
From the preceding equation, it follows that
(24) 9((V2,Q) 22, Q) = 2ng(0Z1, Z2) + 9(QoZ1, Z2).
Using (24) in (21) yields
(25)  Co(Z1, Z2)¢ = 2ng(9pZ1, Z2) + 9(QdZ1, $Z>)
—2ng(¢pZ2, Z1) — 9(QdZ2, Z1) + 9(QZ2, $Z1)

+(22,0%) - - (Zar)7(Z2) — (Zar)r( )

n
Differentiating (25) along the vector field Z4, provides
(26)  (V2,Co)(Z1,2Z2)¢ = V2,Co(Z1, Z2)¢ — Co(Vz, 21, Z2)C
— Co(Z1,V 2,22)¢ — Co(Z1, Z2)V z,C.
Utilizing (10) and (25) in (26), we obtain
(27)  (V2,Co)(Z1, 22)¢ = 2ng((V2,0)Z1, Z2) — 9((V2,Q) Z1, ¢ Z2)
—9(QX, (Vz,0)2Z2) — 9(Z1,(Vz,0)Z2)
—2n9((Vz,0) 22, 21) + 9((V2,Q) Z2, ¢ Z4)
+9(QZ2,(Vz,0)Z1) + 9(Z2, (V 2,6) Z1)

1
- E[Q(VZ4DT7 Zl)T(ZQ) - g(vZ4Dr7 Z?)T(Zl)

— 9(0Z4, Z2)(Z17) + g($Z4, Z1)(Zar)],

where D denotes the gradient operator.
From (25) we can easily obtain the following

(28) Co(Vz,21,22)¢ = 2ng(¢V 2,21, Z2) — 9(QV 2,21, 9 Z2)
—9(Vz,21,0Z3) — 2ng(¢pZ2,V 7,21)
+9(QZ2, ¢V 2,Z1) + g(Z2, §V 2, Z4)
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- (V22007 22) ~ (Zor)r (V2. 20)

Similarly, from (25), we can obtain
(29) Co(21,V2,22)¢ = 2ng(6Z1,V 2,Z2) — 9(QZ1, ¢V 2, Z2)
—9(Z1,¢V 2,2Z2) — 2ng(dV 2,22, Z1)
+9(QV 2,22, 921) + g(V 2,22, 621)

[(Z17)7(V 2,22) = ((V 2, Z2)7)7(Z1)].

1

4an
Again from (4), we infer

(30) Co(Z1, Z2)V 2,C = (V2,8)(Z2, $Zs) — (V2,8)(Z1, $Za)

— - (Zin)g(22,72) — (Zar)g( 21, 624).
Utilizing (27), (28), (29) and (30) in (26) we have
(31) (V2,Co)(Z1,Z2)¢
=2n9((Vz2,0) 21, Z2) — 9((V2,Q) Z1, $Z2)
—9(Q%1,(V2,0)Z2) — 9(Z1, (V2,0) Z2) — 2ng((V 2,0) Z2, Z1)
+9(V2,Q)Z2,9Z1) + 9(QZ2, (V2,8) Z1) + 9(Z2, (V 2,6) Z1)

41 (9(Vz,Dr, Z1)7(Z2) — g(V 2,Dr, Z2)7(Z1) — 9($Z4, Z2)(Z17)
+ 9(0Z4, Z1)(Zar)] — 2ng(9NV 2,21, Z2) + 9(QV 2, 21, $Z2)
+9(Vz,Z1,07Z3) + 2“9(¢22,Vz421) 9(QZs, ¢V 2, Z1)

—9(Z2,¢V 2,Z1) + *[((VZ421)7“)T(22) — (Z2r)7(Vz,21))

—2ng(¢Z1,V 2,Z2) + Q(QZh OV 2,22) + 9(Z1, ¢V 2, Z2)

+ 2“9(¢VZ4ZZ, Z1) = 9(QV 2,22,021) — 9(V 2,22, $Z1)

+ @[(ZN‘)T(VZ;%) = ((Vz,22)7)7(Z1)] = (V2,8)(Z2, $Z4)

+ (VyS)(Z1, 9Z4) + ﬁ[(zﬂ")g(zza ¢Z4) — (Z2r)g(Z1, $Z4)].

Substituting Z; = Z4 = v; in (31), where {v;} is an orthonormal basis, we have

2n—+1
(32) > (Vo Co)(vis Za)C
i=1
= 2ng(vi, Z2)7(vi) + g((Vo, Q)dvi, Z2) + g(Qui, Z2)7(v;)
- ﬁ[g(vaT, 0i)7(Z2) = g(Vo, Dr, Z2)7(vi) — g(pvi, Z2)(vir)].

From Proposition 2.1, it follows

(33) Q71 = QoZy — ¢Z1.



B.A.S. IN PARASASAKIAN GEOMETRY 769

Now

(34) 9((V2,Q)9Z2, Zs) + 9((V2,Q) Z2, ¢Z4)
= 9((V2,Q0Z2 — QV 2,023), Z1) + 9((V2,QZ2 — QV 2, Z2), ¢ Za).
Making use of (9) and (33) in (34) implies
9((Vz,Q)0Z2, Zs) + 9((V2,Q) Z2, ¢ Z4)
= 9((V2,0)QZ2, Zs) + 9(Q(V 2,8) Z2, Zs).
Using (9) and (13) in the foregoing equation, we have

(35) 9(V2,Q)9Z2, Za) + 9(V2,Q) Z2, $Z4)
= —9(Z21,QZ2)7(Zs) — (2n — 1)g(Z1, Z4)7(Z2)
+ (2n = 1)g(Z1, Z2)7(Zs) + 9(QZ1, Z4)7(Z2).
Putting Zo = Z4 = v; in the above equation, where {v;} is an orthonormal
basis, we get
2n+1 2n+1

Z 9((Vz,Q)ovi, v;) + Z 9((Vz,Q)v;, pv;) = 0.

i=1 i=1
That is,
2n+1

(36) > 9((V2,Q)¢vi,vi) = 0.

i=1
Substituting Z; = Z4 = v; in (35) yields
2n+1 1
B7) Y (Ve Q)Zogv) = (—An® = 1)7(Z2) — divé Zy = S(6Z0)r.
i=1
Using (36) and (37) in (32) yields
2n+1

(38) D (Vu,Co)(vi, Z2)C = 2(—4n® — r)7(Z2)

i=1

— %@5227“)
~ - l(div Dryr(2:) — 9(VcDr, 7).
Now

(39) 9(Qui, v;)g(C(Z1,vi)v;), Z2) = —9(C(Z1, i) Z2, Qui)
= —g(QC(Z1,vi) Za, v;).

Combining (3) and (39), we have

2n+1 2n41

1D (V.Co)(vi, Z1, Z2) = > 9(QC(Z1,v:) Za, v3)]

i=1 i=1

1
2n—1

(40) B(Zy,Z,) =

for all smooth vector fields Z; and Z5.
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Replacing Z5 by ¢ in (6) and using (20), (38), (40) yields

1 1
(41)  2(4n —4n® +r)1(Zy) — §(¢er) — E[(divDr)T(Zl) —9(V¢Dr, Zy)]
r? — 4n? | Q|? —4n?
+ mT(Zl) - [W]T(zl) —A7(Z1) =0.
Replacing Z; by ¢Z; in the above equation implies
(42) V¢Dr = 2n¢Dr.

Since ( is a Killing vector field, so
(43) £er=0.
Taking exterior derivative d in (43), provides
Ledr =0,

since £¢ and d commutes.
From the preceding equation, we have

(44) f(DT =0.
Using (10) in (44), we have
(45) £¢Dr = —¢Dr.

Finally, equations (42) and (45) together reveal ¢Dr = 0, that is, Dr = 0.
Hence the manifold is of constant scalar curvature. Now, since r is constant
so from (41), it follows that the Ricci operator of the metric g has a constant
norm.

As a result, the following theorem emerges:

Theorem 3.2. Let (g,(, \) be a Bach almost solitons on a paraSasakian man-
ifold of dimension (2n+ 1). Then the manifold is of constant scalar curvature
and the Ricci operator of the metric g has a constant norm.

4. Bach almost solitons in 3-dimensional paraSasakian manifolds

In this section we characterize 3-dimensional ps manifolds admitting Bach
almost solitons. In a 3-dimensional Riemannian manifold the curvature tensor
is given by

(46) R(Z1,Z3)Z3 = 9(Z2,Z3)QZy — 9(Z1, Z3)QZ2 + S(Z2, Z3) Z,
r
—S(Z1,23)Zy — 5[9(227 Z3) 2y — g(Z1, Z3) Zs]
for all smooth vector fields 7, Z> and Z3.

Substituting Z; = Zs = ¢ in (46) and making use of (12), (13) and (14)
implies

(47) QZ = (3= Hr(Z)C+ (14 5)2s.
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From the foregoing equation, it is quite clear that

(48) Q¢ = 9Q.
Using (10) and (47), we infer that
(49) (Vz,Q)¢ = Qo Zy.

From (21) and (49) we have

(50) Co(Z1, 22)¢ = —29(QdZ1, Z2) — i[(zﬂ")T(Zz) — (Z2r)T(Z1)].

Using (4), (9), (47) and (50) in (26) yields

(51) (Vz,Co)(Z2, Z3)¢ = 9((V2,Q)Z3,0Z1) — 9((V2,Q) Z2, 921)
+29((V2, Q)b 22, Zs) + 49(Z1, Z2)7(Z3)
+28(Q2, Z5)r(%) + 11o(Z2,07) (Zor)
— 9(Vz,Dr, Z3)7(Z3) — g(¢Z1, Z3)7(Z2)
—g(Vz,Dr,Z3)1(Z2)].

Putting Z; = Z3 = v; in (51), where {v;} is an orthonormal basis, we get

(52) (Vu, Co)(vi, Z3)¢

= 9((V, Q) Zs, ¢vi) — 9((V 2, Q)vi, dvy)
+29((V, Q)pvs, Zs) + 127(Z3) + 2S(Quy, Z3)T(v4)

+ 5105, 0 (wir) — 9(Vo, Dr,v)7(Zs) — gl60i, %) ()
— (Vi Dr, Z)7 (w1
Now from (48), we have

(53) 9((V2,Q)9Z3, Z3) + g((V2,Q) Z2, ¢Z3)
= 9((V2,0)Q22, Z3) + 9(Q(V 2,0) 22, Z3).
Again using (9) and (48) in the foregoing equation yields
(54) 9(Vz,Q)9Z2, Z3) + g((V2,Q) Z2, $Z3)
= —9(21,Q%Z)7(Z3) = 29(Z1, Z3)7(Z2)
+29(Z1, Z2)7(Z3) + 9(QZ1, Z3)7(Z2).

Taking an orthonormal basis {v;} and replacing Zs and Z3 by v;, we infer

3 3
> 9(V2,Q)ovi,vi) + > 9((Vz, Q)ui, dvi) = 0.
=1 =1

That is,
3

(55) > 9((V2,Q)¢vi,v;) = 0.

i=1

771
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Setting Z1 = Z3 = v; in (46) yields
3

(56) > (V. Q)Ze,00) = (r = 200l Z2) - 5 (02
Making use of (47), (55) and (56) in (52) yields
(BT)  (VaCo)(wi Z5)C = 3(r + 6)7(Zs) — 59(67s, D)

+ i[(dw Dr)7(Z3) — g(V¢Dr, Z3)].

Since in a 3-dimensional paraSasakian manifold Weyl curvature tensor vanishes,
so equation (5) reduces to

3
(58) B(Z1,Z5) = [(V4,Co)(vi, Z1) Z5))]

i=1
for all smooth vector fields Z; and Zs.
Replacing Z5 by (¢ in (6) and using (57) and (58) provides
(59) 30+ 6)7(21) — 59(6%1, Dr)
+ i[(di’uDT)T(Zﬁ —g(V¢Dr, X)) — M (Zy) = 0.
Replacing Z; by ¢Z; in (59) implies
(60) VeDr = —6(¢Dr).
From (45) and (60), we have Dr = 0, that is, r is a constant.
Then from (59), it follows that
A=3(r+6).
This leads to the following:

Theorem 4.1. Let (g,(,\) be a Bach almost solitons on a paraSasakian man-
ifold of dimension 3. Then the manifold is of constant scalar curvature. More-
over, the Bach almost solitons are steady if r = —6; shrinking if r > —6;
expanding if r < —6.
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