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VANISHING THEOREMS FOR WEIGHTED HARMONIC

1-FORMS ON SMOOTH METRIC MEASURE SPACES

Xiaoli Chao and Weili Wang

Abstract. In this paper, we prove some vanishing theorems under the

assumptions of weighted BiRic curvature or m-Bakry-Émery-Ricci curva-

ture bounded from below.

1. Introduction

It is well known that the space of harmonic 1-forms is isomorphic to its first
de Rham cohomology group for compact manifolds. In particular, if the space
of harmonic 1-forms is trivial, then the first de Rham cohomology group is
trivial. It is an interesting problem in geometry and topology to find sufficient
conditions for the space of harmonic 1-forms to be trivial.

Li and Wang [18] proved that if M is a complete Riemannian manifold with

λ1(M) > 0 and RicM ≥ −nλ1(M)
n−1 + ϵ for some ϵ > 0, then H1(L2(M)) = 0.

Later, Lam [17] generalized the above result to manifolds satisfying a weighted
Poincaré inequality, although adding assumption of growth rate of the weight
function. Vieira [25] improves Lam’s theorem by removing the assumptions of
sign and growth rate of the weight function. Other related vanishing results
have been obtained (see [4–7,9, 12,13,21,26] for details).

In [19], Lott discussed the topology of compact smooth metric measure

spaces with non-negative Bakry-Émery-Ricci curvature using harmonic forms.
Recently, there are some interesting vanishing type theorems on smooth met-
ric measure spaces or gradient Ricci solitons. For example, Munteanu and
Wang [20] considered a smooth metric measure space with Ricf ≥ 0. Vieira
[24] obtained a vanishing result for L2 weighted harmonic 1-forms if the un-
derlying manifold M satisfies Ricf ≥ 0 and the bottom of the weighted spec-
trum λ1(∆f ) > 0. For more vanishing results about harmonic forms or har-
monic maps on smooth metric measure spaces, we will refer the reader to
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[1, 2, 10, 11, 14–16, 23, 27–29] for recent progress on this topic and references
therein. In particular, Dung-Duc-Pyo ([10]) considered immersed f -minimal
hypersurfaces in a weighted Riemannian manifold and prove that if such a hy-
persurface is weighted stable, then the space of L2 weighted harmonic 1-forms
is trivial.

Theorem 1.1 ([10]). Let M be an f -minimal hypersurface immersed in a
smooth metric measure space (M, g, e−fdv). If M is f -stable and M has
BiRicf ≥ 0, and there exists at least a point x0 ∈ M such that BiRicf (x0) > 0,
then there is no f -harmonic 1-form on M with finite weighted L2 energy, or
equivalently

H1
f

(
L2(M)

)
= 0,

where

H1
f

(
L2(M)

)
:=

{
ω ∈ Λ1(M) : dω = δfω = 0,

∫
M

|ω|2e−f < +∞
}
.

In the first part of this paper, we investigate harmonic forms on non-compact
smooth metric measure spaces with weighted BiRicci curvature BiRic

a

f bound-
ed from below.

Definition 1.2. For orthonormal vector fieldsX and Y onM
n+1

, the weighted
BiRicci curvature BiRic

a

f is defined by

BiRic
a

f (X,Y ) = Ricf (X,X) + aRicf (Y, Y )−K(X,Y ),

where a is a constant and K is the sectional curvature of M
n+1

.

In particular, when a = 1, then BiRic
a

f = BiRicf . If we assume further
that f is a constant function, then it is the BiRic curvature defined by Shen
and Ye ([23]).

Theorem 1.3. Let Mn be an f -minimal hypersurface immersed in a smooth
metric measure space (M, g, e−fdv). If M is f -stable and M has nonnegative

weighted BiRicci curvature BiRic
a

f for 1 ≤ a < n
n−1 , and there exists at least

a point x0 ∈ M such that BiRic
a

f (x0) > 0, then H1
f

(
L2(M)

)
= 0.

Theorem 1.4. Let M be an f -minimal hypersurface immersed in a smooth
metric measure space (M, g, e−fdv). Assume that M has

BiRic
a

f ≥ −k2

for 1 ≤ a < n
n−1 , and there exists at least a point x0 ∈ M such that BiRic

a

f (x0)

> −k2. If M is f -stable and λ1,f (M) > (n−1)k2

n−(n−1)a , then

H1
f

(
L2(M)

)
= 0.
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In the second part, we will consider the vanishing theorems of Lp weighted
harmonic 1-forms when m-Bakry-Émery-Ricci curvature bounded from below.
Similarly, we denote

H1
f (L

p(M)) :=

{
ω ∈ Λ1(M) : dω = δfω = 0,

∫
M

|ω|pe−f < +∞
}
.

Theorem 1.5. Let (Mn, g, e−fdv) be a complete smooth metric measure space.
Suppose

Ricmf ≥ −δ

and λ1,f (M) > (m−1)δσ2

2(m−1)σ−(m−2) with two constants δ ≥ 0 and σ > m−2
2(m−1) . Then

every f -harmonic 1-form ω on M with lim
r→∞

1
r2

∫
Bx0 (r)

|ω|2σe−fdv = 0 vanishes

identically. In particular, H1
f (L

2σ(M)) = 0.

Remark 1.6. Choosing δ = 0 and m ≥ n in Theorem 1.5, we have Theorem 1.3
in [16].

Moreover, if the weighted volume is polynomial growth at most, we have:

Theorem 1.7. Let (Mn, g, e−fdv), n ≥ 3 be a complete smooth metric measure
space. Assume that

Ricmf ≥ −δ,

where 0 ≤ δ <
(m−1)λ1,f (M)

m−2 . If the weighted volume of M satisfies

Volf (B(r)) ≤ Cr
2q(m−1)

m(q−2)−q+4

for some C > 0 and q > 2(m−2)
m−1 , then H1

f (L
q(M)) = 0.

2. Preliminaries

A smooth metric measure space (Mn, g, e−fdv) is an n-dimensional Rie-
mannian manifold (M, g) together with a weighted volume form e−fdv, where
f is a smooth function on M and dv is the volume element induced by the
Riemannian metric g. Recall that the formal adjoint of the exterior derivative
d with respect to the measure e−fdv is given by δf = δ + ι∇f . The associated
weighted Laplacian △f on smooth metric measure spaces is given by

△f (·) = −(dδf + δfd)(·) = △(·)− ⟨∇f,∇(·)⟩.
A differential form ω on M is called f -harmonic if ω satisfies

dω = 0 and δfω = 0.

The Bakry-Émery-Ricci curvature and m-Bakry-Émery-Ricci tensor are de-
fined by the formula

Ricf = Ric+Hessf,

and

Ricmf = Ric+Hess(f)− ∇f ⊗∇f

m− n
,
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respectively, where Ric denotes the Ricci tensor of (M, g) andHess(f) denotes
the Hessian of f . Note that in the definition of Ricmf , we assume m ≥ n and
m = n if and only if f is constant.

A differential form ω is called an L2
f differential form if∫

M

|ω|2e−fdv < ∞.

A function h is said to be f -harmonic if △fh = 0. It is clear that f -harmonic
functions are characterized as the critical points of the weighted Dirichlet en-
ergy

∫
M

|∇h|2e−fdv.

Now let i : M ↪→ (M
n+1

, ḡ, e−fdv) be an n-dimensional smooth immersion.

Then i induces a metric g = i∗g on M so that i : (M, g) → (M
n+1

, g) is an
isometric immersion. The restriction of f on M , still denoted by f , yields a
weighted measure e−fdv on M , and hence an induced smooth metric measure
space (Mn, g, e−fdv).

Definition 2.1. The weighted mean curvature Hf of the hypersurface M is
defined by

Hf = H − ⟨∇f, ν⟩.

M is called an f -minimal hypersurface if it satisfies Hf = 0, i.e., H = ⟨∇f, ν⟩.

Definition 2.2. An f -minimal hypersurface M is said to be f -stable if the
following stability inequality∫

M

(
|∇η|2 − (|A|2 +Ricf (ν, ν))η

2
)
e−fdv ≥ 0(2.1)

holds true for any compactly supported smooth function η ∈ C∞
0 (M).

Lemma 2.3 ([24]). Let ω be an f -harmonic 1-form on a smooth metric mea-
sure space (M, g, e−fdv). Then there is weighted Bochner-Weitzenböck formula

(2.2)
1

2
△f |ω|2 = |∇ω|2 + ⟨△fω, ω⟩+Ricf (ω

♯, ω♯).

Lemma 2.4 ([3,8]). For a closed and co-closed k-form ω on Mn the following
inequality holds

(2.3) |∇ω|2 ≥ Cn,k

∣∣∣∇|ω|
∣∣∣2

with

Cn,k =

{
1 + 1

n−k , 1 ≤ k ≤ n
2 ;

1 + 1
k ,

n
2 ≤ k ≤ n− 1.
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3. Smooth metric measure spaces with weighted BiRicci curvature
bounded from below

In this section, we investigate harmonic forms on non-compact smooth met-
ric measure spaces with BiRic

a

f bounded from below. Firstly, we have:

Theorem 3.1. Let Mn be an f -minimal hypersurface immersed in a smooth
metric measure space (M, ḡ, e−fdv). If M is f -stable and M has nonnegative

weighted BiRicci curvature BiRic
a

f for 1 ≤ a < n
n−1 , and there exists at least

a point x0 ∈ M such that BiRic
a

f (x0) > 0, then H1
f

(
L2(M)

)
= 0.

Proof. Assume ω is an f -harmonic 1-form on Mn and ω♯ is its dual vector
field. We argue by contradiction, assuming that ω ̸≡ 0. By weighted Bochner-
Weitzenböck formula (2.2) and Kato inequality (2.3), we have

|ω|△f |ω| = |∇ω|2 − |∇|ω||2 +Ricf (ω
♯, ω♯)

≥ 1

n− 1
|∇|ω||2 +Ricf (ω

♯, ω♯).(3.1)

We observe that for any smooth unit vector fields X,Y on M ,

Hess f(X,Y ) = ∇X∇Y f − (∇XY ) f

= ∇̄X∇̄Y f −
{
∇̄XY −

(
∇̄XY

)⊥}
f

= Hess f(X,Y )− h(X,Y )
∂f

∂ν

= Hess f(X,Y )− h(X,Y )H.(3.2)

Here, h(X,Y ) is the second fundamental form with respect to X,Y . Note also
that the Gaussian equation implies that

(3.3) Ric(X,X) =
∑
i

R̄ (X, ei, X, ei) + h(X,X)H −
∑
i

h (ei, X)
2
.

Then we conclude from (3.2) and (3.3), for unit vector field X,

Ricf (X,X) = Ric(X,X) + Hess f(X,X)

= Ric(X,X) + h(X,X)H −
∑
i

h (ei, X)
2 −K(X, ν)

+ Hessf(X,X)− h(X,X)H

≥ BiRic
a

f (X, ν)− aRicf (ν, ν)− |A|2

≥ − aRicf (ν, ν)− |A|2.(3.4)

Thus (3.1) and (3.4) infers that

|ω|△f |ω| ≥
1

n− 1
|∇|ω||2 + (−aRicf (ν, ν)− |A|2)|ω|2

≥ 1

n− 1
|∇|ω||2 − a

(
Ricf (ν, ν) + |A|2

)
|ω|2(3.5)
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for any a ≥ 1. Multiplying both sides of (3.5) by η2, where η is a smooth
function on M with compact support, and then integrating the obtained result
over M , we obtain that∫

M

η2|ω|△f |ω|e−f

≥ 1

n− 1

∫
M

η2|∇|ω||2e−f − a

∫
M

(
Ricf (ν, ν) + |A|2

)
η2|ω|2e−f .(3.6)

The stability condition (2.1) implies that

(3.7) B(η) :=

∫
M

|∇(η|ω|)|2e−f −
∫
M

(
|A|2 +Ricf (ν, ν)

)
η2|ω|2e−f ≥ 0.

Combining (3.6) and (3.7) and using Cauchy-Schwarz inequality, we obtain
that

0 ≤ aB(η)

≤ a

∫
M

|∇(η|ω|)|2e−f − 1

n− 1

∫
M

η2|∇|ω||2e−f

+

∫
M

η2|ω|△f |ω|e−f

= a

∫
M

|∇(η|ω|)|2e−f − 1

n− 1

∫
M

η2|∇|ω||2e−f

−
∫
M

⟨∇(η2|ω|),∇|ω|⟩e−f

= a

∫
M

|ω|2|∇η|2e−f +
(
a− 1− 1

n− 1

)∫
M

η2|∇|ω||2e−f

+ 2(a− 1)

∫
M

η|ω|⟨∇η,∇|ω|⟩e−f

≤ a

∫
M

|ω|2|∇η|2e−f +
(
a− n

n− 1

)∫
M

η2|∇|ω||2e−f

+ (a− 1)
1

ϵ

∫
M

|ω|2|∇η|2e−f + (a− 1)ϵ

∫
M

η2|∇|ω||2e−f(3.8)

for any positive constant ϵ. Consequently,

0 ≤ aB(η) ≤ A

∫
M

|ω|2|∇η|2e−f −B

∫
M

η2|∇|ω||2e−f ,(3.9)

where

A = a+ (a− 1) · 1
ϵ
, B =

n

n− 1
− a− (a− 1)ϵ.

From the assumption, we know that A,B > 0 for sufficiently small ϵ > 0.
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For each r > 0, let Br denote the geodesic ball of radius r on M centered at
some fixed point o and let η ∈ C∞

0 (M) be a smooth function such that{
η = 1 on B r

2
(o),

η = 0 on M\Br(o)

and |∇η| ≤ c
r for some positive constant c. Applying this test function η to

(3.9), we get that

0 ≤ aB(η) ≤ Ac2

r2

∫
M

|ω|2e−f .

Letting r → ∞ and using the fact ω ∈ L2
f (M), this implies that B(η) ≡ 0.

Moreover, all inequalities used to verify this identity must be equalities. In
particular, from (3.4), we have BiRic

a

f ≡ 0 which contradict with the assump-

tion BiRic
a

f (x0) > 0. Thus we complete the proof. □

In what follow, under the assumption on the bottom spectrum λ1,f (M) of
weighted Laplacian ∆f , we will have the following vanishing theorem.

Theorem 3.2. Let M be an f -minimal hypersurface immersed in a smooth
metric measure space (M̄, g, e−fdv). Assume that M̄ has

BiRic
a

f ≥ −k2

for 1 ≤ a < n
n−1 , and there exists at least a point x0 ∈ M such that BiRic

a

f (x0)

> −k2. If M is f -stable and λ1,f (M) > (n−1)k2

n−(n−1)a , then

H1
f

(
L2(M)

)
= 0.

Proof. In this case, (3.4) and (3.8) are rewritten as

Ricf (X,X) ≥ −k2 − aRicf (ν, ν)− |A|2

and

0 ≤ aB(η) ≤ a

∫
M

|ω|2|∇η|2e−f +
(
a− 1− 1

n− 1

)∫
M

η2|∇|ω||2e−f

+ k2
∫
M

η2|ω|2e−f + 2(a− 1)

∫
M

η|ω|⟨∇η,∇|ω|⟩e−f .(3.10)

By the definition of eigenvalues, we have that

λ1,f (M) ≤
∫
M

|∇ (η|ω|)|2 e−f∫
M

η2|ω|2e−f
.

Then ∫
M

η2|ω|2e−f ≤ 1

λ1,f (M)

∫
M

|∇ (η|ω|)|2 e−f .

Inserting this inequality into (3.10) and taking the same arguments, we have

0 ≤ aB(η) ≤ C

∫
M

|ω|2|∇η|2e−f −D

∫
M

η2|∇|ω||2e−f ,
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where

C = a+
k2

λ1,f (M)
+
(
a+

k2

λ1,f (M)
− 1
)
· 1
ϵ
,

D =
n

n− 1
− a− k2

λ1,f (M)
−
(
a+

k2

λ1,f (M)
− 1
)
ϵ.

From the assumption, we know that 1 ≤ a + k2

λ1,f (M) < n
n−1 , so C,D > 0

for sufficiently small ϵ > 0. Then the proof follows the same argument as
before. □

4. Smooth metric measure spaces with m-Bakry-Émery-Ricci
curvature bounded from below

Let ω be any f -harmonic 1-form on M and let ω# be its dual vector field.
By weighted Bochner-Weitzenböck formula (2.2), we have

1

2
∆f |ω|2 = |∇ω|2 +Ricf (ω

#, ω#).

By [24], we have |∇ω|2 ≥ 1
n−1 (|∇|ω|| − |df(ω#)|)2 + |∇|ω||2. Hence, by the

formula (a− b)2 ≥ 1
1+αa

2 − 1
αb

2, we get

1

2
∆f |ω|2 ≥ 1

n+ 1
(|∇|ω|| − |df(ω#)|)2 + |∇|ω||2 +Ricf (ω

#, ω#)

≥
(
1 +

1

(n− 1)(1 + α)

)
|∇|ω||2 − 1

(n− 1)α
|df(ω#)|2 +Ricf (ω

#, ω#)

=
(
1 +

1

(n− 1)(1 + α)

)
|∇|ω||2 +

(
Ricf − df ⊗ df

(n− 1)α

)
(ω#, ω#)

for any α > 0. Let (n− 1)α = m− n, then 1 + 1
(n−1)(1+α) =

m
m−1 . This yields

(4.1)
1

2
∆f |ω|2 ≥ m

m− 1
|∇|ω||2 +Ricmf (ω#, ω#).

Lemma 4.1. Let (M, g, e−fdv) be a complete smooth metric measure space
with λ1,f (M) > 0. Suppose h is a non-negative function satisfying the differ-
ential inequality

(4.2) h∆fh ≥ A|∇h|2 −Bh2

in the weak sense, for some nonnegative constants A and B. Assume that

(4.3)

∫
Bx0

(r)

h2σe−fdv = o(r2) as r → ∞

for some constant σ satisfying

(4.4) 2σ − 1 +A− Bσ2

λ1,f (M)
> 0.

Then h is identically zero.
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Proof. Using (4.2), we compute

hα∆fh
α = hα[α(α− 1)hα−2|∇h|2 + αhα−1∆fh]

≥ (α− 1 +A)αh2α−2|∇h|2 − αBh2α

=
(
1− 1−A

α

)
|∇hα|2 − αBh2α(4.5)

for any α > 0. Let ϕ ∈ C∞
0 (M). Multiplying both sides of (4.5) by ϕ2h2qα and

integrating over M , we have(
1− 1−A

α

)∫
M

ϕ2h2qα|∇hα|2e−f

≤
∫
M

ϕ2h(2q+1)α∆fh
αe−f + αB

∫
M

ϕ2h2(q+1)αe−f

= − (2q + 1)

∫
M

ϕ2h2qα|∇hα|2e−f − 2

∫
M

ϕh(2q+1)α⟨∇ϕ,∇hα⟩e−f

+ αB

∫
M

ϕ2h2(q+1)αe−f .(4.6)

Using the Cauchy-Schwarz inequality, for any ε > 0, we have

−2⟨hα∇ϕ, ϕ∇hα⟩ ≤ εϕ2|∇hα|2 + 1

ε
h2α|∇ϕ|2.

Hence, from (4.6), we obtain[
2(q + 1)− 1−A

α
− ε
] ∫

M

ϕ2h2qα|∇hα|2e−f

≤ 1

ε

∫
M

h2(q+1)α|∇ϕ|2e−f + αB

∫
M

ϕ2h2(q+1)αe−f .(4.7)

On the other hand, inequality∫
M

ϕ2h2(q+1)αe−f ≤ 1

λ1,f (M)

∫
M

∣∣∇(ϕh(q+1)α)
∣∣2e−f

and the Hölder inequality (a+ b)2 ≤ (1 + β)a2 + (1 + 1
β )b

2 assert that∫
M

ϕ2h2(q+1)αe−f ≤ 1

λ1,f (M)

∫
M

∣∣h(q+1)α∇ϕ+ (q + 1)ϕhqα∇hα
∣∣2e−f

≤ (1 + β)(q + 1)2

λ1,f (M)

∫
M

ϕ2h2qα|∇hα|2e−f

+
1 + 1

β

λ1,f (M)

∫
M

h2(q+1)α|∇ϕ|2e−f(4.8)

for any β > 0. Substituting (4.8) into (4.7), we find[
2(q + 1)− 1−A

α
− ε− αB(1 + β)(q + 1)2

λ1,f (M)

] ∫
M

ϕ2h2qα|∇hα|2e−f
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≤
[1
ε
+

αB(1 + 1
β )

λ1,f (M)

] ∫
M

h2(q+1)α|∇ϕ|2e−f .(4.9)

Set σ = (q+1)α. Then the assumption (4.4) ensures that 2(q+1)− 1−A
α − ε−

αB(1+β)(q+1)2

λ1,f (M) > 0 by choosing ε and β small enough. Let us choose a cut-off

function ϕr(x) ∈ C∞
0 (M) satisfying

ϕr(x) =

{
1 on Bx0(r);

0 on M\Bx0(2r)
(4.10)

and

|∇ϕr|(x) ≤
2

r
on Bx0

(2r)\Bx0
(r).

Substituting ϕ = ϕr into (4.9) yields∫
Bx0

(r)

h2σ−2|∇h|2e−fdv ≤ 4C1

r2

∫
Bx0

(2r)

h2σe−fdv

from some positive constant C1. Letting r → ∞, the assumption (4.3) implies
that h is a constant. If h is not identically zero, we deduce that

Volf (Bx0(r)) = o(r2) as r → ∞.

By (4.4), we have λ1,f (M) > Bσ2

2σ−1+A . Hence,

Volf (M) = lim
r→∞

∫
Bx0

(r)

e−fdv = lim
r→∞

∫
Bx0

(r)

ϕ2
re

−fdv

≤ lim
r→∞

∫
Bx0

(2r)

1

λ1,f (M)
|∇ϕr|2e−fdv

≤ lim
r→∞

4C2Volf (Bx0(2r))

r2
= 0

for some constant C2 > 0. Therefore, this contradiction inserts that h is
identically zero. The proof is complete. □

Theorem 4.2. Let (Mn, g, e−fdv) be a complete smooth metric measure space.
Suppose

Ricmf ≥ −δ

and λ1,f (M) > (m−1)δσ2

2(m−1)σ−(m−2) with two constants δ ≥ 0 and σ > m−2
2(m−1) .

Then every f -harmonic 1-form ω on M with limr→∞
1
r2

∫
Bx0

(r)
|ω|2σe−fdv = 0

vanishes identically. In particular, H1
f (L

2σ(M)) = 0.

Proof. By (4.1) and the curvature condition, |ω| satisfies

|ω|∆f |ω| ≥
1

m− 1
|∇|ω||2 +Ricmf (ω#, ω#) ≥ 1

m− 1
|∇|ω||2 − δ|ω|2.

According to Lemma 4.1, h = |ω| and |ω| is identically zero. Therefore, ω =
0. □
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Theorem 4.3. Let (Mn, g, e−fdv), n ≥ 3 be a complete smooth metric measure
space. Assume that

Ricmf ≥ −δ,

where 0 ≤ δ <
(m−1)λ1,f (M)

m−2 . If the weighted volume of M satisfies

(4.11) Volf (B(r)) ≤ Cr
2q(m−1)

m(q−2)−q+4

for some C > 0 and q > 2(m−2)
(m−1) , then H1

f (L
q(M)) = 0.

Proof. Given ω ∈ H1
f (L

q(M)), suppose that ω is not identically zero. Denote

by h = |ω|
m−2
m−1 , then, by (4.1) and the curvature condition, we have

∆fh =
m− 2

m− 1
|ω|−

1
m−1∆f |ω| −

m− 2

(m− 1)2
|ω|−

m
m−1 |∇|ω||2

≥ m− 2

m− 1
|ω|−

m
m−1

( 1

m− 1
|∇|ω||2 − δ|ω|2

)
− m− 2

(m− 1)2
|ω|−

m
m−1 |∇|ω||2

= − (m− 2)δ

m− 1
h.(4.12)

Let 0 ≤ ϕ ∈ C∞
0 (M). Using (4.12), we compute∫

M

|∇(ϕh)|2e−fdv

=

∫
M

|∇ϕ|2h2e−fdv +

∫
M

|∇h|2ϕ2e−fdv +
1

2

∫
M

⟨∇ϕ2,∇h2⟩e−fdv

=

∫
M

|∇ϕ|2h2e−fdv −
∫
M

ϕ2h∆fhe
−fdv

≤
∫
M

|∇ϕ|2h2e−fdv +
(m− 2)δ

m− 1

∫
M

ϕ2h2e−fdv.

From the inequality
∫
M

ϕ2h2e−fdv ≤ 1
λ1,f (M)

∫
M

|∇(ϕh)|2e−fdv, we have[
1− (m− 2)δ

(m− 1)λ1,f (M)

] ∫
M

|∇(ϕh)|2e−fdv ≤
∫
M

|∇ϕ|2h2e−fdv

which can be rewritten as[
1− (m− 2)δ

(m− 1)λ1,f (M)

] ∫
M

|∇h|2ϕ2e−fdv

≤ (m− 2)δ

(m− 1)λ1,f (M)

∫
M

|∇ϕ|2h2e−fdv

− 2
[
1− (m− 2)δ

(m− 1)λ1,f (M)

] ∫
M

ϕh⟨∇ϕ,∇h⟩e−fdv.

Since 1− (m−2)δ
(m−1)λ1,f (M) > 0, using the Cauchy-Schwarz inequality gives[
1− (m− 2)δ

(m− 1)λ1,f (M)

]
(1− ε)

∫
M

|∇h|2ϕ2e−fdv
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≤
[ (m− 2)δ

(m− 1)λ1,f (M)
+

1

ε

(
1− (m− 2)δ

(m− 1)λ1,f (M)

)] ∫
M

|∇ϕ|2h2e−fdv(4.13)

for any ε > 0. On the other hand, applying the Cauchy-Schwarz inequality and
using (4.11), we get∫

B(2r)

h2e−fdv =

∫
B(2r)

|ω|
2(m−2)
m−1 e−fdv

≤

(∫
B(2r)

|ω|qe−fdv

) 2(m−2)
q(m−1) (

Volf (B(2r))
)m(q−2)−q+4

q(m−1)

≤ Cr2

(∫
B(2r)

|ω|qe−fdv

) 2(m−2)
q(m−1)

which means
∫
B(2r)

h2e−fdv = o(r2), since
∫
B(2r)

|ω|qe−fdv < ∞. Choose ϕ to

be the cut-off function defined in (4.10), and substitute it into (4.13), then∫
B(r)

|∇h|2e−fdv ≤ C ′

r2

∫
B(2r)

h2e−fdv

for some C ′ > 0. Letting r → ∞, we have h is a constant on M . The remaining
argument is the same as that of Theorem 4.2. □
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inequality, Nonlinear Anal. 98 (2014), 1–12. https://doi.org/10.1016/j.na.2013.12.

002

[16] Y. Han and H. Lin, Vanishing theorems for f-harmonic forms on smooth metric measure

spaces, Nonlinear Anal. 162 (2017), 113–127. https://doi.org/10.1016/j.na.2017.06.

012

[17] K.-H. Lam, Results on a weighted Poincaré inequality of complete manifolds, Trans.
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