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SOME RESULTS ON MEROMORPHIC SOLUTIONS OF
Q-DIFFERENCE DIFFERENTIAL EQUATIONS

LINGYUN GAO, ZHENGUANG GAO, AND MANLI Liu

ABSTRACT. In view of Nevanlinna theory, we investigate the meromor-
phic solutions of g-difference differential equations and our results give the
estimates about counting function and proximity function of meromor-
phic solutions to these equations. In addition, some interesting results are
obtained for two general equations and a class of system of g-difference
differential equations.

1. Introduction and main results

We assume that the readers are familiar with the fundamental results and
standard notations of Nevanlinna theory (see [5,10,12,20]). Such as the Nevan-
linna characteristic function T'(r, f), the proximity function m(r, f) and the
counting functions N(r, f), N(r, f). A meromorphic function ¢ is said to be a
small function of f if the Nevanlinna characteristic T'(r, ) satisfies T'(r, ) =
S(r, f), where S(r, f) denotes any quantity satisfying S(r, f) = o(T(r, f)),
r — o0, possibly outside a set E of r with finite logarithmic measure. In
addition,

oa, f)=1- 1imsupw and O(a, f)=1-— limsupM
’ r—00 T(Ta f) ’ T—00 T(T, f)

Complex differential equations and complex difference equations play an
important role in the complex analysis. In recent decades, the Nevanlinna
theory involving g-difference has been developed to study g-difference equations
and g-difference polynomials. Many papers have focused on complex difference,
giving many difference analogues in value distribution theory of meromorphic
functions (see [2,3,7-9,15,16,18,19]).

In 1993, the following theorem was given in [10].
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Theorem A ([10]). Let

(1.1) Y ai(2) o) () = Rz, f),
where R(z, f) is defined as R(z, ) = % If equation (1.1) has a

transcendental meromorphic solution, then I =0 and k < min{A, X+ p(1 —
O(0))}, where

A= maX{Z(l +a)igh, A= maX{Z ia}, h= max{z Qo }
a=0 a=0 a=0

and ©(o0) =1 — lim Supi((:’}c)).

T—00

In 2010, Zheng and Chen [22] considered the growth of meromorphic solu-
tions of

Y (2)f(¢’2) = R(z _ PG 1)
§:j< 1I(@'2) = B ) = 5

and obtained some results (see, e.g., Theorem 2 in [22]). Later on, Wang et al.
[16] investigated the existence of solutions of non-linear g-difference differential
equation of the form

(12) Do) f (@) - (1 (@)™ = Rz, /).
They showed the following Theorem B.

Theorem B ([16]). If equation (1.2) has a transcendental meromorphic solu-
tion with zero order, then I =0 and k < min{A, X\ + u(1 — ©(c0))}.

Recently, Laine and Latreuch [11] considered meromorphic solutions of delay-
differential equations

£ (2 4 ¢ P(z, f)
(13) ZB )= Q6
and
L) T k) R (1Y)
M( 7f) * Hf ( + J) Q(Z,f).

j=1
A result below was given by Laine and Latreuch in [11].

Theorem C ([11]). Suppose f is a transcendental meromorphic solution of
hyper-order < 1 to equation (1.3). Then

4= max{p,q} <1+ (n - 1)(1+8(00, f)) + K(1 - O(cc, /),
where K := z;;l k;. Furthermore, the following assertions hold:

(1) Ifd>2 ord=q =1, then Ao (%) = pa(f).
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(2) If ¢(2) is a small function of f, not being a solution of (1.3), then
Xao(f = @) = p2(f). In particular, if ag(2) # 0, then X2 (f) = p2(f).

Inspired by Laine and Latreuch [11], Zheng and Chen [22], and the references
therein, we will investigate two types of g-difference differential equations

_ P(z,f)
0y U oS- fu) = )
and

Pz, f)
(15) q)(zafquqw""fqz)_m,
where

Pz f) _ ao(z) +ar(2)f +- -+ am(2) /™
Qz, ) Bol(z) + Bi(2)f + -+ Bul2) "
with meromorphic coefficients «,(2) (0 =0,1,...,m), Bu(2) (v =0,1,...,n),
which are small functions of f.
For the convenience of readers, we give some notations below. We set

(1.6) Q(Z,fqnqu-wfqt)1=an(Z)Hf;§{’°(f;)“5>l-- TR
i= i=

and

Ql(zﬂf(h7fqz7"'7f(h)
QZ(Zan17ff127"'7f(1t)7

where 7,(z) are small functions of f, fq, = f(¢:2) (i =1,2,...,1), |¢;| # 0 and
ki, ozg’l (l1=0,1,...,k;) are non-negative integers.
We also need to fix a collection of notations. The quantities

(1.7) (2, fors fans - fa) =

ki ki ki

i(Q) = J ;(Q) := A = 1
()i max 3 oy T i= mmax ) e 2

3,00

are called, respectively, the degree ~; (), the weight T';(2) and the hyper-weight
A (Q) of Uz, fg1, fgss- -+ fq,) With respect to f,,. One can observe that

max{7;(R2), i (2)} < A;(Q2) < %(Q) + ().

Moreover, the total degree, weight and hyper-weight of Q(z, fq,, foar -+ fa.)
are defined as

(1.8) o = Z%(Q), g := ZFi(Q)’ Ag = Z Ai(9),
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and the classical total degree, weight and hyper-weight of Q(z, fq,, foar-- - fq.)
are usually defined as:

t K
’ J
: max o
70 1Sj§5{§ E Z,z}a

i—1 1=0
t ks
't ;= max E E lo’
Q lfjgs{ ‘ 1,l}7
=1 =1

t ki
Api= max {3 (L+1)a],}
T 4=11=0

respectively. Clearly, v, < va, I'y <T'q and Af < Aq.
Similarly, the total degree, weight and hyper-weight of ®(z, fq,, foar-- - fq.)
are defined as
t t

t
Yo = Z’}/Z(q)), F@ = ZI}(@), A@ = ZAl((b),
P ‘ ;
where
%i(®) == max{y;(21),7(Q2)},
Fz(q)) = maX{Fi(Ql), FZ(QQ)}7
Al((ﬁ) = max{Ai(Ql), Al(Q2)}
We can now state our main results.

Theorem 1.1. Suppose that f is a transcendental meromorphic solution of
zero order of equation (1.4). Then

(1.9)  d=max{m,n} <75+ (72 —10)(1 — (o0, f)) + Ta(l — O(c0, f)).
Furthermore, the following assertions hold:

(1) If d > ~q, then f has infinity many poles.

(2) If n>m, thend =n < yq(1 —d(o0, f)) + Ta(l — (0, f)).

Example 1.2 shows that the condition of zero order can not be removed.

Example 1.3 is given to justify the validity of inequality (1.9).
Example 1.2. The meromorphic function f(z) = tanz with order 1 solves

Q(z, f(22), f(32)) : = tan 22 + tan 32
—fT—6f0 +5f° —10f* —7f3 —2f2 +3f +2

—3f6 +TfA 52+ 1 :

Here, d = 7, va = 75 = 2, 'q = 1 and O(o0, f) = 0. We observe that the
inequality (1.9) fails.

Let g € C such that 0 < |¢| < 1. Define

(1.10) T,(z) = %;(1 Qe

)
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where (a;9)oo = [[reo(1 — ag®). (1.10) is a meromorphic function with poles
at © = —n £ 2mik/log ¢, where k and n are non-negative integers [1].

Example 1.3. Let f(2) := (1—¢)* 'T'y(z), 2 = ¢ and f(0) := (¢,q)oo. Then
f(z) is a meromorphic function of zero order with no zeros, having its poles at
{g7*}%2. f(2) is a solution of
flaz)f(@®2) 12

(I-qz)(1—2) '
Here, d =2, 70 =75 =2 and I'q = 0.
Theorem 1.4. Suppose that [ is a transcendental meromorphic solution of
zero order of equation (1.5). Then

(1.11) d = max{m,n} < min{ys +T's(1 — O(o0, f)), As}.
Moreover, if Q1(z,0,0,...,0)80(z) — Q2(2,0,0,...,0)a0(z) £ 0, then 6(0, ) =
0.

We give an example below to show that the inequality (1.11) can occur.

Example 1.5. Let f(z) := (1—¢)*"'T'y(x), 2 = ¢ and f(0) := (¢,q)oo. Then
f(2) is a solution of

fAe) +f@®2)  (1—2)f+(1—qz)

fla2) + f2(¢?z) 1+ (1—-¢2)?(1-2)f
Here, d= 1, Yo = 4, F@(l - @(oo,f)) = O7 A@ =4.

Theorem 1.6. If equation (1.5) admits a transcendental meromorphic solution
of zero order with N(r, f) = S(r, f), then

m <7, and n < g,
We proceed to consider a more general equation of form

f’(Z)>51 _ P

f(z) Qz f)’

where s; is a positive integer, w(z) is a small function of f. We prove the
following theorem.

(1.12) Qs fys s s f) +0(2) (

Theorem 1.7. If equation (1.12) admits a transcendental meromorphic solu-
tion of zero order, then

d = max{m,n} < min{yo+Taq(1—0(c0, [)), Aq}+2s1—510 (0, f)—510(0, f).

Furthermore, the following assertions hold:
(1) If d = Aq + 251, then

T(r,f)=N(r,f)+S(r,f)=N <r, ) + S(r, f).

~| =
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(2) If Q(%,0) £ 0, then
d < min{yg + To(1 — O(co, f)), Aq} + s1(1 — ©(oc0, £)).

For some related results, we refer the reader to [11,17] and the reference
therein. Example 1.8 is given to illustrate the validity of the proposed results
in Theorem 1.7.

Example 1.8. Let f(z) := (1—¢)* 'T'y(z), 2 = ¢° and f(0) := (¢,q)oo. Then
f(2) is a solution of

fl(z)f —a2)(1 — )2 27(27‘1)(;0
O A P ek

Here,d =2, 81 =1, va=Aq =2,Tq =0, ©(c0, f) =0 and (0, /) = 1.

flaz)f(*z) +

Some articles [4,11,14,15] focused on Malmquist-type systems of complex dif-
ferential, difference and delay-differential equations. We obtain a result about
the following system:

(I)I(Zagqungv'-')gqt) = Rl(zvf)a
(I)Q(zaf(]17fQ27"'7fqt) = RQ(zag)a

where ®1(2, Gg1+ 9gas - - - 9q.) a0d Po(2, fg,, fgus -+, fq.) are defined as in (1.7).

. ag()tai(z)f+Fam (2) ™1 . co(2)tci(2)gttcm,(2)g™?
Ri(z, f) == bo(z)+b1(Z)f+~--+bn11(2)f”1 and Ra(z,9) = 60(2)+61(Z)g+~-+eni(Z)g”2
are irreducible rational functions of degrees di = max{mi,n1} and dy =

max{ms,ny} in f and g, respectively.

(1.13)

Theorem 1.9. Suppose that (f,g) is a transcendental meromorphic solution
of zero order of equation (1.13). Then

didy < Ao, Ag,.
Moreover, if N(r, f) = S(r, f), then
dida < v9,7%,-

Example 1.10 is given to illustrate the validity of the proposed results in
Theorem 1.9.

Example 1.10. As same as Example 1.3, let f(z) := (1 —q)* " 'Ty(2), 2 = ¢%,
f(0):=(¢,¢)c0, and g(z) := (1 — 2) f(2). Then (f(2),9(z)) is a solution of

flaz)+f%(q?2z) — 1+(1—qz)?g’
92(az)+9(a°z) _ (1=qz)(1=2)f+(1—q¢°2)
9%(qz)—g(q°z) (1—qz)(1—-2)f—(1—q2)"

Here, d1 = 1, d2 = 1, Aq;.l = 4, A@Q = 3.

{fg(qZHf(qzz) _ g9+(—qz) .
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2. Some lemmas

Lemma 2.1 ([10]). Let f be a meromorphic function. Then for all irreducible
rational functions in f,
Rz )= D& f) ) a4+ an(z)™
7 Q(z, f)  bo(z) +b1(2)f + -+ bu(2) /"
with meromorphic coefficients a;(z) (i = 0,1,...,m), bj(2) (j = 0,1,...,n),

such that
T(r,a;(z))=8(r,f),i=0,...,m;
T(r,bj(2)) =S(r. f), j=0,...,n
the characteristic function of R(z, f(2)) satisfies
T(r,R(z, f)) =dT(r, [) + S(r, f),

where d = max{m,n}.

Lemma 2.2 ([2]). Let f(2) be a non-constant meromorphic function with zero
order and g € C\{0}. Then

(1)

on a set of logarithmic density 1.

Lemma 2.3 ([21]). Let f(z) be a transcendental meromorphic function of zero
order and q be a nonzero constant. Then

T(r, f(gz)) = (1 +0(1))T(r, f)
and
N(r, f(gz)) = (1 4+ o(1))N(r, f)

on a set of logarithmic density 1.

Lemma 2.4. Let f be a non-constant meromorphic solution of zero order of
equation

Oz, fars famre oo fu) = Somi@) T far o (Fo) 0 - (FEF)ns = 0,
i= =

where |q;| # 0 are distinct complex numbers, O‘z,z (I =0,1,...,k;) are non-
negative integers and the coefficients n;(z) are small functions of f. IfQ(z,a) #
0 for some small meromorphic function a(z), then

n(r ) =it

Proof of Lemma 2.4. Since g := f — a satisfies a similar g-difference differen-
tial equation. Without loss of generality, we assume that a(z) = 0. Rewrite

Q(Z7fqlva2a"'7th) as
Q(vaqufqza"'afqt) = G(Z) +§(Z7fq”fqm"'7f%) = 07
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where G(z) := Q(z,0,0,...,0) £ 0 and

s ! & ANC] AN
Qz, fars Fazr s far) = Zﬁj(z) Hf(;i’o(fqi)%J o ()
j=1 i=1

with coefficients 7; (%) are small functions of f.
On the one hand, if |f(z)| > 1, we have

1
log™ —d9 =0.
@<tz ld=r) ]
On the other hand, if |f(z)| < 1, then
1 1

< p p - —
[fl — ‘f|a{,o+--~+a{,k1+~~+ai,o+---+ai,kt

Hence, we obtain

» v t &l k) jad
I agvo ! ag,l .. H flh f Jqi R t§7 ) alkl
71| Lo o 11 /

Applying the lemma of logarithmic derivative and Lemma 2.2, we get that
m(r, %) = S(r, ). Thus,

()58 <n () n (o)
—m< ?>+m< é) =S(r, f).

We finished the proof of Lemma 2.4.

3. Proof of Theorem 1.1

In order to give the estimation of the Nevanlinna characteristics function of

Q(Z’fququ e 7flh)'
Firstly, we estimate the proximity function of Q(z, fq,, fgr-- -+ fqr)

|Q(Z’fquf¢127""flh)|

s t j , ;
— ST T o (o) - (f3k0) e
j=1 i=1

af.: 0 af‘:,l (ki)

i qi

< Z I7;(2)] H |f(z)\2?:o o : -
Jj=1 i=1

Define Dy = {z,|f(2)| < 1} N{z,|z| = r} and Dy = {z, |z| = r}\D;.
If z € Dy, then we have

‘Q(Z7fq17fq2""7th)‘

J
ik

i

fa:
f
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sk [ (k) oy
SZlm |H\f )| 220 ql > y
f f
f . 0 [
< ij |H A > }
If z € Dy, then we have
‘Q(zququza"'af(h)‘
L U [ |0
< D @I E=e % i g
Jj=1 =1
of ki) ol
fq f o fg' ki
S ’yQ ,'7 @ qi i

By using the lemma of logarithmic derivative and Lemma 2.2, we obtain

1
m(r) = 5= [ 108" 19 fu v Su) IO

(3.1)

1
+27 10g+‘Q(zafqlaqu"'vflh”da
s Do

<vom(r, f) + S(r, f).

Secondly, to estimate N (r,Q), we consider

Qi) (2 Fars Fans -5 far) = mi (2 qulb‘)fqbal-w (k)

then we get that

n(r, Q) < n(r,n;) + 04{ on(r, fo) 4 +al, n(r £480)

n(r, n; +Za”nrfqb —I—Zla”n T, fg:)-

1=0
Thus, we have

t
03t + 3 e { St}
t
3.2
(32) +2 &?@{le fqt}

<> nlr,my) +0n(r, fa,) + Tan(r, f4,),
j=1

601
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where n(r, ¢) stands for the order of the poles of ¢ and 7i(r, ) stands for the
order of the poles of ¢ counted only once. Then, from (3.2) and 7; are small
functions of f, applying Lemma 2.3, we obtain

(3.3) N(r,Q) < S(r, f) +vaN(r, f) + TaN(r, f).
It follows from (3.1) and (3.3) that
T(Ta Q) < "Yglm(rv f) + 'YQN(Tv f) + FQW(T’ f) + S(Tv f)
< QT (r, f) + (va = Q)N (r, f) + TaN(r, f) + S(r, ).

Taking the Nevanlinna characteristic function of both sides of equation (1.4)
and applying Lemma 2.1, we obtain
Pz, f ))

dT(r, )+ S(r,f)=T (7“, QG0

(3.5) =T(r, Uz, fors faor -5 far)
<QT(r, )+ (va = 1Q)N(r, f)
+ FQN(T.) f) + S(T7 f)a

(3.4)

which gives that
d = max{m,n} <v4 + (10 — 7)1 - 8(00, f)) + Ta(1 - 6(cc, f)).
If d > 7§, it follows from (3.5) that
(3.6)  (d—Q)T(r, f) +5(r, f) < (va —¥)N(r, f) + TaN(r, f) + S(r, f),

which implies that f has infinity poles.
If n > m, we may rewrite Q(z, f) as

Q0. f) =/3nf”< b, B Bt +1>.

Bl T B T BT

Note that T'(r,8,) = S(r, f), v =0,1,...,n. As well as, T (7“, ﬁ%) = S(r, f).
Set

_ B |*
(3.7) |B(2)] == max {1,2 5, }
We compute it is a proximity function, then we have
= 1
(3.8) m(r,8) < ) m(r, B) + m(r, 2-) + O(1) = S(r, f).
v=0 v

Divide the circle |z| = r into two parts:
By ={0€[0,2n] : |f(re?)| < |B(re?)|} and Ey = [0, 27]\FE}.
Firstly, we consider z = re'?, here § € E;. We have

1Q(z, fq17fq27"'7flh)|
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AT Ao (g )t o (p0)
=1

s t
J ’ J )
< @ a5l fg 1% - L
Jj=1

=1
s t ) « "ol (ks) ol
ki o fz 0 f1 i ki
< E:PU@HIILﬂZhOIJi%' ; ?
Jj=1 =1
o fq O‘z,1 ékt) aik,
2|B fy ( ) Z |nJ H fL fL }

By the lemma of logarithmic derivative, Lemma 2.2, and (3.8), we get that

(39 o [ 18T 1906 fur S a0 = S ).

Ey

Secondly, we consider z = 7’| here § € Ey. From (3.7), we have

£ > 8 = /3; -
Therefore, Bz—*” < % holds for all v = 1,...,n. Then, we get that
n({ Bo B Bn-1
=8, 1
QD= pur” (5 + g+ o+ g +1)|
~ [Bnv
(3.10) 2 TauT
n 1 - n
> 18,]IfI" (122,> = Pullil”,
v=1
It follows from (1.4) and (3.10) that
P(z,f)‘ 2m - s
Q = !
| (nyth’qu Mf%s)l ’Q(Z,f) S |Bn||f‘n Hgo|all«(z)”f|
(3.11)
p=n
S|Bn ;;Jau 2)|If
From (3.7), note that |f| > |8(z)| > 1. Recall that n > m. Hence, (3.11) gives
that
1
(3.12) Py log™ |2, fors Fans -+ s far)|dO = S(r, f).

E,



604 L. Y. GAO, Z. G. GAO, AND M. L. LIU
By adding (3.9) to (3.12) together, it yields
(3.13) m(r,Q) = S(r, f).
From (3.3) and (3.13), then (3.5) reduces to
dT(r, )+ S(r, f) < T (r, f) + (va =) N(r, f) + TaN(r, f) + S(r, f)
<yaN(r, f) +ToN(r, f) + S(r, f),

which implies that d = n < yq(1 — d(o0, f)) + T'a(l — ©(c0, f)).
Thus, we finished the proof of Theorem 1.1.

4. Characteristic function estimation of ®(z, fq,, fgas--+» fq.)

Before proving Theorems 1.4, 1.6, 1.7 and 1.9, we need a sequence of prelim-
inary results. We show that the characteristic function estimation of ®(z, f,,,
fazs-++» fq). The following lemma which can be obtained by similar proof of
Theorem 1 in [13].

Lemma 4.1. Let n;, 7; be small functions of f, ¢ # 0,1 and

s t . _ .
i (2) T farr (f )b o (U)o,
(2, faus Fans s fa) ; ’ 131 "o ‘
QQ(Z’f17f2""7ft> 8 ¢ ol ;g o ’
T S @ [T ) ()
j=1 i=1

where O‘g.l (I =01,...,k), ozz’t (t = 0,1,...,1;) are positive integers and

Q12 fars fans - s far) and Qo(2, fors fans -+ far) are g-difference differential
polynomials of the form (1.6). If f has a zero order, then

1
m(r, (I)) S ’yqﬁn(?“, f) - N(’I"7 972) + N(Ta QQ) + S(’ﬁ f)
Proof of Lemma 4.1. Let U(z) = max{|Q1],|Q2|}. It follows from (1.7) that
logt |®| =log U(z) — log |Qa].

By integration, this yields

1 2m )
m(r, &) = ﬂ/o log’™ [®(rei?)|do

1/27T log U (re'?)df — 1/27r log | (re™?)|do
2w 0 & 2w 0 & 2 '
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Note that (3.1) and ~¢, < vq. Thus, we have

27

1 . 1 2m
5 log U(re'?)df = Afm/i log max{|Q], |Q2|}d6
™ Jo

<ij£:3% m(r, f) + S(r, f)
—7¢m( f)+58(r, f).

Using Jensen’s formula, we get that

1 27 0 1
%/0 log |Qa(re'”)|df = N (r,QZ) — N(r,Q2) + O(1).

Hence, from the above equations, we obtain

m(r®) < am(n )~ N (g )+ N £S5

Applying Lemma 4.1, we obtain Proposition 4.2 below, as the corresponding
proof of (see, e.g., Theorem 3 in [13] and Theorem 4.7 in [6]).

Proposition 4.2. Let (2, fo,, fgor---» fq) e defined as in (1.7). If f is a
meromorphic function with zero order, then

T(r,®) < min {'yqff(r, f) +TaN(r, f), AsT(r, f)} + S(r, f).

Proposition 4.3. Suppose that f is a transcendental meromorphic solution of
(1.5) with zero order and n > m. Then

m(r, @) :m( $2> + S(r, f).
Furthermore, if N(r, f) = S(r, f), we have

ﬂn@§T< é)+swn

Proof of Proposition 4.3. By the similar method as in the proof of Theorem
1.1.
If z € Eq, then we get that

i Ql(zafquqm"'?f%)
27'(' QQ(Z7fq17fqz7""th)

1
S% 10g+|Ql(zafquf1127'"7f‘1t)|d0

Eq

log™t do

. 1
QQ(Zan17fq27"'7th)

1
o+ S(r, f).
QQ(Z?f’IquQ,...,fqt) + (Thf)

do
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If z € Es, then it follows from (3.7) that |f| > 2|8(z)| > 1. Recall that
n > m. Similarly, we get that

m

ot - [ < .ﬁjw SMEIE
<o Zm NP
Thus
e e e

From (4.1) and (4.2), we have

(43) mtr,®) =m () + 50,1

Next, suppose that N(r, f) = S(r, f). Recall inequality (3.3), then we have

(44)  N(r,®) < N(r, Q)+ N <r, é) =N (r, é) +8(r, f).

It follows from (4.3) and (4.4) that

T(r,®)<T (n (;2) +S(r, f).

This completes the proof of Proposition 4.3. ]

5. Proof of Theorem 1.4-1.9

Proof of Theorem 1.4. Taking the Nevanlinna characteristic function of both
sides of equation (1.5). Applying Lemma 2.1 and Proposition 4.2, we obtain

dT'(r, f) < min {7eT(r, f(2)) + TaN(r, f(2)), AeT(r, f(2))} + S(r, f),
which implies that
d =max{p,n} <min{ye + I'e(1l — O(c0, f)), As}.
Rewrite (1.5) as

Y(Zaf) = Ql(z7fq17fqz7""fqt)Q(Zaf) _92(Zafqnfqz7"'afqt)P(Zaf) =0.
Note that €4(z,0,0,...,0)80(z) — Q2(2,0,0,...,0)ap(z) # 0. That is to say,
Y (z,0) # 0. By using Lemma2 4, we have m (7“ ) = S(r, f). Thus, §(0, f) =

0.
This completes the proof of Theorem 1.4. (I
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P(z,f)

Proof of Theorem 1.6. Firstly, we rewrite the quotient oG &
P(Z7f) PZ('z?f)
= ‘P Z7 f + )
QG - DGR

where Py (z, f), P2(z, f) are polynomials in f such that
deg<Pl(Z7 f)) = max{m - 7170}7 deg(PQ(Z? f)) <n.

Note that the coefficients of P;, P, are small functions of f. Thus, (1.5) can be
written as

Ql(zqunfqm"'qut) _Pl(zzf)QQ(vaququv'"’f(h,) _ P2(z’f)
QQ(valhqum"'vat) Q(va)

Applying Proposition 4.3 and Lemma 2.1 to the above equation, we have

nT(r,f) <T (n Ql_PlQZ) +S(rf)<T <r, 1) +S(r, f).
QQ QQ

Note that N(r, f) = S(r, f). By combining with (3.4), we obtain

nT(r, f) < 70,T(r, f) + S(r, f),
which implies that n < v, .

Q(z.f)
P(z,f)"
This completes the proof of Theorem 1.6. O

Secondly, by using a similar method to We can obtain m < 'ygh.

Proof of Theorem 1.7. Taking the Nevanlinna characteristic function of both
sides of equation (1.12) and applying Proposition 4.2 and Lemma 2.1, we have

dT(Tu f) S min {’YQT(Ta f) + PQN(rv f)7 AQT(rv f)}

})+anﬂ,

(5.1) _ _
+s51N(r, f)+s1N <r,

which implies
d = max{m,n} < min{yq+Ta(1—6(0, f)), Aq}+2s51—510(c0, f)—510(0, f).
If d = Aq + 2s1, then it follows from (5.1) that

(d — AQ)T(’)", f) § Slﬁ(T, f) + Slﬁ <7“, },) + S(T, f)

Then, we have
(d - AQ - 81>T(7", f) S min {SlN(T7 f), SIW (Ta }) } + S(T7 f),

which implies that T'(r, f) = N(r, f) + S(r, f) = N (r, %) +S(r, f).

If Q(z,0) # 0, note that all zeros of f are not poles of ggz;g From (1.12), we

know that all zeros of f are not poles of Q(z, fy,, foss- -+ fa.) T w(2) (f,(z)) B

f(2)

Hence, the poles of Q(z, fo,, faar -+ fq.) + w(2) (J}'((ZZ))) ' appear only in the
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poles of Q(z, fq,, fgus-- -+ [q. ), the poles of w(z) and the poles of f. Hence, we
have

N (7“, Q+w (?)) < N(r, Q)+ N(r,w) + siN(r, f)
< N(r, Q)+ s1N(r, f) + S(r, f).
By the same argument as above, we get that
dT(r, f) < min{yQT(r, f) + TaN(r, ), AT (r, f)} + s1N(r, f) + S(r, f),
which yields in
d < minfra + Ta(l - O(cc, £)), A} + s1(1 — O(co, ).

This completes the proof of Theorem 1.7. (]

Proof of Theorem 1.9. Suppose that (f, g) is a transcendental meromorphic so-
lution of zero order to (1.13). Taking the Nevanlinna characteristic function of
both sides of each equation of (1.13) and applying Proposition 4.2 and Lemma
2.1, we get that

diT(r, f) + S(r, f) =T(r,®1) < Ag,T(r,9) + S(r,9),
d2T'(r,g) + S(r,g) =T(r, ®2) < A, T(r, f) + 5(r, f).
Then we have
(di +0(1))T(r, f) < (Ae, +0(1)) T'(r, g),
(d2 +0(1))T(r, 9) < (Ag, +0(1)) T'(r, f),
as r — 00, outside of a possible set of finite logarithmic measure, we obtain
didy < Ag, Ag,.
In particular, if N(r, f) = S(r, f), then by the same method, we have
diT(r, f) + S(r, ) =T(r, 1) < 7o, T(r,9) + S(r, 9),
dQT(r7 g) + S(’I‘, g) = T(’I“, (I)Q) S ’Y<I>2T(T7 f) + S<T7 f)
Similarly, we obtain

didy < V9, Va,-
This completes the proof of Theorem 1.9. O
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