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COMPACT COMPOSITION OPERATORS ON BESOV

SPACES ON THE UNIT BALL

Chao Zhang

Abstract. In this paper, we give new necessary and sufficient conditions

for the compactness of composition operator on the Besov space and the
Bloch space of the unit ball, which, to a certain extent, generalizes the

results given by M. Tjani in [10].

1. Introduction

Let ϕ be a holomorphic self-map of the unit ball B and H(B) the space of
all holomorphic functions on B. The composition operator Cϕ is defined by

Cϕf = f ◦ ϕ, f ∈ H(B).
There are intensive studies over the composition operator Cϕ on the Besov

space and the Bloch space, such as [1, 2, 6, 9–11]. In 2003, M. Tjani gave a
classical characterization of the compact composition operator on the Besov
space of the unit disc D. Let

αλ(z) =
λ− z

1− λz
, λ ∈ D

is the basic conformal automorphism. M. Tjani proved Theorems 1.1 and 1.2
(see [10]).

Theorem 1.1. Let 1 < p ≤ q < ∞. Then the following are equivalent:
(i) Cϕ : Bp → Bq is a compact operator.
(ii) Nq(w, ϕ)dA(w) is a vanishing q-Carleson measure.
(iii) ∥Cϕαλ∥Bq

→ 0 as |λ| → 1.

Theorem 1.2. Let ϕ be a holomorphic self-map of D. Let X = Bp (1 < p < ∞)
or B. Then Cϕ : X → B is a compact operator if and only if ∥Cϕαλ∥B → 0 as
|λ| → 1.
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A natural question that aries from this result is what will happen on the unit
ball. However, there are not many similar results on the two kinds of spaces of
the unit ball, especially on the Besov space.

As for the case of the Bloch space of the unit ball, although the composition
operator Cϕ is always bounded on the Bloch space due to the Schwarz-Pick
lemma of the unit ball B (see [9]), there exist some difficulties in characterizing
the compactness of composition operators on the Bloch space. In 2009, by
using a smart technique, Chen and Gauthier proved that Cφ is compact on the
Bloch space of the unit ball if and only if (see [1])

lim
|ϕ(z)|→1

(1− |z|2){Hϕ(z)(ϕ
′(z)z, ϕ′(z)z)} 1

2 = 0.

In 2012, J. Dai gave the following theorem (see [2]).

Theorem 1.3. Let ϕ be a holomorphic mapping of B into itself. Then the
composition operator Cϕ is compact on the Bloch space B if and only if

∥Cϕφa∥B∗ → 0 as |a| → 1,

where

∥F∥B∗ =
( n∑

i=1

∥fi∥2B
)
,

B∗ = {F = (f1, . . . , fn) : fi ∈ B, i = 1, . . . , n},
and φa(z) are the involutions of the unit ball B.

One may ask whether the norm ∥ · ∥B∗ can be replaced by ∥ · ∥B in Theorem
1.3. In this paper, we prove that Theorem 1.3 also holds with the other norm.

Mainly motivated by [2] and [10], we give new necessary and sufficient con-
ditions for the compactness of composition operator on the Besov space and
the Bloch space of the unit ball.

Let

kλ(z) =
1− |λ|2

1− ⟨z, λ⟩
, λ, z ∈ B.

Our main results are the following.

Theorem 1.4. Let n < p1 ≤ p2 < ∞. Define a finite positive Borel measure
µ on B by

µ(E) =

∫
ϕ−1(E)

|ϕ′(z)z|p(1− |z|2)p−n−1dv(z)

for all Borel sets E of B. Then the following are equivalent:
(i) Cϕ : Bp1

→ Bp2
is a compact operator.

(ii) µ is a vanishing p2 − n− 1-Carleson measure.
(iii) ∥Cϕkλ∥Bp2

→ 0 as |λ| → 1.

Theorem 1.5. Let ϕ be a holomorphic self-map of B. Let X = Bp (n < p < ∞)
or B. Then Cϕ : X → B is a compact operator if and only if ∥Cϕkλ∥B → 0 as
|λ| → 1.
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Throughout this paper, C denotes a positive constant which may change
from one occurrence to the next, the expression E ≈ F means that there exists
a positive constant C such that C−1E ≤ F ≤ CE.

2. Preliminaries

Let Cn denote the Euclidean space of complex dimension n (n ≥ 1). For
z = (z1, . . . , zn), and w = (w1, . . . , wn) in Cn, denote the inner product of z
and w by

⟨z, w⟩ = z1w1 + · · ·+ znwn,

and write |z| =
√
⟨z, z⟩. Let B = {z ∈ Cn : |z| < 1} be the unit ball of Cn and

dv the normalized Lebesgue measure on B.
Recall that the radial derivative of f ∈ H(B) is defined by

Rf =

n∑
j=1

zj
∂f

∂zj
(z) = lim

r→0

f(z + rz)− f(z)

r
, r ∈ R,

and the complex gradient of f is

∇f(z) =
( ∂f

∂z1
(z), . . . ,

∂f

∂zn
(z)

)
.

It is easy to see that Rf(z) = ⟨∇f(z), z⟩.
Let ϕ = (ϕ1, . . . , ϕn) be a holomorphic mapping of B into itself. The symbol

ϕ′(z)z is denoted by (see [2])

ϕ′(z)z = (Rϕ1(z), . . . ,Rϕn(z)).

For f ∈ H(B), by the chain rule, we have

R(f ◦ ϕ)(z) = ∇(f ◦ ϕ)(z)z = ∇f(ϕ(z))ϕ′(z)z.

Let

Qf (z) = sup
{ |⟨∇f(z), w⟩|

Hz(w,w)
1
2

: 0 ̸= w ∈ Cn
}
,

where Hz(w,w) is the Bergman metric on B which is defined by

Hz(w,w) =
n+ 1

2

(1− |z|2)|w|2 + |⟨z, w⟩|2

(1− |z|2)2
.

The Bloch space B of the unit ball B is the space of all f ∈ H(B) such that

∥f∥B = sup
z∈B

Qf (z) < ∞.

It is easy to see that ∥ · ∥B is a semi-norm and the Bloch space becomes a
Banach space with the norm ∥f∥ = |f(0)| + ∥f∥B. Moreover, for f ∈ B, by
Theorem 3.4 in [12],

∥f∥B ≈ sup{(1− |z|2)|Rf(z)| : z ∈ B}
≈ sup{(1− |z|2)|∇f(z)| : z ∈ B}.
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For each 0 < p < ∞, the Besov space Bp is the image of Bergman space Ap
α

under a suitable fractional integral operator. When p ≥ 1, the space Bp can
be equipped with the a (semi-)norm that is invariant under the action of the
automorphism group. The space B1 is the minimal Möbius invariant Banach
space. The space B2 plays the role of the Dirichlet space in high dimensions.
And the space B∞ is just the Bloch space. See [12] for details.

Suppose n < p < ∞ and f is holomorphic on B. Then f ∈ Bp if and only if
(1 − |z|2)Rf(z) ∈ Lp(B, dτ) if and only if (1 − |z|2)∇f(z) ∈ Lp(B, dτ), where
dτ(z) = dv(z)

(1−|z|2)n+1 (see [12, p. 231]). Then

∥f∥pBp
=

∫
B
|Rf(z)|p(1− |z|2)p−n−1dv(z)

≈
∫
B
|∇f(z)|p(1− |z|2)p−n−1dv(z).

It is easy to see that |f(0)| + ∥f∥Bp
is a norm on Bp. Define a finite positive

Borel measure µ on B by

µ(E) =

∫
ϕ−1(E)

|ϕ′(z)z|p(1− |z|2)p−n−1dv(z)

for all Borel sets E of B. According to [3, p. 163],

∥Cϕf∥pBp
=

∫
B
|R(f ◦ ϕ)(z)|p(1− |z|2)p−n−1dv(z)

=

∫
B
|∇f(ϕ(z))|p|ϕ′(z)z|p(1− |z|2)p−n−1dv(z)

=

∫
B
|∇f(z)|pdµ(z).(1)

3. Main results

The proof of the following lemma follows on similar lines as Lemma 3.8 in
[10] or Lemma 2.2 in [9], here we omit the details.

Lemma 3.1. Let X,Y = Bp (n < p < ∞) or B. Then Cϕ : X → Y is
a compact operator if and only if for any bounded sequence {fj} in X with
fj → 0 uniformly on compact sets as n → ∞, ∥Cϕfj∥Y → 0 as n → ∞.

For s, t ∈ R, consider the linear transformations Its defined for f ∈ H(B)
by Itsf(z) = (1 − |z|2)tDt

sf(z), where Dt
s are the invertible radial differential

operators on H(B) of order t for any s defined as coefficient multipliers and
discussed in [4, §3]. Every I0s is the identity or inclusion. We denote by D(w, r)
the ball in the Bergman metric with center w ∈ B and radius r ∈ (0,∞).

We will need the following lemma obtained in [5].

Lemma 3.2. Let q ∈ R be fixed but unrestricted. Let p ∈ (0,∞), r ∈ (0,∞),
s ∈ R be given. The following conditions are equivalent for a positive Borel
measure µ on B.
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(i) µ(D(w, r)) = o(vq(D(w, r))) as |w| → 1 (w ∈ B).
(ii) The measure µ is a vanishing Carleson measure for Bp

q , that is, if t
satisfies q + pt > −1, then∫

B
|Itsf |pdµ = o(∥f∥pBp

q
) (f ∈ Bp

q ).

(iii) If t satisfies q + pt > −1, then

(1− |w|2)n+1+q+pt

∫
B

(1− |z|2)pt

|1− ⟨z, w⟩|(n+1+q+pt)2
dµ(z) = o(1) as |w| → 1 (w ∈ B).

It is clear from Lemma 3.2 that a vanishing Carleson measure µ is indepen-
dent of p, r, s, t as long as q+pt > −1 holds. However, all conditions of Lemma
3.2 depend on q, and we call such a µ also a vanishing q-Carleson measure.

Now we give the proof of Theorem 1.4.

Proof of Theorem 1.4. By (i),

∥Cϕkλ∥p2

Bp2
=

∫
B
|∇kλ(z)|p2dµ(z)

= |λ|p2(1− |λ|2)p2

∫
B

dµ(z)

|1− ⟨z, λ⟩|2p2
.

Since p2 > n, set t = 0, q = p2 − n− 1 in Lemma 3.2, we have (iii)⇒(ii).
Next we show that (i)⇒(iii). Assume that Cϕ : Bp1

→ Bp2
is a compact

operator. Since p1 > n, by Proposition 1.4.10 of [8], we have

∥kλ∥p1

Bp1
=

∫
B
|Rkλ(z)|p1(1− |z|2)p1−n−1dv(z)

=

∫
B

(1− |λ|2)p1(1− |z|2)p1−n−1|⟨z, λ⟩|p1

|1− ⟨z, λ⟩|2p1
dv(z)

≤ C|λ|p1 < ∞.

Then the norm of kλ in Bp1
is

kλ(0) + ∥kλ∥Bp1
= 1− |λ|2 + ∥kλ∥Bp1

< ∞.

Also kλ → 0 as |λ| → 1, uniformly on compact sets since kλ(z) = 1−|λ|2
1−⟨z,λ⟩ .

Hence, by Lemma 3.1, ∥Cϕkλ∥Bp2
→ 0 as |λ| → 1.

Finally, let us show that (ii)⇒(i). Let {fj} be a bounded sequence in Bp1

that converges to 0 uniformly on compact sets. Let 0 < r < 1 be arbitrarily
fixed. Then by the proof of Theorem 3 in [7], we have

|∇fj(w)|p2 ≤ C

r2n

∫
φw(Br)

|∇fj(z)|p2

( 1− |w|2

1− |⟨z, w⟩|2
)n+1

dv(z).

Together with Fubini’s theorem, we have

∥Cϕfj∥p2

Bp2
=

∫
B
|∇fj(w)|p2dµ(w)
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≤
∫
B

C

r2n

(∫
φw(Br)

|∇fj(z)|p2

( 1− |w|2

1− |⟨z, w⟩|2
)n+1

dv(z)
)
dµ(w)

=
C

r2n

∫
B
|∇fj(z)|p2

(∫
B

( 1− |w|2

1− |⟨z, w⟩|2
)n+1

χ{z:z∈φw(Br)}(z)dµ(w)
)
dv(z).

By Lemma 1.2 in [12], for each w ∈ B, φw satisfies

1− |φw(z)|2 =
(1− |w|2)(1− |z|2)

1− |⟨z, w⟩|2
, z ∈ B.

This implies

1− |z|2 >
1

4
(1− r)(1− |w|2)

for z ∈ φw(Br). Note that 1− |⟨z, w⟩| > 1− |z|, it follows that( 1− |w|2

1− |⟨z, w⟩|2
)n+1

<
( 4(1− |z|2)
(1− r)(1− |z|)2

)n+1

=
( 4(1 + |z|)
(1− r)(1− |z|)

)n+1

<
( 16

(1− r)(1− |z|2)

)n+1

for z ∈ φw(Br). Recall that φw(Br) = D(w,R), where tanhR = r (see [12,
p. 35] and [8, p. 29]). Since χD(w,R)(z) = χD(z,R)(w), we have

∥Cϕfj∥p2

Bp2
< C

16n+1

r2n(1− r)n+1

∫
B

|∇fj(z)|p2

(1− |z|2)n+1

(∫
B
χD(w,R)(z)dµ(w)

)
dv(z)

= C
16n+1

r2n(1− r)n+1

∫
B

|∇fj(z)|p2

(1− |z|2)n+1

(∫
B
χD(z,R)(w)dµ(w)

)
dv(z)

= C
16n+1

r2n(1− r)n+1

∫
|z|>δ

|∇fj(z)|p2

(1− |z|2)n+1

(∫
B
χD(z,R)(w)dµ(w)

)
dv(z)

+ C
16n+1

r2n(1− r)n+1

∫
|z|≤δ

|∇fj(z)|p2

(1− |z|2)n+1

(∫
B
χD(z,R)(w)dµ(w)

)
dv(z)

= I + II(2)

for any 0 < δ < 1.
Fix ε > 0. Since µ is a vanishing p2 − n − 1-Carleson measure, by Lemma

3.2, there exists δ > 0 such that for any |z| > δ, µ(D(z,R)) ≤ ε(1− |z|2)p2 . It
follows that

I ≤ Cε
16n+1

r2n(1− r)n+1

∫
|z|>δ

|∇fj(z)|p2

(1− |z|2)n+1
(1− |z|2)p2dv(z)

= Cε
16n+1

r2n(1− r)n+1

∫
|z|>δ

|∇fj(z)|p2(1− |z|2)p2−n−1dv(z)

≤ Cε
16n+1

r2n(1− r)n+1
∥fj∥p2

Bp2
< Cε.(3)
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If set g(w) = w1, we have

∥ϕ1∥p2

Bp2
= ∥Cϕg∥p2

Bp2
=

∫
B
|∇g(w)|p2dµ(w) =

∫
B
dµ(w).

Observe that (1− |z|2)−n−1 ≤ (1− δ2)−n−1 when |z| ≤ δ. Therefore

II ≤ C
16n+1

r2n(1− r)n+1

∫
|z|≤δ

|∇fj(z)|p2

(1− |z|2)n+1

(∫
B
dµ(w)

)
dv(z)

≤ C
16n+1

r2n((1− r)(1− δ2))n+1

∫
|z|≤δ

|∇fj(z)|p2∥ϕ1∥p2

Bp2
dv(z)

< Cε(4)

for j large enough, since |∇fj(z)| → 0 uniformly on compact sets. Combining
(2), (3) and (4) we obtain that ∥Cϕfj∥Bp2

< Cε for j large enough. Therefore

∥Cϕfj∥Bp2
→ 0 as j → ∞, and Lemma 3.1 yields that Cϕ : Bp1

→ Bp2
is a

compact operator. This finishes the proof of Theorem 1.4. □

Then we can prove Theorem 1.5.

Proof of Theorem 1.5. First, suppose that Cϕ : X → B is a compact operator.
Since we have proved {kλ : λ ∈ B} is a bounded set in Bp in Theorem 1.4, and
it is easy to see that {kλ : λ ∈ B} is a bounded set in B, so {kλ : λ ∈ B} is a
bounded set in X. Obviously, kλ → 0 uniformly on compact sets as |λ| → 1.
Thus by Lemma 3.1,

lim
|λ|→1

∥Cϕkλ∥B = 0.

Conversely, suppose
lim

|λ|→1
∥Cϕkλ∥B = 0.

Let {fj} be a bounded sequence in X such that fj → 0 uniformly on compact
sets as n → ∞. We will show that

lim
|λ|→1

∥Cϕfj∥B = 0.

Let ε > 0 be given and fix 0 < δ < 1 such that if |λ| > δ, then ∥Cϕkλ∥B < ε.
Hence for any z0 ∈ B such that |ϕ(z0)| > δ, ∥Cϕkϕ(z0)∥B < ε. In particular,

|∇kϕ(z0)(ϕ(z0))||ϕ
′(z0)z0|(1− |z0|2) < ε,

that is,
1− |ϕ(z0)|2

|1− ⟨ϕ(z0), ϕ(z0)⟩|2
|ϕ(z0)||ϕ′(z0)z0|(1− |z0|2) < ε,

i.e.,
|ϕ′(z0)z0|
1− |ϕ(z0)|2

|ϕ(z0)|(1− |z0|2) < ε.

Therefore, for any j ∈ N and z0 ∈ B such that |ϕ(z0)| > δ,

R(fj ◦ ϕ)(z0)(1− |z0|2) = |∇fj(ϕ(z0))||ϕ′(z0)z0|(1− |z0|2)
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< ε|∇fj(ϕ(z0))|
(1− |ϕ(z0)|2)

|ϕ(z0)|

<
ε∥fj∥B

δ
.(5)

Since the set A = {w : |w| ≤ δ} is a compact subset of B and |∇fj(w)| → 0
uniformly on compact sets, supw∈A |∇fj(w)| → 0 as j → ∞. Therefore we may
choose j0 large enough so that |∇fj(ϕ(z))| < ε for any j ≥ j0 and any z ∈ B
such that |ϕ(z)| ≤ δ. Then, for all such z,

R(fj ◦ ϕ)(z)(1− |z|2) = |∇fj(ϕ(z))||ϕ′(z)z|(1− |z|2)
< ε|ϕ′(z)z|(1− |z|2)

= ε(1− |z|2)
( n∑

i=1

|Rϕi(z)|2
) 1

2

≤ Cε
( n∑

i=1

∥ϕi∥2B
) 1

2

,(6)

where j ≥ j0. Thus, (5) and (6) yield ∥fj ◦ ϕ∥B < Cε for j ≥ j0. Then
∥Cϕfj∥B → 0 as j → ∞. Hence by Lemma 3.1, Cϕ : X → B is a compact
operator. □

An immediate consequence of Theorem 1.5 along with Lemma 3.1 and The-
orem 1.4 is the following proposition.

Proposition 3.3. Let n < p1 ≤ p2 < ∞. Then if Cϕ : Bp1 → Bp2 is a compact
operator, then so is Cϕ : B → B.

Proposition 3.4. Let n < r < p2, n < p1 ≤ p2 < ∞. Suppose that Cϕ : Br →
Br is a bounded operator. Then Cϕ : Bp1

→ Bp2
is a compact operator if and

only if Cϕ : B → B is a compact operator.

Proof. First, suppose that Cϕ is a compact operator on the Bloch space. Since
Cϕ : Br → Br is a bounded operator, for any λ ∈ B,

∥Cϕkλ∥p2

Bp2
=

∫
B
|∇kλ(ϕ(z))|p2 |ϕ′(z)z|p2(1− |z|2)p2−n−1dv(z)

=

∫
B
|∇kλ(ϕ(z))|r|ϕ′(z)z|r(1− |z|2)r−n−1

(|∇kλ(ϕ(z))||ϕ′(z)z|(1− |z|2))(p2−r)dv(z)

≤ ∥Cϕkλ∥p2−r
B ∥Cϕkλ∥rBr

≤ C∥Cϕkλ∥p2−r
B .(7)

Therefore (7) and Theorem 1.5 yield that ∥Cϕkλ∥Bp2
→ 0 as |λ| → 1. Thus

by Theorem 1.4, Cϕ : Bp1
→ Bp2

is a compact operator. The converse follows
from Proposition 3.3. This finishes the proof of the proposition. □



COMPACT COMPOSITION OPERATORS ON BESOV SPACES 657

Acknowledgement. This work was done while the author visited the Depart-
ment of Mathematics at Dalian University of Technology. The author would
like to express his thanks to professor Yvfeng Lu and professor Tao Yu for
their guidance and hospitality. The author is also deeply grateful to his advi-
sor Guangfu Cao for his guidance and assistance. Many thanks also go to the
referees, who give the advice to help the article be more readable and precise.

References

[1] H. Chen and P. M. Gauthier, Composition operators on µ-Bloch spaces, Canad. J. Math.

61 (2009), no. 1, 50–75. https://doi.org/10.4153/CJM-2009-003-1
[2] J. N. Dai, Compact composition operators on the Bloch space of the unit ball, J. Math.

Anal. Appl. 386 (2012), no. 1, 294–299. https://doi.org/10.1016/j.jmaa.2011.07.067

[3] P. R. Halmos, Measure Theory, Springer-Verlag, New York, 1974.
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