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EXTENSIONS OF MULTIPLE LAURICELLA AND

HUMBERT’S CONFLUENT HYPERGEOMETRIC

FUNCTIONS THROUGH A HIGHLY GENERALIZED

POCHHAMMER SYMBOL AND THEIR RELATED

PROPERTIES

Ritu Agarwal, Junesang Choi, Naveen Kumar, and Rakesh K. Parmar

Abstract. Motivated by several generalizations of the Pochhammer

symbol and their associated families of hypergeometric functions and hy-
pergeometric polynomials, by choosing to use a very generalized Pochham-

mer symbol, we aim to introduce certain extensions of the generalized

Lauricella function F
(n)
A and the Humbert’s confluent hypergeometric

function Ψ(n)of n variables with, as their respective particular cases,

the second Appell hypergeometric function F2 and the generalized Hum-
bert’s confluent hypergeometric functions Ψ2 and investigate their several

properties including, for example, various integral representations, finite

summation formulas with an s-fold sum and integral representations in-
volving the Laguerre polynomials, the incomplete gamma functions, and

the Bessel and modified Bessel functions. Also, pertinent links between

the major identities discussed in this article and different (existing or
novel) findings are revealed.

1. Introduction and preliminaries

The literature on special functions contains diverse extensions (or general-
izations) and applications of the gamma function Γ(z), the incomplete gamma
function the Beta function B(α, β) (see, e.g., [1, 3, 4, 7–15, 21, 26, 27, 29, 47]),
the confluent hypergeometric and hypergeometric functions 1F1(z) and 2F1(z),
and the generalized hypergeometric functions rFs(z) with r numerator and s
denominator parameters (see, e.g., [16, 17, 19, 23, 25, 31–34, 37–40, 43, 44] and
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the references cited therein). In particular, for an appropriately bounded se-
quence {κℓ}ℓ∈N0

of essentially arbitrary (real or complex) numbers, Srivastava
et al. [43, Eq. (2.1)] recently considered the function Θ ({κℓ}ℓ∈N0 ; z) given by

(1) Θ ({κℓ}ℓ∈N0 ; z) :=


∞∑
ℓ=0

κℓ
zℓ

ℓ!
(|z| < R; 0 < R < ∞; κ0 := 1),

M0 zω exp(z)

[
1 +O

(
1

z

)]
(
ℜ(z) → ∞; M0 > 0; ω ∈ C

)
for some suitable constants M0 and ω depending essentially upon the sequence
{κℓ}ℓ∈N0

. In terms of the function Θ ({κℓ}ℓ∈N0
; z) defined by (1), Srivastava et

al. [43] proposed and explored the following astonishingly profound generaliza-
tions of the extended Gamma function:

Γ
({κℓ}ℓ∈N0)
p (z) =

∫ ∞

0

tz−1 Θ
(
{κℓ}ℓ∈N0

;−t− p

t

)
dt(

ℜ(z) > 0; ℜ(p) ≧ 0
)
.

In this section and throughout, let C, Z, and N represent the sets of complex
numbers, integers, and positive integers, respectively, and let N0 := N ∪ {0}
and Z≤η be the set of integers less than or equal to a fixed η ∈ Z. R. Srivastava
has proposed and conducted a thorough analysis of the following new family
of generalized hypergeometric functions [37, p. 2203, Eq. (64)]:

rFs

[
(α1, p, {κℓ}ℓ∈N0

) , α2, . . . , αr;

β1, . . . , βs;
z

]
(2)

=

∞∑
n=0

(α1, p; {κℓ}ℓ∈N0)n (α2)n · · · (αr)n
(β1)n · · · (βs)n

zn

n!
,

in terms of the generalized Pochhammer symbol (λ, p, {κℓ}ℓ∈N0
)ν defined by

[37, p. 2203, Eq. (63)]:

(3) (λ, p, {κℓ}ℓ∈N0)ν :=
Γ
({κℓ}ℓ∈N0)
p (λ+ ν)

Γ
({κℓ}ℓ∈N0)
p (λ)

(
ℜ(p) > 0; λ, ν ∈ C),

or, equivalently, by means of an integral representation as follows:

(4) (λ, p, {κℓ}ℓ∈N0)ν =
1

Γ
({κℓ}ℓ∈N0)
p (λ)

∫ ∞

0

tλ+ν−1 Θ
(
{κℓ}ℓ∈N0

;−t− p

t

)
dt

(
ℜ(p) > 0; ℜ(λ+ ν) > 0

)
.

In this paper, by using the generalized Pochhammer symbol in (3), we aim

to further extend the multiple Lauricella function F
(n)
A (see, e.g., [41, p. 33,

Eq. (1)]) and the multiple Humbert’s confluent hypergeometric function Ψ
(n)
2

(see, e.g., [41, p. 34, Eq. (9)]) together with, as their respective particular cases,
the second Appell hypergeometric function F2 (see, e.g., [41, p. 23, Eq. (3)]) and
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the generalized Humbert’s confluent hypergeometric function Ψ2 (see, e.g., [41,
p. 26, Eq. (22)]) and make a systematic investigation of their several properties
such as various integral representations, finite summation formulas with an s-
fold sum and integral representations involving the Laguerre polynomials, the
incomplete gamma functions, and the Bessel and modified Bessel functions.
Also, we make pertinent links between this paper’s major findings and a variety
of (existing or novel) identities.

2. Further extensions

In this part, using the generalized Pochhammer symbol in (3), we propose
further extensions of the four functions described in the previous section, as
defined in the following definition.

Definition. Let α, β1, . . . , βn ∈ C and γ1, . . . , γn ∈ C \ Z≤0. Also let p ∈ C
be such that ℜ(p) ≥ 0. Then

(i) A generalization F
(n)
A of the Lauricella’s hypergeometric function F

(n)
A

of n variables is defined by

F
(n)
A [(α, p, {κℓ}ℓ∈N0

) , β1, . . . , βn; γ1, . . . , γn;x1, . . . , xn](5)

:=

∞∑
m1,...,mn=0

(α; p, {κℓ}ℓ∈N0
)m1+···+mn

(β1)m1
· · · (βn)mn

(γ1)m1 · · · (γn)mn

xm1
1

m1!
· · · x

mn
n

mn!
.

Here if ℜ(α) > 0 and ℜ(p) > 0, then (5) converges absolutely for all
x1, . . . , xn ∈ C; if p = 0, then (5) converges absolutely for |x1|+ · · ·+
|xn| < 1.

(ii) A generalization F2 of the Appell hypergeometric function F2 is defined
by

F2[(α, p, {κℓ}ℓ∈N0
), β1, β2; γ1, γ2;x1, x2](6)

:=

∞∑
m1,m2=0

(α; p, {κℓ}ℓ∈N0)m1+m2(β1)m1(β2)m2

(γ1)m1
(γ2)m2

xm1
1

m1!

xm2
2

m2!

=
∞∑

m1=0

(α)m1
(β1)m1

(γ1)m1

2F1

[
(α+m1, p, {κℓ}ℓ∈N0

), β2;
γ2;

x2

]
xm1
1

m1!
.

Here (6) is a particular case of (5) when n = 2; the function 2F1 is a
particular case of (2) when n = 1, that is (see [37]):

2F1

[
(α, p, {κℓ}ℓ∈N0

), β1;
γ1;

x1

]
:=

∞∑
m1=0

(α; p, {κℓ}ℓ∈N0)m1(β1)m1

(γ1)m1

xm1
1

m1!
.

(iii) A generalization P
(n)
2 of the Humbert’s confluent hypergeometric func-

tion Ψ
(n)
2 of n variables is defined by

P
(n)
2 [(α, p, {κℓ}ℓ∈N0

); γ1, . . . , γn;x1, . . . , xn](7)
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:=

∞∑
m1,...,mn=0

(α; p, {κℓ}ℓ∈N0
)m1+···+mn

(γ1)m1 · · · (γn)mn

xm1
1

m1!
· · · x

mn
n

mn!

= lim
min{|β1|,...,|βn|}→∞

{
F

(n)
A

[
(α, p, {κℓ}ℓ∈N0

), β1, . . . , βn; γ1, . . . , γn;
x1

β1
, . . . ,

xn

βn

]}
.

Here (7) converges absolutely for all x1, . . . , xn ∈ C and is a confluent
form of (5).

(iv) A generalization P2 of the Humbert’s confluent hypergeometric func-
tion Ψ2 of 2 variables is defined by

P2[(α, p, {κℓ}ℓ∈N0
); γ1, γ2;x1, x2](8)

:=

∞∑
m1,m2=0

(α; p, {κℓ}ℓ∈N0
)m1+m2

(γ1)m1
(γ2)m2

xm1
1

m1!

xm2
2

m2!

= lim
min{|β1|,|β2|}→∞

{
F2

[
(α, p, {κℓ}ℓ∈N0

), β1, β2; γ1, γ2;
x1

β1
,
x2

β2

]}
.

Here (8) is a particular case of (7) when n = 2 and is a confluent form
of (6).

Remark 2.1. Choi et al. [18] used the incomplete Pochhammer symbol (see
[18, Eq. (1.6)]) to introduce and investigate the families of the incomplete

Lauricella hypergeometric functions γ
(n)
A and Γ

(n)
A of n variables (see Equations

(2.1) and (2.2) in [18]). Here, it may be obvious that the generalized functions
in (5), (6) and (7) using the generalized Pochhammer symbol (3) (or (4)) differ
from those in [18, Equations (2.1) and (2.2)], mainly because the generalized
Pochhammer symbol (3) (or (4)) and the incomplete Pochhammer symbol (see
[18, Eq. (1.6)]) are distinct.

3. Integral representations

In this section, by using the integral representation (4) of the generalized
Pochhammer symbol (λ; p, {κℓ}ℓ∈N0)ν , we construct certain integral represen-

tations of the generalized Lauricella function F
(n)
A in (5) and the generalized

Humbert’s confluent hypergeometric function P
(n)
2 . We also present corre-

sponding integral representations for the generalized Appell function F2 and
the generalized Humbert’s confluent hypergeometric function P2. We further

offer certain integral representations for F
(n)
A and F2 whose integrands include

a finite product of a function (with different arguments) chosen among the La-

guerre polynomials L
(α)
n (x), the incomplete gamma function γ(κ, x), and the

Bessel function Jν(z) and the modified Bessel function Iν(z).

Theorem 3.1. Let min{ℜ(p), ℜ(α)} > 0. Also let β1, . . . , βn ∈ C and
γ1, . . . , γn ∈ C \ Z≤0. Further let the function Θ({κℓ}ℓ∈N0 ; z) be the same
as in (1). Then

F
(n)
A [(α, p, {κℓ}ℓ∈N0

), β1, . . . , βn; γ1, . . . , γn;x1, . . . , xn](9)
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=
1

Γ
({κℓ}ℓ∈N0)
p (α)

∫ ∞

0

tα−1 Θ
(
{κℓ}ℓ∈N0 ;−t− p

t

) n∏
j=1

1F1

[
βj ;

γj ;
xjt

]
dt

(
x1, . . . , xn ∈ C

)
.

Proof. Replace the term

(10) (α; p, {κℓ}ℓ∈N0
)m1+···+mn

in the multiple summation (5) by the integral representation of (10):

(α, p, {κℓ}ℓ∈N0
)m1+···+mn

(11)

=
1

Γ
({κℓ}ℓ∈N0)
p (α)

∫ ∞

0

tα+m1+···+mn−1 Θ
(
{κℓ}ℓ∈N0

;−t− p

t

)
dt

(
ℜ(p) > 0; ℜ(α) > 0

)
,

which can be derived from (4). Then we want to interchange the order of
summation and integration in the resulting identity. The most straightforward
approach to justify this procedure is to consider the integral to be a Lebesgue
integral. Due to the series’s absolute convergence under the constraints, each
term in the series may be considered to be nonnegative. Now we can apply
Lévi’s convergence theorem (see [2, p. 268, Theorem 10.25]) to obtain the de-
sired identity (9). □

Theorem 3.2. Let min{ℜ(p), ℜ(α)} > 0. Also let γ1, . . . , γn ∈ C \ Z≤0.
Further let the function Θ({κℓ}ℓ∈N0

; z) be the same as in (1). Then

P
(n)
2 [(α, p, {κℓ}ℓ∈N0

); γ1, . . . , γn;x1, . . . , xn]

=
1

Γ
({κℓ}ℓ∈N0)
p (α)

∫ ∞

0

tα−1 Θ
(
{κℓ}ℓ∈N0

;−t− p

t

) n∏
j=1

0F1( ; γj ;xjt) dt(
x1, . . . , xn ∈ C

)
.

Proof. By substituting the first equality in (7) for (5), the proof would proceed
concurrently with that of Theorem 3.1. The specifics have been removed. □

Theorem 3.3. Let min{ℜ(p), ℜ(α), ℜ(β1), . . . ,ℜ(βn)} > 0. Also let γ1, . . .,
γn ∈ C \ Z≤0. Further let the function Θ({κℓ}ℓ∈N0

; z) be the same as in (1).

Then the following (n + 1)-tuple integral representation for F
(n)
A in (5) holds

true.

F
(n)
A [(α, p, {κℓ}ℓ∈N0), β1, . . . , βn; γ1, . . . , γn;x1, . . . , xn](12)

=
1

Γ({κℓ}ℓ∈N0)(α) ·
n∏

j=1

Γ(βj)
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×
∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

e
−

n∑
j=1

tj
· sα−1 ·

n∏
j=1

t
βj−1
j ·Θ

(
{κℓ}ℓ∈N0 ;−s− p

s

)
×

n∏
j=1

0F1( ; γj ;xjstj) dsdt1 · · · dtn.

Proof. Using the integral representation (11) and the following integral repre-
sentation for the usual Pochhammer symbol:

(13) (λ)n =
1

Γ(λ)

∫ ∞

0

e−u uλ+n−1 du (n ∈ N0, ℜ(λ+ n) > 0)

in each of Pochhammer symbols (β1)m1 , . . . , (βn)mn in (5), we can obtain the
desired identity (12). □

Theorem 3.4. Let min{ℜ(p), ℜ(α), ℜ(β1), . . . ,ℜ(βn)} > 0. Also let γ1, . . .,

γn ∈ C \ Z≤0. Then the following n-tuple integral representation for F
(n)
A in

(5) holds true.

F
(n)
A [(α, p, {κℓ}ℓ∈N0

), β1, . . . , βn; γ1, . . . , γn;x1, . . . , xn](14)

=
1

n∏
j=1

Γ(βj)

∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

e
−

n∑
j=1

tj
·

n∏
j=1

t
βj−1
j

× P
(n)
2 [(α, p, {κℓ}ℓ∈N0

); γ1, . . . , γn;x1t1, . . . , xntn] dt1 · · · dtn.

Proof. Using the integral representation (13) in each of the Pochhammer sym-
bols (β1)m1

, . . . , (βn)mn
in (5) and applying (7), we can get the desired multiple

integral representation (14). □

Theorem 3.5. Let min{ℜ(p), ℜ(α)} > 0. Also let ℜ(γj) > ℜ(βj) > 0 (j =

1, . . . , n). Then the following n-tuple integral representation for F
(n)
A in (5)

holds true.

F
(n)
A [(α, p, {κℓ}ℓ∈N0

), β1, . . . , βn; γ1, . . . , γn;x1, . . . , xn](15)

=
1

n∏
j=1

B(βj , γj − βj)

∫ 1

0

· · ·
∫ 1

0

n∏
j=1

t
βj−1
j (1− tj)

γj−βj−1

× 1F0

[
(α, p, {κℓ}ℓ∈N0); ;x1t1 + · · ·+ xntn

]
dt1 · · · dtn.

Proof. Using the following integral representation for a quotient of Pochham-
mer symbols which can also be expressed in terms of the Beta functions B(α, β):

(β)ν
(γ)ν

=
B(β + ν, γ − β)

B(β, γ − β)
=

1

B(β, γ − β)

∫ 1

0

tβ+ν−1(1− t)γ−β−1 dt(
ℜ(γ) > ℜ(β) > max{0,−ℜ(ν)}

)
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in (5) and the series rearrangement identity (see [42, p. 52, Eq. 1.6(3)]):

∞∑
m1,...,mn=0

Ω (m1 + · · ·+mn)
xm1
1

m1!
· · · x

mn
n

mn!
=

∞∑
m=0

Ω(m)
(x1 + · · ·+ xm)

m

m!
,

and applying (2) in the resulting identity, we can get the desired multiple
integral representation (15). □

When n = 2, the special case of Theorems 3.1–3.4 instantly yields integral
representations for the generalized Appell function F2 in (6) and Humbert’s
confluent function P2 in (8), as stated in Corollaries 3.6–3.9.

Corollary 3.6. Let min{ℜ(p), ℜ(α)} > 0. Also let β1, β2 ∈ C and γ1, γ2 ∈
C \ Z≤0. Then the following integral representation for F2 in (6) holds true.

F2[(α, p, {κℓ}ℓ∈N0
), β1, β2; γ1, γ2;x1, x2] =

1

Γ({κℓ}ℓ∈N0)(α)

×
∫ ∞

0

tα−1 Θ
(
{κℓ}ℓ∈N0

;−t− p

t

)
1F1

[
β1;
γ1;

x1t

]
1F1

[
β2;
γ2;

x2t

]
dt.

Corollary 3.7. Let min{ℜ(p), ℜ(α)} > 0. Also let γ1, γ2 ∈ C \ Z≤0. Then
the following integral representation for P2 in (8) holds true.

P2[(α, p, {κℓ}ℓ∈N0
); γ1, γ2;x1, x2] =

1

Γ({κℓ}ℓ∈N0)(α)

×
∫ ∞

0

tα−1 Θ
(
{κℓ}ℓ∈N0

;−t− p

t

)
0F1( ; γ1;x1t) 0F1( ; γ2;x2t) dt.

Corollary 3.8. Let min{ℜ(p), ℜ(α), ℜ(β1), ℜ(β2)} > 0. Also let γ1, γ2 ∈
C \ Z≤0. Then the following triple integral representation for F2 in (6) holds
true.

F2[(α, p, {κℓ}ℓ∈N0
), β1, β2; γ1, γ2;x1, x2] :=

1

Γ({κℓ}ℓ∈N0)(α)Γ(β1)Γ(β2)

×
∫ ∞

0

∫ ∞

0

∫ ∞

0

e−t1−t2 Θ
(
{κℓ}ℓ∈N0

;−s− p

s

)
sα−1 tβ1−1

1 tβ2−1
2

× 0F1( ; γ1;x1st1) 0F1( ; γ2;x2st2) dsdt1 dt2.

Corollary 3.9. Let min{ℜ(p), ℜ(α), ℜ(β1), ℜ(β2)} > 0. Also let γ1, γ2 ∈
C \ Z≤0. Then the following double integral representation for F2 in (6) holds
true.

F2[(α, p, {κℓ}ℓ∈N0
), β1, β2; γ1, γ2;x1, x2]

=
1

Γ(β1)Γ(β2)

∫ ∞

0

∫ ∞

0

e−t1−t2 tβ1−1
1 tβ2−1

2

× P2[(α, p, {κℓ}ℓ∈N0
); γ1, γ2;x1t1, x2t2] dt1 dt2.
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Remark 3.10. A number of elementary and special functions are expressed in
terms of (generalized) hypergeometric functions (see, e.g., [35], [20, p. 265,
Eq. (3.2)], and [6, 22, 24, 28, 45, 46]). For example, recall those of the Laguerre

polynomial L
(α)
n (x) of order (index) α and degree n in x, the incomplete gamma

function γ(κ, x), the Bessel function Jν(z) and the modified Bessel function
Iν(z):

L(α)
n (x) =

(α+ 1)n
n!

1F1(−n;α+ 1;x) (α ∈ C \ Z≤−1) ,(16)

γ(κ, x) =
1

κ
xκ

1F1(κ;κ+ 1;−x) (κ ∈ C \ Z≤0) ,(17)

Jν(z) =
( z2 )

ν

Γ(ν + 1)
0F1

(
; ν + 1;−1

4
z2
)

(ν ∈ C \ Z≤−1)(18)

and

(19) Iν(z) =
( z2 )

ν

Γ(ν + 1)
0F1

(
; ν + 1;

1

4
z2
)

(ν ∈ C \ Z≤−1) .

Now, by applying the relationships (16) and (17) to the integral formulas
(9), and by using the relationships (18) and (19) in the integral formula (12),
we can present several interesting integral representations for the generalized

Lauricella hypergeometric function F
(n)
A in (5) as asserted in Corollaries 3.11

and 3.12 (without proof).

Corollary 3.11. Let min{ℜ(p), ℜ(α)} > 0. Also let m1, . . . , mn ∈ N0 and
β1, . . . , βn ∈ C \ Z≤−1. Further let ℜ(α) >

∑n
j=1 ℜ(βj) for (20). Then each

of the following integral representations for F
(n)
A in (5) holds true.

F
(n)
A [(α, p, {κℓ}ℓ∈N0

),−m1, . . . ,−mn;β1 + 1, . . . , βn + 1;x1, . . . , xn]

=

n∏
j=1

mj !

Γp({κℓ}ℓ∈N0
)

n∏
j=1

(βj + 1)mj
(α)

×
∫ ∞

0

Θ
(
{κℓ}ℓ∈N0

;−t− p

t

)
tα−1

n∏
j=1

L(βj)
mj

(xjt) dt

and

F
(n)
A [(α, p, {κℓ}ℓ∈N0

), β1, . . . , βn;β1 + 1, . . . , βn + 1;−x1, . . . ,−xn](20)

=

n∏
j=1

βj x
−βj

j

Γ
({κℓ}ℓ∈N0)
p (α)
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×
∫ ∞

0

Θ
(
{κℓ}ℓ∈N0 ;−t− p

t

)
t
α−

n∑
j=1

βj−1 n∏
j=1

γ(βj , xjt) dt.

Corollary 3.12. Let min{ℜ(p), ℜ(α), ℜ(β1), . . . , ℜ(βn)} > 0. Also let γ1, . . .,
γn ∈ C \ Z≤−1. Further let ℜ(α) > 1

2

∑n
j=1 ℜ(γj) and ℜ(βj) > 1

2ℜ(γj) (j =

1, . . . , n). Then each of the following (n+1)-tuple integral representations for

F
(n)
A in (5) holds true.

F
(n)
A [(α, p, {κℓ}ℓ∈N0

), β1, . . . , βn; γ1 + 1, . . . , γn + 1;−x1, . . . ,−xn]

=

n∏
j=1

Γ(γj + 1) ·
n∏

j=1

x
−

γj
2

j

Γ
({κℓ}ℓ∈N0)
p (α) ·

n∏
j=1

Γ(βj)

×
∫ ∞

0

∫ ∞

0

. . .

∫ ∞

0

e
−

n∑
j=1

tj
s
α− 1

2

n∑
j=1

γj−1 n∏
j=1

t
βj−

γj
2 −1

j

×Θ
(
{κℓ}ℓ∈N0

;−s− p

s

)
·

n∏
j=1

Jγj

(
2
√

xjstj
)
dsdt1 · · · dtn

and

F
(n)
A [(α, p, {κℓ}ℓ∈N0

), β1, . . . , βn; γ1 + 1, . . . , γn + 1;x1, . . . , xn]

=

n∏
j=1

Γ(γj + 1) ·
n∏

j=1

x
−

γj
2

j

Γ
({κℓ}ℓ∈N0)
p (α) ·

n∏
j=1

Γ(βj)

×
∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

e
−

n∑
j=1

tj
s
α− 1

2

n∑
j=1

γj−1 n∏
j=1

t
βj−

γj
2 −1

j

× Θ
(
{κℓ}ℓ∈N0

;−s− p

s

)
·

n∏
j=1

Iγj

(
2
√

xjstj
)
dsdt1 · · · dtn.

The particular cases of the results in Corollaries 3.11 and 3.12 when n = 2
are given in Corollaries 3.13 and 3.14, respectively.

Corollary 3.13. Let min{ℜ(p), ℜ(α)} > 0. Also let m1, m2 ∈ N0 and β1, β2 ∈
C\Z≤−1. Further let ℜ(α) > ℜ(βj)+ℜ(β2) for (21). Then each of the following
integral representations for F2 in (6) holds true.

F2[(α, p, {κℓ}ℓ∈N0),−m1,−m2;β1 + 1, β2 + 1;x1, , x2]

=
m1!m2!

(β1 + 1)m1
(β2 + 1)m2

Γ
({κℓ}ℓ∈N0)
p (α)
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×
∫ ∞

0

tα−1 Θ
(
{κℓ}ℓ∈N0 ;−t− p

t

)
L(β1)
m1

(x1t)L
(β2)
m2

(x2t) dt

and

F2[(α, p, {κℓ}ℓ∈N0
), β1, β2;β1 + 1, β2 + 1;−x1,−x2](21)

=
β1β2x

−β1

1 x−β2

2

Γ
({κℓ}ℓ∈N0)
p (α)

×
∫ ∞

0

tα−β1−β2−1 Θ
(
{κℓ}ℓ∈N0

;−t− p

t

)
γ(β1, x1t)γ(β2, x2t) dt.

Corollary 3.14. Let min{ℜ(p), ℜ(α), ℜ(β1), ℜ(β2)} > 0. Also let γ1, γ2 ∈
C \ Z≤−1. Further let ℜ(α) > 1

2

∑2
j=1 ℜ(γj) and ℜ(βj) >

1
2ℜ(γj) (j = 1, 2).

Then each of the following triple integral representations for F2 in (6) holds
true.

F2[(α, p, {κℓ}ℓ∈N0
), β1, β2; γ1 + 1, γ2 + 1;−x1,−x2]

=
Γ(γ1 + 1)Γ(γ2 + 1)x

− γ1
2

1 x
− γ2

2
2

Γ
({κℓ}ℓ∈N0)
p (α)Γ(β1)Γ(β2)

×
∫ ∞

0

∫ ∞

0

∫ ∞

0

e−t1−t2sα−
γ1
2 − γ2

2 −1t
β1− γ1

2 −1
1 t

β2− γ2
2 −1

1 Θ
(
{κℓ}ℓ∈N0 ;−s− p

s

)
× Jγ1

(
2
√
x1st1

)
Jγ2

(
2
√
x2st2

)
dsdt1dt2

and

F2[(α, p, {κℓ}ℓ∈N0
), β1, β2; γ1 + 1, γ2 + 1;x1, x2]

=
Γ(γ1 + 1)Γ(γ2 + 1)x

− γ1
2

1 x
− γ2

2
2

Γ
({κℓ}ℓ∈N0)
p (α)Γ(β1)Γ(β2)

×
∫ ∞

0

∫ ∞

0

∫ ∞

0

e−t1−t2sα−
γ1
2 − γ2

2 −1t
β1− γ1

2 −1
1 t

β2− γ2
2 −1

1 Θ
(
{κℓ}ℓ∈N0 ;−s− p

s

)
× Iγ1

(
2
√
x1st1

)
Iγ2

(
2
√
x2st2

)
dsdt1dt2.

4. Finite summation formulas involving F
(n)
A

The following theorems investigate several finite summation formulas for the

generalized Lauricella function F
(n)
A .

Theorem 4.1. Let m ∈ N0 and ℜ(p) ≥ 0. Also let α, β3, . . . , βn ∈ C and

γ3, . . . , γn ∈ C \ Z≤0. Then the following finite summation formula for F
(n)
A

holds true for all x1, . . . , xn ∈ C.
m∑

k=0

F
(n)
A [(α, p, {κℓ}ℓ∈N0

),−k,−m+ k, β3, . . . , βn;(22)



EXTENSIONS OF MULTIPLE CONFLUENT HYPERGEOMETRIC FUNCTIONS 585

1, 1, γ3, . . . , γn;x1, . . . , xn]

= (m+ 1)F
(n−1)
A [(α, p, {κℓ}ℓ∈N0

),−m,β3, . . . , βn; 2, γ3, . . . , γn;

x1 + x2, x3, . . . , xn].

Proof. We make use of the integral representation (9) and the following well-
known identity for the Laguerre polynomials (see, e.g., [35, p. 209, Eq. (3)]):

(23)

m∑
k=0

L
(λ)
k (x)L

(µ)
m−k(y) = L(λ+µ+1)

m (x+ y)

for λ = µ = 0. Thus, in view of the 1F1 representation (16) for the Laguerre
polynomials, we get the desired finite summation formula (22). □

Theorem 4.2. Let α ∈ C and ℜ(p) ≥ 0. Also let m1, . . . , ms ∈ N0. Then

the following multiple finite summation formula for F
(n)
A holds true for all

x1, . . . , x2s ∈ C.
m1∑

k1=0

· · ·
ms∑

ks=0

F
(2s)
A

[
(α, p, {κℓ}ℓ∈N0

),−k1,−m1 + k1, . . . ,−ks,−ms + ks;(24)

1, . . . , 1;x1, . . . , x2s

]
= (m1 + 1) · · · (ms + 1)F

(s)
A [(α, p, {κℓ}ℓ∈N0

),−m1, . . . ,−ms; 2, . . . , 2;

x1 + x2, . . . , x2s−1 + x2s].

Proof. By iterating the technique used to prove the finite summation formula
(22), which is based upon the identity (23) and the integral representation
(9), the required multiple summation formula (24) is obtained using the 1F1

representation (16) for the Laguerre polynomials. □

Theorem 4.3. Let m ∈ N0, α ∈ C \ {1}, and ℜ(p) ≥ 0. Also let β3, . . . , βn ∈
C, γ3, . . . , γn ∈ C\Z≤0, and λ ∈ C\Z≤−1. Then the following finite summation

formula for F
(n)
A holds true for all x1, . . . , xn ∈ C with x1 ̸= x2.

m∑
k=0

(
λ+ k

k

)
F

(n)
A

[
(α, p, {κℓ}ℓ∈N0),−k,−k, β3, . . . , βn;(25)

λ+ 1, λ+ 1, γ3, . . . , γn;x1, . . . , xn

]
=

(λ+ 1)m+1

m!(α− 1)
(x1 − x2)

−1

× F
(n)
A

[
(α− 1, p, {κℓ}ℓ∈N0

),−m,−m− 1, β3, . . . , βn;

λ+ 1, λ+ 1, γ3, . . . , γn;x1, . . . , xn

]
+ x1 ⇌ x2,

where x1 ⇌ x2 indicates the presence of a second term that originates from the
first term by interchanging x1 and x2.
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Proof. Applying the relationship (16) and the following known result (see, e.g.,
[35, p. 206, Eq. (10)]):

m∑
k=0

k!

(λ+ 1)k
L
(λ)
k (x)L

(λ)
k (y)

=
(m+ 1)!

(λ+ 1)m
(x− y)−1

[
L(λ)
m (x)L

(λ)
m+1(y)− L

(λ)
m+1(x)L

(λ)
m (y)

]
to the integral representation (9), we get the desired finite summation formula
(25). □

Remark 4.4. By suitably iterating the process in Theorem 4.3, we obtain
m1∑

k1=0

m2∑
k2=0

m3∑
k3=0

(
a1 + k1

k1

)(
a2 + k2

k2

)(
a3 + k3

k3

)
× F

(n)
A

[
(α, p, {κℓ}ℓ∈N0

),−k1,−k1,−k2,−k2,−k3,−k3, β7, . . . , βn;

a1 + 1, a1 + 1, a2 + 1, a2 + 1, a3 + 1, a3 + 1, γ7, . . . , γn;x1, . . . , xn

]
=

(a1+1)m1+1(a2+1)m2+1(a3+1)m3+1

m1!(α−1)(α−2)(α−3)
(x1 − x2)

−1
[
(x3 − x4)

−1
{
(x5 − x6)

−1

× F
(n)
A

[
(α− 3, p, {κℓ}ℓ∈N0),−m1,−m1 − 1,−m2,−m2 − 1,−m3,−m3 − 1,

β7, . . . , βn; a1 + 1, a1 + 1, a2 + 1, a2 + 1, a3 + 1, a3 + 1, γ7, . . . , γn;

x1, . . . , xn

]
+ x5 ⇌ x6

}
+ x3 ⇌ x4

]
+ x1 ⇌ x2,

where the right-hand side obviously has 23 terms. Similarly, we can derive a

more general multiple finite summation formula for F
(n)
A in the following form:

m1∑
k1=0

· · ·
ms∑

ks=0

(
a1 + k1

k1

)
· · ·

(
as + ks

ks

)
× F

(2s)
A [(α, p, {κℓ}ℓ∈N0

),−k1,−k1, . . . ,−ks,−ks;

a1 + 1, a1 + 1, . . . , as + 1, as + 1;x1, . . . , x2s],

whose detailed expression is being left as an exercise for the interested reader.

5. The generalized Lauricella function F
(2s)
A as an s-fold sum

By interpreting the first two 1F1 functions occurring on the right-hand side
of (9) as a Cauchy product, it is found that the generalized Lauricella function

F
(n)
A can be expressed as a series whose terms are composed of 3F2 and F

(n−2)
A

as follows:

F
(n)
A [(α, p, {κℓ}ℓ∈N0), β1, . . . , βn; γ1, . . . , γn;x1, . . . , xn](26)

=

∞∑
m=0

(α)m(β1)m
(γ1)m

xm
1

m!
3F2

[
−m, 1− γ1 −m, β2;

1− β1 −m, γ2;
− x2

x1

]
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× F
(n−2)
A [(α+m, p, {κℓ}ℓ∈N0

), β3, . . . , βn; γ3, . . . , γn;x3, . . . , xn]

(p ≧ 0; |x1|+ · · ·+ |xn| < 1 when p = 0).

More generally, by iterating the same process s times in (9) with n replaced by

2s as in the last summation formula (26), F
(2s)
A would be finally expressed as

a multiple series whose terms are s-tuple products of the hypergeometric 3F2

functions:

F
(2s)
A [(α, p, {κℓ}ℓ∈N0

), β1, . . . , β2s; γ1, . . . , γ2s;x1, . . . , x2s]

=

∞∑
m1,...,mn=0

(α; p, {κℓ}ℓ∈N0
)m1+···+mn

×
s∏

j=1

{
(β2j−1)mj

(γ2j−1)mj

x
mj

2j−1

mj !
3F2

[
−mj , 1− γ2j−1 −mj , β2j ;

1− β2j−1 −mj , γ2j ;
− x2j

x2j−1

]}
(p ≧ 0; |x1|+ · · ·+ |x2s| < 1 when p = 0).

6. Concluding remarks and further observations

In our present investigation, with the help of the generalized Pochhammer
symbol (λ, p, {κℓ}ℓ∈N0

)ν in (3), we have introduced the generalized Lauricella

function F
(n)
A and the generalized Humbert’s confluent hypergeometric func-

tion P(n) of n variables, whose particular cases when n = 2 have also been
considered to be named and denoted as the generalized Appell function F2

and the generalized Humbert’s confluent hypergeometric function P2 of two
variables. Then we have investigated several properties of these newly intro-
duced functions such as diverse integral representations and finite summation

formulas for F
(n)
A . Also, we have obtained some integral representations involv-

ing the Laguerre polynomials L
(α)
n (x), the incomplete gamma function γ(κ, x),

and the Bessel function Jν(z) and the modified Bessel function Iν(z). Certain
specific instances of the findings given in this article, which may be derived
by specializing the sequence {κℓ}ℓ∈N0

’s choices, reduce to the corresponding
known or novel results for the classical Lauricella and Appell functions (see,
e.g., [5], [41], [42]). In particular, if we set

κℓ = 1,

the functions in (5) and (6) immediately yield the known generalized Lauricella

function F
(n)
A of n variables and generalized Appell function F2 of two variables

[44].
Again, if we choose

κℓ =
(ρ)ℓ
(σ)ℓ

(ℓ ∈ N0) ,

the functions in (5) and (6) may give new extensions for the generalized Lau-

ricella function F
(n)
A of n variables and the extended Appell function F2.



588 R. AGARWAL, J. CHOI, N. KUMAR, AND R. K. PARMAR

Thus, the numerous findings given in this article are certain to be novel and
extend previously published simpler results (see, e.g., [5], [41] and [42]).

We conclude this article by making the following further observations:

• The special case of (26) when n = 2 can easily be rewritten for the
generalized Appell function F2.

• The special case of (26) when κℓ = 1 and p = 0 yields a known result
(see, e.g., [42, p. 181, Problem 38(ii)]).

• By setting κℓ = 1 and p = 0 in the results presented in Sections 4 and
5, we can obtain the corresponding known identities due to Srivastava
[36] and Padmanabham and Srivastava [30].

• By taking κℓ =
(ρ)ℓ
(σ)ℓ

(ℓ ∈ N0) in the results given in this paper, we may

develop corresponding new results for generalized Lauricella function

F
(n)
A , generalized Humbert’s confluent hypergeometric function Ψ(n) of

n variables, generalized Appell function F2 and Humbert’s confluent
function Ψ2 of two variables.
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Bessel functions of the first kind, Results Math. 72 (2017), no. 1-2, 617–632. https:

//doi.org/10.1007/s00025-016-0649-1

[26] A. R. Miller, Reductions of a generalized incomplete gamma function, related Kampé de
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