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THE CLASSIFICATION OF w-LEFT-SYMMETRIC
ALGEBRAS IN LOW DIMENSIONS

Zu1Ql CHEN AND YANG WU

ABSTRACT. w-left-symmetric algebras contain left-symmetric algebras as
a subclass and the commutator defines an w-Lie algebra. In this paper, we
classify w-left-symmetric algebras in dimension 3 up to an isomorphism
based on the classification of w-Lie algebras and the technique of Lie
algebras.

1. Introduction

A vector space L over F is called an w-Lie algebra if there is a bilinear map
[,-] : L x L — L and a skew-symmetric bilinear form w : L X L — F such that

1) [z,y] = =y, ],

(2) [lz, 9l 2] + [y, 2], 2] + [[2, 2], y] = w(z, y)z + w(y, 2)x + w(z, 2)y,
hold for any z,y,z € L, denote by L. The notation is given by Nurowski in
[17], and there are a lot of studies in this field such as [7-9, 20, 21]. Clearly
w-Lie algebras include Lie algebras as a subclass.

It is well-known that left-symmetric algebras are defined by the representa-
tion of Lie algebras. A natural question is to define w-left-symmetric algebras
by the representation of w-Lie algebras, which is given in [19] as follows. Let
V., be a vector space over F with a bilinear map (x,y) — xy. If there is a
bilinear map w : V,, x V,, = F such that

(xy)z — x(yz) — (yx)z + y(x2) = w(z,y)z, Va,y,z € V,,

then V, is called an w-left-symmetric algebra. Left-symmetric algebras (or
pre-Lie algebras, quasi-associative algebras, Vinberg algebras and so on) are
w-left-symmetric algebras with w = 0, which are first introduced by A. Cayley
in 1896 ([5]). They appear in many fields in mathematics and mathematical
physics, for more details see [2—4,6,10-16, 18] and so on. Moreover V,, is an

Received May 28, 2022; Revised November 18, 2022; Accepted December 15, 2022.

2020 Mathematics Subject Classification. Primary 17A30, 17B60.

Key words and phrases. w-Lie algebra, w-left-symmetric algebra, w-isomorphism, iso-
morphism.

This work was partially supported by NNSF of China (11931009 and 12131012) and
Guangdong Basic and Applied Basic Research Foundation (2023A1515010001).

(©2023 Korean Mathematical Society

747



748 Z. CHEN AND Y. WU

w-Lie algebra under the commutator [z,y] = 2y — yx, which is denoted by
(Vuw [" ])

The classification of left-symmetric algebras in dimension 3 is given by Bai in
[1]. This paper is to classify w-left-symmetric algebras with w # 0 in dimension
3 based on the classification of w-Lie algebras given by Nurowski in [17].

The paper is organized as follows. In Section 3, we recall some notations
and results on w-Lie algebras. In particular, we list the classification of w-Lie
algebras in dimension 3 given by Nurowski. Here we point out that there are
two w-Lie algebras in Nurowski’s list which are w-isomorphic. In Section 4, we
obtain w-left-symmetric algebras in dimension 3 based on the classification of
w-Lie algebras given by Nurowski, i.e., Theorem 3.3. In Section 5, we compute
the automorphisms of w-left-symmetric algebras given in Theorem 3.3, and
then give the classification up to an w-isomorphism.

2. w-Lie algebras

Definition 2.1 ([17]). Let L be a vector space over F. If there is a bilinear
map [-,-] : L x L — L and a skew-symmetric bilinear form w : L x L — F such
that

1) [z,y] = —[y, =],

(2) [lz, 9l 2] + [y, 2] 2] + [[2, 2], y] = w(z, y)z + w(y, 2)x + w(z,2)y,
hold for any x,y,z € L, then L is called an w-Lie algebra, denote by L,,. The
second identity is called the w-Jacobi identity, and L, is called simple if L,
has no non-trivial ideal.

Clearly Lie algebras are w-Lie algebras with w = 0. Let L, be an w-Lie
algebra in dimension 2 with w # 0. Then there exists a basis {ej,e2} of L,
such that

(1) [e1,e2] =0, w(ey, ez) = a for some a # 0, or
(2) [e1,e2] = ea, w(er,ez) = a for some a # 0.
Definition 2.2. Let L, and Ly be w-Lie algebras over F. If there is a linear
isomorphism p : L, — Lgq such that
p([z,y]) = [p(), p(¥)], Y,y € Lo,
then p is called an isomorphism from L, to Lg. Furthermore, if w(z,y) =
Q(p(z), p(y)), then p is called an w-isomorphism.
Denote by Isom(L,, Lo) and Isom,, (L., Lq) the sets of isomorphisms and
w-isomorphisms from L, to Lq, respectively. Clearly
Isom,, (L, Lq) C Isom(L,, Lo).
Set Aut(L,,) = Isom(L,,, L,,) and Aut, (L, ) = Isom,, o, (Lw, Lw)-
Example 2.3. Let L,, be an w-Lie algebra in dimension 2 with a basis {e1, e2}
satisfying
[61,62] = €1, w(el,eg) =1.
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It is easy to see that Aut(L,) = (& ?) for a # 0. Furthermore, if f € Aut,, (L),
then

a= w(f(el)v f(eQ)) = o‘)(ela 62) =1
That is, Aut,,(L,) = (§%). For this case,
Auty, (L) C Aut(Ly,).

Proposition 2.4. Let L, and Lo be w-Lie algebras with dim L, = dim Lq > 3.
Then

Isom(L,,, La) = Isomy, o (L, La).

Proof. It is enough to prove Isom(L,, Lo) C Isom, o(Ly, Lo). For any p €
Isom(L,, Lo),

w(z,y)p(z) +w(y, 2)p(x) + w(z, z)p(y)

p(w(z,y)z + w(y, 2)z + w(z,2)y)

p([[z,y], 2] + [ly, 2], 2] + [[2, 2], y])

= [[p(x), ()], p(2)] + [[p(y); p(2)], p(2)] + [[p(2), p(2)], p(y)]

= Qp(x), p(y))p(2) + Qp(y), p(2))p(z) + Q(p(2), p(2))p(y)

by the w-Jacobi identity and the definition of an isomorphism. For any z,y €
L, there exists z € L,, which does not belong to the subspace generated by z
and y. It means that p(z) does not belong to the subspace in Lg generated by
p(x) and p(y). Hence the above identity shows that Q(p(x), p(y)) = w(x,y),
ie., p € Isom, o(Ly, La). O

Theorem 2.5 ([17]). Let L,, be an w-Lie algebra of dimension 3 over R with
w # 0. Then L, is one of the following types. That is, there exists a basis
{e1,e2,e3} of L, such that

(1) [e1,e2] = ea, [ea,e3] = e, [e3,e1] = —e3, wler,e2) =0, w(ez,e3) =2
and w(es,e1) = 0. It is type IVr.

(2) [e1,e2] = —e1, [e2,e3] = €1 +e3, [e3,e1] = —ea, w(er,e2) =0, w(ez,e3)
=0 and w(es,e1) = —2. It is type Vig.

(3) [e1,e2] = e, [e2,e3] = ey, [e3,e1] = —ea—e3, w(er,e2) =0, w(ez, e3) =
2 and w(es,e1) = 0. It is type VIp.

(4) [61;62] = €2 — €1, [62763] =€ + €3, [63761} = —€2 — €3, W(61,62> = 07

w(ea,e3) =2 and w(es,e1) = —2. It is type Viy.
(5) [e1,e2] = e2, [e2,e3] = €1, [e3,e1] = ea—e3, w(er,ea) =0, w(ea,e3) =2
and w(es,e1) = 0. It is type VIIp.

(6) [e1,e2] = —e3, [e2,e3] = €1 — aea, [e3,e1] = ez + ae1, w(er, e2) = —2a,
w(ez,e3) =0 and w(es,e1) = 0. It is type VIII,.
(7) [61762] = aez — €3, [62;63] = €1, [63761] = €2 — aes, W(617€2) = 07

w(ea,e3) = 2a and w(es,e1) = 0. It is type VIIIp,.
(8) le1,ea] = aea—es, [e, €3] = e1—aey, [e3,e1] = aei+ea—aes, w(er, ex) =
—2a, w(ez,e3) = 2a and w(eg,e1) =0. It is VIIIy,.
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(9) [e1,e2] = e3, [e2,e3] = e1 — aea, [e3,e1] = e + aer, w(er,e2) = 2a,

w(eg,e3) =0 and w(es,er) = 0. It is type 1X,.

Here a > 0 is a real number.

Remark 2.6. In the above classification, two w-Lie algebras of types V.S and
VT are isomorphic, and there is no isomorphism for the other types of w-Lie
algebras. Assume that L, and Lq are w-Lie algebras of types VIg and VIp,
respectively. Let {e1, ea, e3} be the basis of L, satisfying

le1,e2] = —e1, [e2,e3] =e1 +e3, [e3,e1] = —ea,
w(er,es) = wles,e3) =0, wles, er) = —2
and let {F1, Eq, E5} be the basis of Lq satisfying
[E1, Bo] = Eo, [Ea, B3] = E1, [E3,E1] = —Ey — E3,
Q(Ey, E2) = Q(E3,FE1) =0, Q(FE2, E3) = 2.
Define a linear map f from L, to Lo by
fle1) = Ea, f(e2) = En, f(e3) = Es.
It is easy to see that f € Isom(L,, Lo) = Isom,, o(Lw, La).

Definition 2.7 ([21]). Let L, be an w-Lie algebra and M a vector space. If
there is a linear map v : L,, — End(M) such that

([, yh)m = P()p(y)m — Y(y)y(x)m + w(z,y)m, Yo,y € Ly, m € M,
then (i, M) or 1 is called a representation of L.

3. w-left-symmetric algebras

Definition 3.1 ([19]). Let V,, be a vector space over F with a bilinear map
(z,y) — xy. If there is a bilinear map w : V,, x V,, — F such that

(3.1) (zy)z — 2(yz) — (yz)z + y(22) = w(z,y)2, Vo,9,2 € V.
Then V, is called an w-left-symmetric algebra.

For an w-left-symmetric algebra V,,, it is easy to check that

(1) wisskew-symmetric, and clearly V,, is a left-symmetric algebra if w = 0.
(2) V, is an w-Lie algebra under the commutator [z,y] = zy — yz. Denote

it by (Vwa ['7 ])
(3) Define a linear map ! : V,, — End(V,,) by i(z)(y) = l,(y) = zy. Then I
is a representation of the w-Lie algebra (V,,, [-,]).

That is, an w-left-symmetric algebra can be considered as an extension of a
left symmetric algebra, and the relationship between w-left-symmetric algebra
and w-Lie algebra is similar to that between Lie algebra and left-symmetric
algebra. The following is to classify w-left-symmetric algebras in low dimensions
which are not left-symmetric algebras, i.e., w # 0.
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Theorem 3.2 ([19]). Let V,, be an w-left-symmetric algebra in dimension 2
with w # 0. Then there is a basis {e1,e2} of Vi, such that w(ei,e3) =1, and
(1) ere1 = e1, erea = ea, ese; = —ey + €2, eges = aey + bea, or
(2) ere; = ey + aea, e1ea = eg, ege] = —e1 + €3, eges = —2e5.

We will classify w-left-symmetric algebras of dimension 3 over R based on
the classification of w-Lie algebras given by Nurowski. Assume that V,, is an
w-left-symmetric algebra of dimension 3 with the product (x,y) — zy. Then
V., is an w-Lie algebra of dimension 3 under the commutator [z,y] = xy — yz.
Suppose that there is a basis in V,, such that

[61762} = ki% [62763} = li% [63761] :Piezw
w(€1,€2) = C12, w(€2,€3) = C23, W(€3,€1) = C31-

Then the product of the w-left-symmetric algebra is equivalent to that, for any
x eV,

(e1e2)x — €1 (ege1)x + ea(erx

(eze3)x — €2

e = C127,

(
(

) — )
esx) — (esea)x + es(eax) = cosx,
)

Let I, denote the left multiplication on V,,, i.e., l,(y) = xy, and denote by
A, B, C the matrices of l.,, l.,, l., under the basis {e1, e, e3}, respectively,
ie.,
le,(e1,e9,e3) = (e1,ea,e3)A,
le,(€1,€2,€3) = (e1,€2,€3)B,
les(€1,€2,e3) = (e1,e2,e3)C.
Then the above equations are equivalent to
k'l,, — AB + BA = ¢y,
(3.2) l'le, — BC 4+ CB = cy3,
pilei —CA+ AC = c31.

3.1. (V, [+ "]) is type IVy as an w-Lie algebra
Then there is a basis {e1, €2, e3} such that

[61’62] = €2, [62563] = €1, [63561] = —E€s3,

wler,ez) =0, wlez,e3) =2, w(es,e1) =0.

It is easy to see that (V,,[-,+]) is simple as an w-Lie algebra. Moreover, we have
ain a2 @13 a2 bz bz a3 biz—1 ag
A= laxn ax ax|,B=|ax—1 by by|,C=| ax bas  ca3

azy asz G33 azz b3z b33 azz — 1 b33 33
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By (3.2), we have
AB—BA-B=0,BC-CB—-A+2[=0, AC-CA-C=0.
By the second one, we have A = [B,C] + 2I. Putting into the other two, we
have
B=[[B,C|,B], C =][|B,C],C].
It means that {B,C,[B, C]} generates a Lie subalgebra of R3*3. Then
[B,C], [B,Cll + [[C, [B, Cl, Bl + [[[B, C], B], C] = 0.

It follows that 2[B,C] = 0. Then B = C' = [B, C]| = 0, which is impossible.
That is, there is no w-left-symmetric algebra V,, such that (V,,, [-,]) is type
1Vp.

3.2. (V[ ]) is type VI as an w-Lie algebra
Then there is a basis {e1, ea, €3} such that
[e1, €2] = €2, [e2,e3] = €1, [e3,e1] = —ea —e3,
w(er,es) =0, w(ez,e3) =2, w(es,er) =0.

Clearly, (V,,, [, -]) is simple. Moreover, we have

a1 a2 a3 aiz b1 b3 a13 biz—1 ci3
A=lax ax ax|,B=|ax—1 by ba]|,C=am—1 bz ca3].
a31 a2 ass azs b3z b33 azz — 1 b33 €33

By (3.2), we have
AB—BA—-B=0, BC—-CB—-A+2[=0, AC—-CA-C—-B=0.
By the second one, we have A = [B,C| 4 2I. Putting into the other two, we
have
B = HB,C],B], B+C= [[B,C},C]
That is, {B,C, [B,C]} generates a Lie subalgebra of R3*3. Then
([B,C1, B, Cl + [[C,[B,C]], B] + [[[B, €], B], C] = 0.

It follows that [B,C] = 0. Then B = C = [B, C] = 0, which is impossible.
That is, there is no w-left-symmetric algebra V,, such that (V,,, [-,]) is type
Vip.

3.3. (Vu,[+]) is type VIN as an w-Lie algebra
Then there is a basis {ej, €2, e3} such that
[e1,e2] = e2 —e1, [ea, e3] = e1 +e3, [e3,e1] = —e3 — ea,
w(er,e2) =0, w(ea,e3) =2, wles,er) = —2.
Clearly, (V,,,[-,]) is not simple. Moreover, we have
a;; a1z c1n a2 +1 bz ci2+1 ¢ Ciz C13
A= |az az ca+1]|,B=|a2—-1 ban c2 ,C=|ca ca2 ca3].

azr as2 c31+1 as2 bza c32+1 C31 €32 €33
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By (3.2), we have
B-—A-AB+BA=0, A+C—-BC+CB=2I, -B-C—-CA+AC = -21.
That is,

B-A=[AB], A+C=2I+[B,C], B+C=2[+[A,C].

Consider the dimension k of the Lie algebra L generated by {A, B,C,T}.
First we know k # 1.
If £ =4, then {A,B,C,I} is a basis of L. Moreover, under this basis, we
have

0 -1 0 0 1 0 1 0

01 1 0 10 0 0

ada=10 ¢ 1 o|"®B=1¢ o 1 o

0 0 -2 0 0 0 -2 0

It follows that

1 1 1 0 1 1 -1 0
P e T R B R (s B S B
A= o o of?*ABT|l 0o 0 0 o0
0 0 0 0 0 0 0 0

It contradicts to B — A = [A, BJ.
If £ = 3, we divide into four cases:
(1) {A,B,C} is a basis of L. Let 2] = zA + yB + zC. Then
B-A=[AB], 1-z2)A—yB+(1-2)C=[B,C],
—2A4+(1—-y)B+(1-2)C=[4,C].

It means that

0 -1 -z 1 0 1—=2z T z—1 0
ady=10 1 1—-y],adg=(-1 0 y ,yadg=|y—1 Y 0].
0 0 1-—=z 0 0 1—=z z—1 z2—1 0

Since 21 € L and ady; = 0, we have xzad4 + yadp + zadg =0, i.e.,

y+az 2x—1)—x —ylr—1)—22

O=(z(y-1-y at+yz  —aly—-1) -y
z2(z—1) z2(z—1) —(x+y)(z—1)
By z(z—1)=0,wehave z=0o0r z=1. If z=1, then 2(y — 1) —y = =1 # 0,
which is a contradiction. Thus z = 0. Thus x = y = 0. It follows that
2] =xA+yB+ c¢Z = 0, which is also a contradiction.
(2) {A, B, I} is a basis of L. Let C = zA + yB + zI. Then we have
B—A=[AB], (1+z)A+yB+(z—-2)I=—z[A, B],
A+ (1+y)B+ (2 —2)] =y[A, B].
Putting the first one into the second one, we have A+ (z+y)B+ (2 —2)I = 0,
which is impossible.
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(3) {A,C, I} is a basis of L. Let B =xA + yC + zI. Then we have
(x—1)A+yC+ 2l =y[A,C], A+C-—-2[=<z[AC],
zA+ 1+y)C+ (2—2)I =[4,C].
Putting the third one into the first and second one, we have y = z = 0 and

x =1. That is, A = B and A + C = 21, which is impossible.
(4) {B,C, I} is a basis of L. Let A =xB + yC + zI. Then we have

(1—-2)B —yC -zl = —y[B,(],
zB+ (14+y)C+ (2 —2)I =[B,C], B+C-2I=xB,C].

Putting the second one into the first and third one, we have y = z = 0 and
x =1. That is;, A = B and B 4 C = 2I, which is impossible.

If k =2, we will discuss the following three cases:

(1) If {A, I}, or {B,I}, or {C,I} is a basis of L, then [4,B] = [A,C] =
[B,C] =0. Then A= B and A+ C = 2I. That is,

aq alfl 2*&1 aiy alfl 2*(11 2*0‘1 17&1 a172
A=laz ax+1 1—ay]|,B=|ay a+1 1l—as|, C= —a2 l—ay —-1+4as].
az a3 l—ag az a3 l—ag —az  —az l4ag

(2) If {A,B} is a basis of L, then we have that A — B = [B — A,C] =
[[4, B],C] =0, i.e., A = B, which is impossible.

(3) If {A,C} or {B,C} is a basis of L, we have the same solution as (1).

That is, if V, is an w-left-symmetric algebra such that (V,, [+, ]) is type VI,
then there exists a basis {e1, e, es} of V, such that

eiel = ege] = aje; + agey + azes = 2e; — ezeq,
€169 = €269 = (a1 — 1)61 + (az + 1)62 + aszez = 262 — e3ea,
€1€3 = eg€3 = (2 — (11)61 + (1 — a2)62 + (1 — a3)€3 = 2e3 — eges,
w(er,e) =0, wles,e3) =2, wes,er) = —2.
3.4. (V[ ]) is type VIIT as an w-Lie algebra
Then there is a basis {e1, e2, €3} such that
le1,e2] = €2, [e2,e3] = e1, [e3,e1] = ex — e3,
w(er,e2) =0, w(es,e3) =2, wes,er) =0.

Clearly, (Vi,,[-,]) is simple. Moreover we have

a1l a2 ai aiz bia b3 a3 biz—1 eci3
A=ax ax ax|, B=|ax—1 by ba|,C=|as+1 by c23|.
azy az2 aG33 azs b3z b33 azz — 1 b33 33

By (3.2), we have
B—-AB+BA=0, A-BC+CB=2I, B-C+AC—-CA=0.

It means that
B= [[B’C]aBL -B+C= HB,C],C]
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That is, {B,C, [B,C]} generates a Lie subalgebra of R3*3. Then
([B,C], 1B, Cll + [[C, [B, Cl, B] + [[[B, C], B], C] = 0.

It gives 2[B, C] = 0, furthermore B = C' = [B, C] = 0, which is impossible.
That is, there is no w-left-symmetric algebra V,, such that (V,,, [, ]) is type
VIp.

3.5. (V,[°]) is type VIII, as an w-Lie algebra

Then there is a basis {ej, €2, e3} such that

[e1,e2] = —es5, [e2,e3] = €1 —aea, [e3,e1] = aer + €2,
w(er,es) = —2a, w(es,e3) =0, w(es,e1) =0, a>0.
Clearly, (Vi,,[-,-]) is simple. Moreover we have

a1 a2 Ci1 —a a12 b2 ci2+1 €11 €12 Ci13
A=|ax ax cn—-1|, B= ag2 baa co2—a|,C=|co co2 c23]-
az1  asz c31 azs +1 b3 c32 €31 €32 €33

By (3.2), we have

~C—-AB+BA= -2, A—aB-BC+CB=0,
aA+B+AC—CA=0.

Then we have
—A+aB =B, A],B], aA+ B = [|B, 4], A].
That is, {B, A, [B, A]} generates a Lie subalgebra of R3*3. Then we know
1B, 4], 1B, A]) + |4, [B, AI], B] + [[[B, A}, B], 4] = 0.

It follows that 2a[B, A] =0, so B = A = [B, A] = 0, which is impossible.
That is, there is no w-left-symmetric algebra V,, such that (V,,[-,]) is type
VIII,

3.6. (V.,[]) is type VIIIr, as an w-Lie algebra
Then there is a basis {e1, e2, €3} such that

[81762] = aeg — €3, [62583] = €1, [63581] = €2 — aes,

w(er,es) =0, wles,e3) =2a, w(es,er) =0, a>0.

Clearly, (V,,, [-,-]) is simple for a # 1. Moreover we have

ail a2 G13 a2 b2 bi3 a3 biz—1 ci3
A=lax axp ax|,B=|ax—a by by|,C=|a3+1 ba3 C23 | .
asy as2 ass aza+1 b3a b33 azz —a b33 C33

By (3.2), we have
aB-C—-AB+BA=0, A-BC+CB =2al, B—aC+ AC—-CA=0.
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It means that
aB-C=]B,C],B], —-B+aC =[[B,C],C].
That is, {B,C, [B,C]} generates a Lie subalgebra of R3*2. Then we know
([B,Cl,[B,Cll + [[C, B, C, B] + [[[B, C], B], C] = 0.

It gives 2[B,C] = 0, then B = C. Since it is impossible for B = C' = 0, we
have A = 2I and a = 1. Then we have

2 0 0 0 a1 a1 +1
A= 0 2 0 s B=C= 1 a2 a2
0 0 2 1 a3 a3

That is, if V,, is an w-left-symmetric algebra such that (V, [, ]) is type VIIIp,,
then a = 1 and there exists a basis {e1, es,e3} of V,, such that

ere] = 2ey, ejea = 2eq, ejez = 2es,
€2e1 = ege1 = ez + €3,
€€z = €362 = aje1 + azez + azes,
esez = ezes = (a1 + 1)e; + ageq + ages,
w(er,ea) =0, wles,e3) =2, w(es,er) =0.
3.7. (Vu,[+]) is type VIIIN, as an w-Lie algebra
Then there is a basis {ej, €2, e3} such that
[e1,e2] = aes — e3, [ea,e3] = e1 — aea, [e3,e1] = aey + ez — aes,
w(er,es) = —2a, w(es,e3) = 2a, wles,e1) =0, a > 0.
Clearly (V,,, [-,]) is simple. Moreover we have
(au a2 CL13) ( a2 bia 513) (aw +a biz—1 013>
A= a2 ax a3 |, B=|ax—a by bys|,C=|as+1 byz+a ca3]|.
asl azz  as3 azz +1 b3 bs3 asgzs—a  bzz 33
By (3.2), we have
aB—C—-AB+ BA=—-2al, A—aB—- BC+CB =2al,
aA+ B —aC+AC - CA=0.
That is,
aB—C+2al =[A,B], A—aB —2al =[B,C], —aA - B+aC =[A,C].

Let L be the Lie subalgebra of R3*3 generated by {4, B, C, I} with the dimen-
sion k.
Case 1: kK = 4. Then we have

0 0 —a 0 0 0 1 0 a -1 0 0
0 a -1 0 —-a 0 —-a O 1 a 0 O
ada=|g 3 4 o= 1 o o of’®=|_a 0 0 0
0 2a 0 0 2 0 —2a 0 0 2 0 0
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By adj4,p) = adaB—c+241, We have a = 0, which is impossible.
Case 2: k = 3. We will discuss the following cases:
(1) If {A, B,C?} is a basis of L, let 2al = xA+ yB + zC, then we have

A+ (y+a)B+ (z—1)C = [4, B,
(1-2)A—(y+a)B—2C=[B,C], —aA—-B+aC =][AC].

Under this basis, we have

0 T —a —x 0 1—=z a x—1 0
adp=10 y+a —-1),adg=|-y—a 0 —y—al],adec=|1 y+a 0].
0 z—1 a 1—-z O —z —a z 0

Then by ad_sa-B+ac = ad(a,c), we have

a’+x —a a’+zr-1 a’®+x a+y—ar—az a®+x—1
2a+y 0 2a+y = 2a+y —-Tr—z 2a +y .

—a’>+z2-1 a —a®+z —a®’+2-1 ax—y—a+azr —a’>+z
It follows that ©+ = —z and y = —2a. Then 24l = z(4A — C) — 2aB, so
adga—c)—245 = 0. That is,
ar T ar — 2a
—x—2> 0 —2-—2a*| =0,
—2a —axr —x —ax

it follows that £ = 0 and a = 0, which is impossible.
(2) If {A, B,2al} is a basis of L, assume that {A, B, C} is linear dependent
by (1), then C' = 2 A + yB. It follows that
—2A+ (—y+a)B+2al =[A,B], A—aB—2al = —z[A, B],
(ax —a)A — (ay — 1)B = y[A, B].
It gives y = 0, which is impossible. Similarly, we can show that {A, C,2al}
and {C, B,2al} are not the basis of L.
Case 3: k = 2. We discuss the following cases.
(1) {A,2al}, or {B,2al}, or {C,2al} is basis of L. For any case, then we
have
aB—-C+2al =0, A—aB —2al =0, —aA— B+ aC =0.
It gives A = C and B = 0, which is impossible.
(2) {A, B}, or {A,C}, {C,B} is a basis of L. For the first case, let C' =
A+ yB and 2al = pA + qB. Then we have
1—p==z(z —p), (i) a(x—1)=ylp—=), (i
.., and .
atqg=ux(g+a—y), (i ay—l=ylg+ta—y). (iv)
By (i), we have p=2+1orz = 1. If x = 1, then y = 0 by (ii), but (iv) doesn’t
hold. So p =z + 1, then y = a(z — 1) by (iii). Then
ay—1=ylg+a—-y)=alx-1)(¢+a-y)=ala+q)—alg+a—y) =ay,

which is impossible.



758 Z. CHEN AND Y. WU

Clearly k # 1. That is, there is no w-left-symmetric algebra V,, such that
(Voo [+ °]) 1s type VIIIn,.

3.8. (Vs [+ ]) is type I X, as an w-Lie algebra

Then there is a basis {e1, €2, e3} such that

[e1, e2] = e3, [e2, €3] = e1 — aeq, [e3,e1] = aeq + e,

w(er,es) = 2a, w(ez,e3) =0, wles,er) =0, a>0.

Clearly (V,,, [, ]) is simple. Moreover we have

ay b11 ci1—a bir b2 ci2+1 €11 C12 €13
A=|axn ba1 co1—1],B=1[by by co—al|,C=|cu co c23|.
az; b3 +1 C31 b31  b32 C32 €31 €32 C33

By (3.2), we have

C—2al —AB+BA=0, A—aB—-BC+CB=0,
aA+ B+ AC —CA=0.
It means that
A—aB =[B,[A,B]], —aA — B =A,|A, B]].
That is, {B, A, [A, B]} generates a Lie subalgebra of R3*3. Then we know
[[A, B, [A, B]] + [[B, [A, B]], A] + [[[A, B], A], B] = 0.
It gives 2a[A, B] = 0, then [A,B] = 0, C = 2al and a® + 1 = 0, which is
impossible.
That is, there is no w-left-symmetric algebra V,, such that (V,,, [, ]) is type
I1X,.

In summary, we have the structure theorem of w-left-symmetric algebras in
dimension 3.

Theorem 3.3. Let V,, be an w-left-symmetric algebra over R in dimension 3.
Then one of the following cases holds:
(1) Vi, is a left-symmetric algebra.
(2) (Vi [-]) 4s type VIN, and there exists a basis {e1,ea,es} of V., such
that
e1e1 = e2€1 = aie1 + agez + agez = 2eq — ezex,
€1€p = €9€9 = (a1 — 1)61 + (a2 + 1)62 + az€z = 262 — €3€9,
€1€3 — €2€3 — (2 — 01)61 —+ (]. — 02)62 —+ (]. — 03)63 = 263 — €3€3,

w(€1762) - 07 w(62ae3) = 23 w(e?nel) = _2
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(3) (Vi []) is type VIIIr, with a =1, and there exists a basis {e1,ea,e3}
of Vi, such that

€e1e; = 2617 €1€9 = 262, €1€3 = 263,
exe] = eze] = ez + €3,

exey = ezex = aje; + azez + ases,

egesz = ezez = (a1 + 1)e; + azez + ages,

wler,e2) =0, w(ez,e3) =2, wles,er) =0.

4. The isomorphism of w-left-symmetric algebras

Definition 4.1. Let V,, and Vi, be w-left-symmetric algebras over F. If there
is a linear isomorphism p : V,, — Vg such that

plzy) = p(x)p(y), Yo,y € Vo,
then p is called an isomorphism from V,, to V. Furthermore, if w(z,y) =

Q(p(x), p(y)), then p is called an w-isomorphism.

Denote by Isom(V,,, V) and Isom,, o(V., Va) the sets of isomorphisms and
w-isomorphisms from V,, to Vi, respectively. Clearly

Isom,, o (V,,, Vo) C Isom(V,,, Vo).

Proposition 4.2. Let V,, and Vg be w-left-symmetric algebras with dim'V,, =
dim Vo > 1. Then

Isom(V,,, Vo) = Isom,, oV, Va).

Proof. It is enough to prove Isom(V,,, Vo) C Isom, o(V.,Va). For any p €
Isom(V,, Vo),
w(z,y)p(2)

p((xy)z — 2(y2) — (yz)2 + y(22))
(p(z)p(y))p(2) —p(x)(p(y)p(2)) = (p(¥)p(x))p(2) +p(y) (p(7)p(2))
= Q(p(), p(y))p(z)

by the definitions of w-left-symmetric algebras and isomorphisms. For any
x,y € V,, there exists 0 # z € V,,, then p(z) # 0. Hence we have Q(p(x), p(y))
=w(z,y), i.e., p € Isomy, o(V., Va). O

In the following, we will compute Isom(V,,,V,,) for V,, in cases (2) and (3)
of Theorem 3.3, and then discuss the classification up to an isomorphism (i.e.,
w-isomorphism by Proposition 4.2). We first give a simple fact.

Lemma 4.3. Let V,, be an w-left-symmetric algebra and p € Isom(V,,,V,,). If
x € Vi, such that I, = kI, then I, = kI.

Proof. Since p € Isom(V,,,V,,), we have p(z)p(y) = p(xy) = kp(y) for any
y € V.. Thus I, = kI. O

p(z
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Case (2) in Theorem 3.3. Then {f1 =ej,fo =e3—e1,f3 =e3+ea}isa
basis of V, such that

Jf1fi = bifi +bafo + b3 fs,

Nife=—=fa fifs =2fi+ f2+ fs,

fafi = fafa = fafs =0,

fsf1=2f1, fafa=2f2, fsfs =2fs.

Here by, bs, b3 are arbitrary real numbers. Assume that p € Isom(V,,, V). By
Lemma 4.3 and the algebraic structure, we must have

p(f2) =bf2, p(fs) = —afa+ f3, b#0.

Furthermore, by p(f1f2) = p(f1)p(f2) and p(f1fs) = p(f1)p(f3), we have

1-9b

p(fi)=fi+(a+ T)f2~

Moreover, p(f1f1) = p(f1)p(f1) if and only if for the coefficient of fs,

(b — b3 + 1) = (2b2—b1;1)(1—b)_

Set f!/ = p(f;). Then we have the following cases:

(1) If 2by — b3 # 0, set a = 172(221;2277_%1;1) and 15 = M;ﬁ%fl“:’sm,we have

fofi = Fofy = fofs =0, fafi =211, fafs =2f3, fafs =2fs.

For this case, w-left-symmetric algebras with different (b1, bs) are not
isomorphic.

(2) If 2by — b3 = 0 and 2by = by + 1, then a and b # 0 are arbitrary.
Furthermore taking a and b such by = a + 17_17, we have

{f{f{ = (2bo — D fi +2bofs, fifo=—f3, fifs =201+ fs+ f5,

{f{f{ =bifi +bsfs, fifs =—Ffa fifs =21+ i+ f5

L= fafs = ffs=0, f3fi = 2f1, fifs =213, fifs=2f3.
It is a special case of (1).

(3) If 2by — b3 = 0 and 2by # by + 1, then a + IT’Z’ = 0. Furthermore we
have
fifi =bufi +bafs +2bafs, fifs=—fa fifs =2f{+f3+f3
Lfi=fafs = f2f5 =0, fifi =21, f3fs5=2f3, f3fs =23
For this case, w-left-symmetric algebras with different (b1, bs) are not
isomorphic.
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Case (3) in Theorem 3.3. Then {f; = ey, fo = e3 — e3, f3 = e3} is a basis
of V, such that

fifi=2f1, fife=2f2 f1fs =2fs3,
Jafi = fafa = fafs =0,

fsfi = fa+2fs, fafo=—f1,

f3fz =b1fi1 +bafa+b3f3.

Here by = a1 +1, by = as and b3 = a3 are arbitrary real numbers. Assume that
p € Isom(V,,,V,,). By Lemma 4.3 and the algebraic structure, we must have

p(f1) = fi +afe, p(f2) =0bf2, b#0.
Furthermore, by p(fs3f1) = p(f3)p(f1) and p(f3f2) = p(f3)p(f2), we have

a=0. o) = (5~ )t 3o
Moreover, p(f3f3) = p(f3)p(f3) means
bbb+ ba((5 — o) ot 3 fs) = (5 = s g Oy bafa o).

Then we have the following cases:

(1) If b3 # 0, then b= 1. Thus p = 1.

(2) If b5 =0 and by # 0, then b =1. Thus p=1.

(3) If by =b3 =0, by # —%, then b = +1.

(4) If b2 = b3 = 0, b1 = —%, then b 7& 0.
It follows that w-left-symmetric algebras with different (b1, b2, b3) are not iso-
morphic.
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