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ON THE HYBRID MEAN VALUE OF GENERALIZED

DEDEKIND SUMS, GENERALIZED HARDY SUMS AND

KLOOSTERMAN SUMS

Qing Tian and Yan Wang

Abstract. The main purpose of this paper is to study the hybrid mean
value problem involving generalized Dedekind sums, generalized Hardy

sums and Kloosterman sums. Some exact computational formulas are

given by using the properties of Gauss sums and the mean value theorem
of the Dirichlet L-function. A result of W. Peng and T. P. Zhang [12] is

extended. The new results avoid the restriction that q is a prime.

1. Introduction

Let k be a positive integer. For arbitrary integers h, m, and n, the general-
ized Dedekind sum is defined by

S(h,m, n, k) =

k∑
j=1

Bm

(
j

k

)
Bn

(
hj

k

)
,

where

Bm(x) =

{
Bm(x− [x]), if x is not an integer,
0, if x is an integer

with Bm(x) the m-th Bernoulli polynomial. For m = n = 1, S(h, 1, 1, q) =
S(h, q) is the classical Dedekind sum, which plays a great role in the study
of modular forms theory and has attracted many experts in number theory
(see [1, 4, 5, 7]). In [3], Berndt gave certain sums called the classical Hardy
sums which are closely connected with Dedekind sums. Some authors [13, 14]
expressed the Hardy sums in terms of the classical Dedekind sums. Liu and
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Zhang [10] generalized the Hardy sums as follows:

s1(h,m, k) =

k∑
j=1

(−1)[
hj
k ]Bm

(
j

k

)
,

s2(h,m, n, k) =

k∑
j=1

(−1)jBm

(
j

k

)
Bn

(
hj

k

)
,

s3(h, n, k) =

k∑
j=1

(−1)jBn

(
hj

k

)
,

s5(h,m, k) =

k∑
j=1

(−1)j+[hj
k ]Bm

(
j

k

)
.

For m = n = 1, the sums are reduced to the classical Hardy sums. They also
expressed the generalized Hardy sums in terms of generalized Dedekind sums,
that is:

Proposition 1.1. Let h, k be positive integers with (h, k) = 1. Then
s1(h,m, k) = 2 · S(h,m, 1, k)− 4 · S(h2 ,m, 1, k), if h is even number,
s2(h,m, n, k) = 2m · S(2h,m, n, k)− S(h,m, n, k), if k is even number,
s3(h, n, k) = 2 · S(h, 1, n, k)− 4 · S(2h, 1, n, k), if k, n are odd number,
s5(h,m, k) = 2m+1 · S(2h,m, 1, k) + 2m+1 · S(h,m, 1, 2k)

−(2 + 2m+2) · S(h,m, 1, k), if h+ k is even number,

where 2̄ · 2 ≡ 1 mod q. Moreover, each one of{
s1(h,m, k) (h+m : even), s2(h,m, n, k) (h+m+ k : odd),
s3(h, n, k) (h+ k : odd), s5(h,m, k) (h+m+ k : even)

is zero.

There are many results on the mean value properties of Dedekind sums
([6,8,9]). Here we concentrate on the hybrid mean value of Dedekind sums and
Hardy sums with Kloosterman sums.

Kloosterman sum is defined by

K(n, q) =

q∑′

c=1

e

(
nc+ c̄

q

)
,

where
∑′q

c=1 denotes the summation over all c such that (c, q) = 1, e(y) =
exp(2πiy) and c̄ · c ≡ 1 mod q.

Liu and Zhang [11, 15] considered the problems on high power mean value
of Dedekind sums with Kloosterman sums, and obtained asymptotic formulas.
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Peng [12] and Zhang [16] studied the hybrid mean value involving certain
classical Hardy sums and Kloosterman sums

p−1∑
a=1

p−1∑
b=1

K(a, p)K(b, p)s1(2ab̄, 1, p)

and
p−1∑
a=1

p−1∑
b=1

K(a, p)K(b, p)s5(ab̄, 1, p),

respectively, where p is a prime. Some computational formulas are given for
revealing the cancellation phenomenon between the functions.

However, the results in papers [12] and [16] were proved in the condition q
was a prime p. Naturally, one might consider whether the hybrid mean value
be extended to generalized Dedekind sums S(h,m, n, q) or certain generalized
Hardy sums with Kloosterman sums K(n, q) under the condition of composite
number q. If it is true, then what can be expected? These problems may be
interesting. In this paper, we shall study the problems and give some exact
computational formulas using the properties of Gauss sums and the mean value
theorem of the Dirichlet L-function. We shall prove the following:

Theorem 1.1. Let q be a square-full number, and m ≡ n ≡ 1 (mod 2). Then

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)S(āb,m, n, q)

= q4−2m−2n ·
m+n∑
l=0

ql · rm,n,l ·
∏
p|q

(
1− 1

p

)(
1− 1

pl

)(
1− 1

pl−m−n+1

)
,

where

rm,n,l = Bm+n−l

m∑
a=0

n∑
b=0

a+b≥m+n−l

Bm−aBn−b

(
m
a

)(
n
b

)(
a+ b+ 1
m+ n− l

)
a+ b+ 1

,

Bm is a Bernoulli number, (ma ) = m!
a!(m−a)! , ϕl(q) =

∏
p|q(1−

1
pl ),

∏
p|q denotes

the products of all prime divisors of q and ϕ(q) = qϕ1(q).

Theorem 1.2. Let q be a square-full number, and m ≡ 1 (mod 2). Then

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)s1(2āb,m, q)

= qm−2 ·
m+1∑
l=0

ql−m · rm,1,l ·
−2l − 2

2m−1 + 1
·
∏
p|q

(
1− 1

p

)(
1− 1

pl

)(
1− 1

pl−m

)
.
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Theorem 1.3. Let q be a square-full even number, and m ≡ n ≡ 1 (mod 2).
Then

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)s2(āb,m, n, q)

= q2−2m ·
m+1∑
l=0

rm,1,l ·
(
2m

2m − 2l−1 + 1

2m−1 + 1
− 1

)
· ql−m ·

∏
p|q

(
1− 1

p

)

×
(
1− 1

pl

)(
1− 1

pl−m

)
.

Theorem 1.4. Let q be a square-full odd number, and n ≡ 1 (mod 2). Then
q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)s3(āb, n, q)

= q2−2n ·
n+1∑
l=0

r1,n,l · ql
(
2− 4 · 2

l − 2n+1 − 2

2n + 2

)
·
∏
p|q

(
1− 1

p

)

×
(
1− 1

pl

)(
1− 1

pl−n

)
.

The present work is a generalization of [12] and [16]. For a general number
q > 2, we can only get some asymptotic formulas, whether there exist the
identities for the hybrid mean value are open problems.

2. Several lemmas

Before starting proof of theorems, several lemmas will be useful.

Lemma 2.1. Let h, q be positive integers with q ≥ 3 and (h, q) = 1, and
m ≡ n ≡ 1 (mod 2). Then we have

S(h,m, n, q) =
−4m!n!

(2πi)m+nqm+n−1
·
∑
d|q

dm+n

ϕ(d)

∑
χ mod d

χ(−1)=−1

χ(h)L(m,χ)L(n, χ),

where
∑

d|q denotes the sums over all divisors of q and L(m,χ) denotes the

Dirichlet L-function corresponding to character χ mod d.

Proof. See Theorem 2.3 of [10]. □

Lemma 2.2. Let q ≥ 3 be an integer and χ be a non-principal character modulo
q. Then we have

q∑′

a=1

χ(a)K(a, q) = τ2(χ).

Proof. See Theorem 3.1 of [11]. □
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Lemma 2.3. Let q be a square-full number. Then for any non-primitive char-
acter χ modulo q, we have the identity

τ(χ) =

q∑
a=1

χ(a)e

(
a

q

)
= 0.

Proof. See Lemma 2.4 of [11]. □

Lemma 2.4. Let q ≥ 2 be an integer, m ≡ n ≡ 1 (mod 2). Then we have∑
χ mod q

χ(−1)=−1

L(m,χ)L(n, χ)

= − (2πi)m+nϕ(q)

4m!n!

(
m+n∑
l=0

rm,n,l · ϕl(q) · ql−m−n − BmBnϕm+n−1(q)

q

)
.

Proof. See Theorem 3 of [10]. □

Lemma 2.5. Let q be a square-full number. Then we have∑∗

χ mod q

χ(−1)=−1

L(m,χ)L(n, χ)

= − (2πi)m+n

4m!n!

m+n∑
l=0

rm,n,l · ql−m−n+1 ·
∏
p|q

(
1− 1

p

)(
1− 1

pl

)(
1− 1

pl−m−n+1

)
,

where
∑∗

χ mod q

χ(−1)=−1

denotes the sums over all odd primitive characters modulo q.

Proof. Noting that q is a square-full number and∑
χ mod q

χ(−1)=−1

L(m,χ)L(n, χ) =
∑
d|q

∑∗

χ mod d

χ(−1)=−1

L(m,χχ0
q)L(n, χχ

0
q),

by using the Möbius inversion formula, we have∑∗

χ mod q

χ(−1)=−1

L(m,χ)L(n, χ) =
∑∗

χ mod q

χ(−1)=−1

L(m,χχ0
q)L(n, χχ

0
q)

=
∑
d|q

µ(d)
∑

χ mod q
d

χ(−1)=−1

L(m,χ)L(n, χ),

where χ0
q denotes the principle character modulo q.

According to Lemma 2.4, we obtain that∑∗

χ mod q

χ(−1)=−1

L(m,χ)L(n, χ)
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= − (2πi)m+n

4m!n!
·

m+n∑
l=0

rm,n,l ·
∑
d|q

µ(d)ϕ(
q

d
)ϕl

( q
d

)( q
d

)l−m−n

+BmBn ·
∑
d|q

µ(d)ϕ(
q

d
)
ϕm+n−1(

q
d )

q
d

 .

Since µ(n), ϕ(n) and ϕl(n) are all multiplicative functions, we get∑
d|q

µ(d)ϕ
( q
d

)
ϕl

( q
d

)( q
d

)l−m−n

=
∏
p|q

∑
d|pα

µ(d)ϕ

(
pα

d

)
ϕl

(
pα

d

)(
pα

d

)l−m−n

= ql−m−n+1 ·
∏
p|q

(
1− 1

p

)(
1− 1

pl

)(
1− 1

pl−m−n+1

)
.

For the same reason,∑
d|q

µ(d)ϕ
( q
d

)
ϕm+n−1

( q
d

) d

q
= 0.

Based on the above analysis, we obtain∑∗

χ mod q

χ(−1)=−1

L(m,χ)L(n, χ)

= − (2πi)m+n

4m!n!
·
m+n∑
l=0

rm,n,l · ql−m−n+1 ·
∏
p|q

(
1− 1

p

)(
1− 1

pl

)(
1− 1

pl−m−n+1

)
.

This proves Lemma 2.5. □

Lemma 2.6. Let q be a square-full number. Then we have the identity∑∗

χ mod q

χ(−1)=−1

L(m,χχ0
2)L(n, χχ

0
2)

= − (2πi)m+n

4m!n!
·
m+n∑
l=0

rm,n,l ·
(
1− 1

2l

)
· 2l−m−n · ql−m−n+1 ·

∏
p|q

(
1− 1

p

)

×
(
1− 1

pl

)(
1− 1

pl−m−n+1

)
.

Proof. By the identity∑
χ mod 2q

χ(−1)=−1

L(m,χ)L(n, χ) =
∑

χ mod q

χ(−1)=−1

L(m,χχ0
2)L(n, χχ

0
2)
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=
∑
d|q

∑∗

χ mod d

χ(−1)=−1

L(m,χχ0
2q)L(n, χχ

0
2q),

and the Möbius inversion formula, we have∑∗

χ mod q

χ(−1)=−1

L(m,χχ0
2)L(n, χχ

0
2) =

∑∗

χ mod q

χ(−1)=−1

L(m,χχ0
2q)L(n, χχ

0
2q)

=
∑
d|q

µ(d)
∑

χ mod q
d

χ(−1)=−1

L(m,χχ0
2q)L(n, χχ

0
2q)

=
∑
d|q

µ(d)
∑

χ mod q
d

χ(−1)=−1

L(m,χχ0
2q
d

)L(n, χχ0
2q
d

)

=
∑
d|q

µ(d)
∑

χ mod 2q
d

χ(−1)=−1

L(m,χ)L(n, χ).

According to Lemma 2.5, it follows that∑∗

χ mod q

χ(−1)=−1

L(m,χχ0
2)L(n, χχ

0
2)

= − (2πi)m+n

4m!n!
·

m+n∑
l=0

rm,n,l ·
∑
d|q

µ(d)ϕ

(
2q

d

)
ϕl

(
2q

d

)(
2q

d

)l−m−n+1

+
∑
d|q

µ(d)ϕ

(
2q

d

)
·
BmBnϕm+n−1

(
2q
d

)
2q
d


= − (2πi)m+n

4m!n!
·
m+n∑
l=0

rm,n,l ·
(
1− 1

2l

)
· 2l−m−n · ql−m−n+1 ·

∏
p|q

(
1− 1

p

)

×
(
1− 1

pl

)(
1− 1

pl−m−n+1

)
.

This proves Lemma 2.6. □

Lemma 2.7. Let q be a square-full odd number. Then we have∑∗

χ mod q

χ(−1)=−1

χ(2)L(m,χ)L(n, χ)

= − (2πi)m+n

4m!n!
·
m+n∑
l=0

rm,n,l · ql−m−n+1 · 2
l − 2m+n − 2

2m + 2n
·
∏
p|q

(
1− 1

p

)
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×
(
1− 1

pl

)(
1− 1

pl−m−n+1

)
.

Proof. With the Euler infinite product formula (see Theorem 11.6 of [2]), we
get

L(m,χχ0
2) =

∏
p1

(
1− χ(p1)χ

0
2(p1)

pm1

)−1

=
∏
p1>2

(
1− χ(p1)

pm1

)−1

=

(
1− χ(2)

2m

)∏
p1

(
1− χ(p1)

pm1

)−1

=

(
1− χ(2)

2m

)
L(m,χ),

where
∏
p

denotes the product over all primes p.

We know that

L(m,χχ0
2)L(n, χχ

0
2) = L(m,χ)L(n, χ)

(
1− χ(2)

2m

)(
1− χ(2)

2n

)
= L(m,χ)L(n, χ)

[
1 +

1

2m+n
−
(
χ(2)

2m
+

χ(2)

2n

)]
.

Note that
∑∗

χ mod q

χ(−1)=−1

χ(2) =
∑∗

χ mod q

χ(−1)=−1

χ(2), we can get

∑∗

χ mod q

χ(−1)=−1

χ(2)L(m,χ)L(n, χ)

=
∑∗

χ mod q

χ(−1)=−1

(
1

2n
+

1

2m

)−1

·
(
L(m,χχ0

2)L(n, χχ
0
2)−

(
1 +

1

2m+n

)
· L(m,χ)L(n, χ)

)

= − (2πi)m+n

4m!n!
·
m+n∑
l=0

rm,n,l · ql−m−n+1 · 2
l−1 − 2m+n−1 − 1

2m−1 + 2n−1
·
∏
p|q

(
1− 1

p

)

×
(
1− 1

pl

)(
1− 1

pl−m−n+1

)
.

This proves Lemma 2.7. □

3. Proof of theorems

In this section, we shall complete the proof of theorems.
First we give a hybrid mean value formula for generalized Dedekind sums

with Kloosterman sums.
The Gauss sum associated with χ modulo q is defined by

G(n, χ) =

q∑
a=1

χ(a)e

(
na

q

)
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and the classical Gauss sum τ(χ) = G(1, χ).
Note that if χ is a primitive character modulo q, then |τ(χ)| = √

q and∣∣∣∣∣
q∑′

a=1

χ(a)K(a, q)

∣∣∣∣∣ = |τ2(χ)| = q.

Proof of Theorem 1.1. If q is a square-full number and m ≡ n ≡ 1 (mod 2),
with the results of Lemmas 2.2 and 2.3, we have

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)S(āb,m, n, q)

= − 4m!n!

(2πi)m+nqm+n−1
·
∑
d|q

dm+n

ϕ(d)

∑
χ mod d

χ(−1)=−1

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)χ(āb)L(m,χ)L(n, χ)

= − 4m!n!

(2πi)m+nqm+n−1
·
∑
d|q

dm+n

ϕ(d)

∑
χ mod d

χ(−1)=−1

∣∣∣∣∣
q∑′

a=1

χ(a)K(a, q)

∣∣∣∣∣
2

· L(m,χ)L(n, χ)

= − 4m!n!

(2πi)m+nqm+n−1
· q

m+n

ϕ(q)
·
∑∗

χ mod q

χ(−1)=−1

q2 · L(m,χ)L(n, χ)

=
q4−m−n

ϕ(q)
·
m+n∑
l=0

rm,n,l · ql ·
∏
p|q

(
1− 1

p

)(
1− 1

pl

)(
1− 1

pl−m−n+1

)
.

This completes the proof of Theorem 1.1. □

Following a similar idea to the proof of Theorem 1.1, we give some hybrid
mean value formulas for generalized Hardy sums and Kloosterman sums, that
is we will prove the rest of theorems.

Proof of Theorem 1.2. From Proposition 1.1, Lemma 2.5 and Lemma 2.7, if q
is a square-full number and m ≡ 1 (mod 2), we have

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)s1(2āb,m, q)

= 2

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)S(2āb,m, 1, q)− 4

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)S(āb,m, 1, q)

= − 4m!

(2πi)m+1qm
·
∑
d|q

dm+1

ϕ(d)

∑
χ mod d

χ(−1)=−1

∣∣∣∣∣
q∑′

a=1

χ(a)K(a, q)

∣∣∣∣∣
2

· (2χ(2)− 4) · L(m,χ)L(1, χ)
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= − 4m!

(2πi)m+1qm
· q

m+1

ϕ(q)
·
∑∗

χ mod q

χ(−1)=−1

q2 · (2χ(2)− 4) · L(m,χ)L(1, χ)

=
q3−m

ϕ(q)
·
m+1∑
l=0

rm,1,l · ql−m · 2
l − 2m+2 − 6

2m−1 + 1

∏
p|q

(
1− 1

p

)(
1− 1

pl

)(
1− 1

pl−m

)
.

This proves Theorem 1.2. □

Similarly, we will deduce the identities involving generalized Hardy sums
s2(āb,m, n, q) and s3(āb, n, q) with Kloosterman sums, respectively.

Proof of Theorem 1.3. If q is a square-full even number and m ≡ n ≡ 1
(mod 2), then we have

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)s2(āb,m, n, q)

= 2m
q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)S(2āb,m, n, q)−
q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)S(āb,m, n, q)

= − 4m!n!

(2πi)m+nqm+n−1
·
∑
d|q

dm+n

ϕ(d)
·

∑
χ mod d

χ(−1)=−1

∣∣∣∣∣
q∑′

a=1

χ(a)K(a, q)

∣∣∣∣∣
2

· (2mχ(2)− 1)L(m,χ)L(n, χ)

= − 4m!n!

(2πi)m+nqm+n−1
· q

m+n

ϕ(q)
·
∑∗

χ mod q

χ(−1)=−1

q2 · (2mχ(2)− 1) · L(m,χ)L(n, χ)

=
q4−m−n

ϕ(q)

m+n∑
l=0

rm,n,l ·
(
2l − 2m+n − 2n−m − 3

2n−m + 1

)
· ql ·

∏
p|q

(
1− 1

p

)(
1− 1

pl

)(
1− 1

pl−m

)
.

This proves Theorem 1.3. □

Proof of Theorem 1.4. If q is a square-full odd number and n ≡ 1 (mod 2),
then we have

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)s3(āb, n, q)

= 2

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)S(āb, 1, n, q)− 4

q∑′

a=1

q∑′

b=1

K(a, q)K(b, q)S(2āb, 1, n, q)

= − 4n!

(2πi)1+nqn
·
∑
d|q

dn+1

ϕ(d)
·

∑
χ mod d

χ(−1)=−1

∣∣∣∣∣
q∑′

a=1

χ(a)K(a, q)

∣∣∣∣∣
2

· (2− 4χ(2)) · L(1, χ)L(n, χ)
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= − 4n!

(2πi)1+nqn
· q

n+1

ϕ(q)
·
∑∗

χ mod q

χ(−1)=−1

q2 · (2− 4χ(2)) · L(1, χ)L(n, χ)

=
q3−n

ϕ(q)
·
n+1∑
l=0

r1,n,l · ql ·
(
5 · 2n − 2l+1 + 6

2n−1 + 1

)
·
∏
p|q

(
1− 1

p

)(
1− 1

pl

)(
1− 1

pl−n

)
.

This completes the proof of Theorem 1.4. □
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