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EXTENSIONS OF MULTIPLE LAURICELLA AND
HUMBERT’S CONFLUENT HYPERGEOMETRIC
FUNCTIONS THROUGH A HIGHLY GENERALIZED
POCHHAMMER SYMBOL AND THEIR RELATED
PROPERTIES

RITU AGARWAL, JUNESANG CHOI, NAVEEN KUMAR, AND RAKESH K. PARMAR

ABSTRACT. Motivated by several generalizations of the Pochhammer
symbol and their associated families of hypergeometric functions and hy-
pergeometric polynomials, by choosing to use a very generalized Pochham-
mer symbol, we aim to introduce certain extensions of the generalized
Lauricella function an) and the Humbert’s confluent hypergeometric
function W(™of n variables with, as their respective particular cases,
the second Appell hypergeometric function F» and the generalized Hum-
bert’s confluent hypergeometric functions ¥s and investigate their several
properties including, for example, various integral representations, finite
summation formulas with an s-fold sum and integral representations in-
volving the Laguerre polynomials, the incomplete gamma functions, and
the Bessel and modified Bessel functions. Also, pertinent links between
the major identities discussed in this article and different (existing or
novel) findings are revealed.

1. Introduction and preliminaries

The literature on special functions contains diverse extensions (or general-
izations) and applications of the gamma function I'(z), the incomplete gamma
function the Beta function B(«, ) (see, e.g., [1,3,4,7-15,21,26,27,29,47]),
the confluent hypergeometric and hypergeometric functions 1 F(z) and o F (z),
and the generalized hypergeometric functions ,Fy(z) with r numerator and s
denominator parameters (see, e.g., [16,17,19, 23, 25, 31-34, 3740, 43, 44] and
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the references cited therein). In particular, for an appropriately bounded se-
quence {kg}oen, of essentially arbitrary (real or complex) numbers, Srivastava
et al. [43, Eq. (2.1)] recently considered the function © ({k¢}een,; ) given by

%) ¢
Z’W% (lz2| < R; 0 < R < 005 Ko 1= 1),
=0 &

(1) ©({keteeny; 2) == Mo 2 exp(2) |1+ 0 (1”

(R(z) = o0; My > 0; w € C)

for some suitable constants 9ty and w depending essentially upon the sequence
{Kke}een,- In terms of the function © ({k¢}een,; 2) defined by (1), Srivastava et
al. [43] proposed and explored the following astonishingly profound generaliza-
tions of the extended Gamma function:

FZ(,{HK}“N”)(z) = / 7' e ({W}EGNO; —t— }%) dt
0

(R(2) > 0; R(p) 2 0).
In this section and throughout, let C, Z, and N represent the sets of complex
numbers, integers, and positive integers, respectively, and let Ny := N U {0}
and Z<, be the set of integers less than or equal to a fixed n € Z. R. Srivastava
has proposed and conducted a thorough analysis of the following new family
of generalized hypergeometric functions [37, p. 2203, Eq. (64)]:

(alvpa {KIE}EENQ) sy 2y oy Ol
(2) TFS 61a"'755; Z‘|
_ - (alap; {KZ}KGNo)n (Oéz)n co (ar)n i"
a nZ:O (B1)n - (Bs)n n!’

in terms of the generalized Pochhammer symbol (A, p, {s¢}een, ), defined by
37, p. 2203, Eq. (63)]:

FI(;{M}EENO)()\ +v)
F;S;{HZ}ZGNO)()\)

(3) ()\,p, {’W}@ENO)V = (%(p) > O; /\’ Ve C)?

or, equivalently, by means of an integral representation as follows:

1 ° _
(4) (Aap7 {"’W}EGNO)V = W / t)\+y ! (S ({’W}KGNOQ —t — %) dt
Ly () 0
(R(p) > 0; R(A+v) > 0).
In this paper, by using the generalized Pochhammer symbol in (3), we aim
to further extend the multiple Lauricella function FIE‘”) (see, e.g., [41, p. 33,

Eq. (1)]) and the multiple Humbert’s confluent hypergeometric function ‘I’én)
(see, e.g., [41, p. 34, Eq. (9)]) together with, as their respective particular cases,
the second Appell hypergeometric function Fj (see, e.g., [41, p. 23, Eq. (3)]) and



EXTENSIONS OF MULTIPLE CONFLUENT HYPERGEOMETRIC FUNCTIONS 577

the generalized Humbert’s confluent hypergeometric function Wy (see, e.g., [41,
p. 26, Eq. (22)]) and make a systematic investigation of their several properties
such as various integral representations, finite summation formulas with an s-
fold sum and integral representations involving the Laguerre polynomials, the
incomplete gamma functions, and the Bessel and modified Bessel functions.
Also, we make pertinent links between this paper’s major findings and a variety
of (existing or novel) identities.

2. Further extensions

In this part, using the generalized Pochhammer symbol in (3), we propose
further extensions of the four functions described in the previous section, as
defined in the following definition.

Definition. Let «, f1,..., 8, € Cand v1,...,7, € C\ Z<p. Alsolet p € C
be such that R(p) > 0. Then

(i) A generalization 3“1&") of the Lauricella’s hypergeometric function FIE‘”)

of n variables is defined by
(5) y,gn)[(avpa {KE}KGNO) vﬂla ce 7571;717 BN R % P 7‘rn]
i (a;p, {K’e}ZGNO)mlJF“'ern (ﬁl)ml U (6n)mn xliml . zy

(’Yl)ml T <7n)mn m! my,! .

mi,...,mnp=0

Here if f(a) > 0 and R(p) > 0, then (5) converges absolutely for all

x1, ..., xp € C; if p =0, then (5) converges absolutely for |z1|+--- +
|z, | < 1.
(ii) A generalization 5 of the Appell hypergeometric function Fj is defined
by
(6) <g/72[(aap,{HZ}EGNo)a517B2;71772;xlax2]
— i (O[,p, {"‘W}EENO)ml—i—mg (/Bl)ml (/BQ)WLQ le :C’;nz
(Y1) my (V2)ms my! ma!

ml,m2:0

— i (a)ml(ﬂ]-)ml 2F1 |: (a+m1ap7{“<‘f}€€No)aﬁ2; T ﬂ

(Y1), Y23 my!

m1:0

Here (6) is a particular case of (5) when n = 2; the function 2 F} is a
particular case of (2) when n =1, that is (see [37]):

(a,p, {Ke}eeny ), Br; o — (o p, {Keteeny)ma (B1)m, 351;”1
2 [ i xl} ap> (1)ms my!”

ma =0

(iii) A generalization @2(”) of the Humbert’s confluent hypergeometric func-
tion \I/gn) of n variables is defined by

() P, p, {Fedeeny)i Vs - s i s - - T
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(Y1) my = (Yn)ma, my! my,!

lim «?("){m Ax By B, nﬂwl}}
min{‘ﬁl‘mwmﬁw{ A | (ep, {keteen, ), 1 Bnm Wi g B

Here (7) converges absolutely for all 1, ..., 2, € C and is a confluent
form of (5).

(iv) A generalization &5 of the Humbert’s confluent hypergeometric func-
tion ¥y of 2 variables is defined by

(8) gz2[(04,p7{’W}éeNo);’YlﬁYz;m,Iz]

= i (s p, {Ke}eens ) mitms @1 252

mi, ma=0 (71)7711 (72)m2 ml! m2!

1 T2

- hm {92 |:(a7p7{Hf}éeNo)aﬁhﬁQ;’yh’)ﬁ;51a52:|}'

min{|B1],|B2|}—o00

Here (8) is a particular case of (7) when n = 2 and is a confluent form
of (6).

Remark 2.1. Choi et al. [18] used the incomplete Pochhammer symbol (see
[18, Eq. (1.6)]) to introduce and investigate the families of the incomplete
Lauricella hypergeometric functions 754”) and F(:) of n variables (see Equations
(2.1) and (2.2) in [18]). Here, it may be obvious that the generalized functions
in (5), (6) and (7) using the generalized Pochhammer symbol (3) (or (4)) differ
from those in [18, Equations (2.1) and (2.2)], mainly because the generalized
Pochhammer symbol (3) (or (4)) and the incomplete Pochhammer symbol (see

[18, Eq. (1.6)]) are distinct.

3. Integral representations

In this section, by using the integral representation (4) of the generalized
Pochhammer symbol (X; p, {k¢}een, ), We construct certain integral represen-

tations of the generalized Lauricella function yf‘n) in (5) and the generalized

Humbert’s confluent hypergeometric function ,@én). We also present corre-
sponding integral representations for the generalized Appell function %5 and
the generalized Humbert’s confluent hypergeometric function &;. We further
offer certain integral representations for 321&1") and %5 whose integrands include
a finite product of a function (with different arguments) chosen among the La-
guerre polynomials Lgfé)(x), the incomplete gamma function v(k, ), and the
Bessel function J,(z) and the modified Bessel function I, (z).

Theorem 3.1. Let min{R(p), R(a)} > 0. Also let p1,..., 58, € C and
Ms-eosVn € C\ Z<o. Further let the function © ({k¢}een,;z) be the same
as in (1). Then

(9) ygn)[(Oé?pa {’%Z}feNo)vﬁla v 7Bn;’yla sy Yy Ty e 7xn]
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= W/ ta_l (S) ({:‘%}ZGNOQ_t — ]tz) H 1 Fy |: J, .’L‘jt:| de
Ty £}eeNg (a) 0 =1 Vi
(xl, ey Ty € C).
Proof. Replace the term

(10) (e p, {Ke}eeng Jmy+-+m,

in the multiple summation (5) by the integral representation of (10):

(11) (aapv{ﬁj@}éel\]o)m1+m+mn
1 > 1 p
= ey, e (et = ) ot
Ly a) O

(?R(p) > 0; R(a) > 0),

which can be derived from (4). Then we want to interchange the order of
summation and integration in the resulting identity. The most straightforward
approach to justify this procedure is to consider the integral to be a Lebesgue
integral. Due to the series’s absolute convergence under the constraints, each
term in the series may be considered to be nonnegative. Now we can apply
Lévi’s convergence theorem (see [2, p. 268, Theorem 10.25]) to obtain the de-
sired identity (9). O

Theorem 3.2. Let min{R(p), R(e)} > 0. Also let v1,....,7 € C\ Z<o.
Further let the function © ({ke¢}eeny; 2) be the same as in (1). Then

P[0, {Rebeene )i, Y B,
1

- W/ -1 g ({w}zENO; —t— %) TT oFi (= 55525t dt
Fp L JLEN (Oé) 0 e

(:z:l,...,xne(C).

Proof. By substituting the first equality in (7) for (5), the proof would proceed
concurrently with that of Theorem 3.1. The specifics have been removed. [

Theorem 3.3. Let min{R(p), R(a), N(B1), ... ,R(Bn)} > 0. Also let v, ...,
Yn € C\ Z<o. Further let the function © ({k¢}een,; z) be the same as in (1).

Then the following (n + 1)-tuple integral representation for ﬂf‘n) in (5) holds
true.

(12) ’gz,gn)[(aap7 {H€}€6N0)7515 .. 'aﬁn;ryly ey Yy L1y .- axn]
1

r(teso) (@) - T T()

Jj=1
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[e%s} o) oo _ i t; n
2 _ i—1 p
X e 77! -sal-Ht@J O ({re}eeny; —s — =
J 0 s
0 0 0 j=1

X H oFi(— ;5 zst;)dsdty -- - di,.

Proof. Using the integral representation (11) and the following integral repre-
sentation for the usual Pochhammer symbol:

1 (oo}
(13) ()\)n = m/o e U>\+n_1 du (n S NO, éR()\ + n) > 0)
in each of Pochhammer symbols (81)my;- -, (Bn)m, in (5), we can obtain the
desired identity (12). O

Theorem 3.4. Let min{R(p), R(a), R(B1), ... ,R(Bn)} > 0. Also let v, ...,

Yn € C\ Z<g. Then the following n-tuple integral representation for ﬁzjgn) n
(5) holds true.

(14) f(n)[(a b, {’if}ZGNo) ﬁlv .. '75774;’717 ey Yy L1y 7xn]

00 ,Zt n
Fere A S ACR | Ul
Jj=

1

X gg(n)[(a,p, {Keteeny );v1y - s Tate, ., Tty ] dty - - diy,.

Proof. Using the integral representation (13) in each of the Pochhammer sym-
bols (B1)mys- - - (Bn)m, in (5) and applying (7), we can get the desired multiple

integral representation (14). O
Theorem 3.5. Let min{R(p), R(«)} > 0. Also let R(~y;) > R(B;) > 0 (j =
1,...,n). Then the following n-tuple integral representation for F ( in (5)
holds true.
(15) f,gn)[(a pa{ﬂe}ZENU Bla'"aana’yla"'77%;1'17""'1:”]
PR B
H B( ﬁ]?’YJ
X 1F0 [(avpa {HK}ZENO);i ;Iltl +- xntn] dtl te dtn

Proof. Using the following integral representation for a quotient of Pochham-
mer symbols which can also be expressed in terms of the Beta functions B(«, 3):

B)y _BB+vy—B) _ 1 R T RN
(v),  B(B,y—B) _B(ﬁ,’y—ﬂ)/ t (1-1) dt

(R(7) > R(B) > max{0, ~R(v)})
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in (5) and the series rearrangement identity (see [42, p. 52, Eq. 1.6(3)]):

o0 mi

x xmn 1t T)"
E Q(my +---+m,) 2= = Q(m)(1 ) ,
0 mq! my,! A m!
mi,..., My = m=

and applying (2) in the resulting identity, we can get the desired multiple
integral representation (15). O

When n = 2, the special case of Theorems 3.1-3.4 instantly yields integral
representations for the generalized Appell function %5 in (6) and Humbert’s
confluent function &, in (8), as stated in Corollaries 3.6-3.9.

Corollary 3.6. Let min{R(p), R(a)} > 0. Also let 1, f2 € C and v, 72 €
C\ Z<y. Then the following integral representation for Fo in (6) holds true.
1

F({Ke}eewo)(a)
% a1 T 4 Bi; B2;
XA t © ({’W}éel\]m t t) 1 Fy [ - xlt] 1 Fy [ o xgt] dt.

Corollary 3.7. Let min{R(p), R(a)} > 0. Also let y1, v2 € C\ Z<o. Then
the following integral representation for Py in (8) holds true.

92[(04,]?, {KE}ZEN()%ﬂhﬁQ;’yh’YQ; xlny] =

1
P, p, {ke}eeny )i, 725 21, 2] = ————
F({w}e@ro)(a)
* p
X / ' e ({W}zeNO; —t — ;) oF1 (=715 21t) o F1 (= 723 @ot) dt.
0

Corollary 3.8. Let min{R(p), R(a), R(B1), R(B2)} > 0. Also let 11,2 €
C\ Z<y. Then the following triple integral representation for Fo in (6) holds
true.

1
r({redeero) ()T (B,)T(Bs)

oo oo oo p
X / / / e~hi—t2 g ({Iig}geNo; -85 — 7) o1 t?liltgzil
o Jo Jo s

X oFy (— ;15 218t1) oF 1 (—— 5 y25 w2stz) dsdty di,.

92[(04729, {fie}eeNg)aﬁh52;%,72;5817%2] =

Corollary 3.9. Let min{R(p), R(a), R(B1), R(B2)} > 0. Also let 11,72 €
C\ Z<o. Then the following double integral representation for Fo in (6) holds
true.

F [(a D, {Ke}eens)s By B2; 11, V25 1, 2]

7t1 to tﬁl 1t52 1
51 (B2) / /

X Pal(c, p, {ke}een, )i V1, 7v2; T1t1, Tata] dty dts.
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Remark 3.10. A number of elementary and special functions are expressed in
terms of (generalized) hypergeometric functions (see, e.g., [35], [20, p. 265,
Eq. (3.2)], and [6,22,24,28,45,46]). For example, recall those of the Laguerre
polynomial L (z) of order (index) « and degree n in x, the incomplete gamma
function «y(k,x), the Bessel function J,(z) and the modified Bessel function

I,(2):

(16) L) () = (a;i'l)" Fi(-ma+1;2) (a€C\Z< y),

A1) A(sa)= e 1Rimst 1—2) (v € C\Zgo),

(18) Jy(z):F((f_):l)oFl (;y+1;_122> (veC\Zey)
and

(19)  L(z) = F((j)H) oFy ( Y i%) (veC\Zey).

Now, by applying the relationships (16) and (17) to the integral formulas
(9), and by using the relationships (18) and (19) in the integral formula (12),
we can present several interesting integral representations for the generalized
Lauricella hypergeometric function ylgn) in (5) as asserted in Corollaries 3.11
and 3.12 (without proof).

Corollary 3.11. Let min{R(p), R(a)} > 0. Also let mq, ..., m, € Ny and
Bi, ..., Bn € C\ Z<_y. Further let R(a) > Z;-lzl R(B;) for (20). Then each

of the following integral representations for fgn) in (5) holds true.

’g\,(qn)[(aapa {H€}€€N0)7_m17~"7_mn;ﬁl + la"'aﬂn + 1;.131,.-.,1'71]

n
H mj!
j=1

n

Lp({keteeny) T1 (B 4 1)m, (@)

j=1
- P LTT 26
._4+_ a— i .
X/o @({W}KGNO, ¢ t) ¢ j];[le; (a;t) dt

and
(20) 'g.‘gn)[(a7p7 {KK}Z€N0)7517”'7571;61+17"'aﬁn+1;_$17"'7_$n

n —8,

I Bjz;

j=1

N FZ(){W}ZENO) (a)
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—_1.n

o o 5,
X /0 © <{/w}eeNo; —t— %) =t H v(Bj, x;t)

Corollary 3.12. Let min{®(p), R(a), R(B1), ..., R(Bn)} > 0. Also let v, ...,
Yn € C\ Z<_1. Further let R(a) > %Z?zl R(7y;) and R(B;) > 1 R(v;) (j =
1, ..., n). Then each of the following (n + 1)-tuple integral representations for
ﬁ(&n) in (5) holds true.

y(n)[(a b, {Ke}KGNo) ﬁla .. '7677.;71 + ]-7 <o In + ]-a Bt R _xn]

H F('VJ +1)- 3

x. 2
T
J=1 J

(55)

i tj 0‘_5 i i~ i Bv_ﬁ_l
j | | $T 2
/ / / i
j=1

x 0O ({/W}EEN()? —s— g) : H Jy; (2 z;5t; ) dsdty---dt,

Jj=1

FI(){HZ}ZENO ) ( )

H:]s &:]:

and

d‘(”)[(a D, {KK}KENO) Bla"'a/@n;’Yl + 17"'77” + 1;1’1,-.-,17”]
]

M Ty + 0 1o

dwmw<>nr@>

T R U

X O ({Hg}geNO; —5— g) . H I, (2 xjst; ) dsdty - --dt,.
j=1

The particular cases of the results in Corollaries 3.11 and 3.12 when n = 2
are given in Corollaries 3.13 and 3.14, respectively.

Corollary 3.13. Let min{R(p), R(a)} > 0. Also let m1, mo € Ny and 1, B2 €
C\Z<_1. Further let R(a)) > R(B;)+R(B2) for (21). Then each of the following
integral representations for Fy in (6) holds true.

EZ[(O[’Z% {HZ}KEN())’ —my, —Mm2; 61 + 1762 + 11 371,,.132]

m1!m2!

(B1 + Dy (B2 + 1 TS7H0) ()
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X /OOO 1 e ({w}zewo; —t— %) L3P (21t L) (2ot dt
and
(21) Fol(o, p,{Keteeny)s By Ba; B1 + 1, B2 + 15 —x1, —x9]
_ BrBazy P g™
B F;(){M}ZENO)(a)

x/ to—Fi—Faml g ({KZ}ZENO;_t_ %)) V(Br, z1t)y (B2, w2t) di.
0

Corollary 3.14. Let min{R(p), R(«), R(B1), R(B2)} > 0. Also let y1, v2 €
C\ Z<_1. Further let R(a) > %Z?:l R(v;) and R(B;) > 3R(y;) (1 =1, 2).
Then each of the following triple integral representations for Fo in (6) holds
true.

92[(047197 {KZ}ZGN())’ 5175%% + 17’}/2 + 1a —x1, _1'2]
1 2

Py + D0 + 1)y Fay &
r{dere) ()1 (8,)(8y)

o0 o0 o0 br—te L _22 _q =1 By—22 1 p
—t1—ty ,a— 5 — 5 — 2 2 .
X e "1T"2g 2 2 tl tl © ({Iﬁg}geNU, —S§ — 7)
o Jo Jo s

x Jy (2\/:513151 ) Jrs (2\/x23t2 ) dsdtdts

and

L%~2[(047p7 {Kf}feNo)a 61762;71 + 1772 + 17 Ty, xQ}

2

Ly + 1) (y2 + 1) xl—%%— :
r{{=ee<0) ()1 (8,)T(8)

T Ly a2 g Bi—T 1 B2 p
- —l2 ,— 5 — =5 — 2 2 .
X e ‘1T "2g 2 2 tl tl (S ({"W}ZENU, -8 — 7)
0 0 0 s

X I’Y1 (2\/1’1St1 )I’Yz (2\/ CL‘QStQ ) ds dtldtg.

4. Finite summation formulas involving ﬂ:&n)

The following theorems investigate several finite summation formulas for the
generalized Lauricella function ﬁj&").

Theorem 4.1. Let m € Ny and R(p) > 0. Also let «, B3,..., Bn € C and

Y35y € C\ Z<g. Then the following finite summation formula for ,ZE‘”)
holds true for all z1,...,x, € C.

(22) Z y‘gﬂ)[(aapa {K/@}ZENo)a _k, —m + ka 637 cee 7577,7
k=0
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1717'737“-”771;1‘1’“-7:1771]
= (m + 1)9,5‘”71)[(04,197 {KZ}EEN())) _maﬁ?n e 7BTL7 27’737 ey Yo
Tr1+ To,T3,... ,xn].

Proof. We make use of the integral representation (9) and the following well-
known identity for the Laguerre polynomials (see, e.g., [35, p. 209, Eq. (3)]):

(23) > LY @)Lyl i(y) = LA (@ +y)
k=0
for A\ = g = 0. Thus, in view of the 1 F} representation (16) for the Laguerre

polynomials, we get the desired finite summation formula (22). O

Theorem 4.2. Let a € C and R(p) > 0. Also let mq, ..., ms € Ng. Then

the following multiple finite summation formula for FXL) holds true for all
T1yee.,T2g e C.

ma Mg
(24) Z e Z 3\5425) [(aap7{ﬂf}eeNo)a _kla —mi +k17' . '7_k87_ms + kS?
k1=0 ks=0
1,...,1;$1,...,x23}
= (ml + 1) e (ms + l)ﬁ,&g)[(aapv {Kf}éeNo)a —mi,..., _ms;Qa .. 727
T+ X2, .., Tas—1 + Tag)-

Proof. By iterating the technique used to prove the finite summation formula
(22), which is based upon the identity (23) and the integral representation
(9), the required multiple summation formula (24) is obtained using the 1 F}
representation (16) for the Laguerre polynomials. O

Theorem 4.3. Let m € Ny, a € C\ {1}, and R(p) > 0. Also let Bs,..., Bn €
C,v3y...,vn € C\Z<q, and A € C\Z<_1. Then the following finite summation

formula for f&n) holds true for all x1,...,x, € C with ©1 # x5.

(25) Z ()\ + k) yﬁ{n) I:(avpa {HE}£€N0)7 _kv _kv 537 .. 75717

k=0 k
)‘+17>\+17737"')’777,;1'17"';‘%71]

_ A+ Dm -1
= a1y @17

X ygﬂ) [(Oé - 1apa {KZ}ZEN0)7 —-m,—m — 17637 e aﬁ’ru
A+ 1,)\—1—1,73,...,’yn;x1,...,xn]
+ 21 = X9,

where x1 = x4 indicates the presence of a second term that originates from the
first term by interchanging x, and 5.
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Proof. Applying the relationship (16) and the following known result (see, e.g.,
[35, p. 206, Eq. (10)]):

> o W@

k=0
(m+1)! - A A
= 07D, @97 @) - K@)
to the integral representation (9), we get the desired finite summation formula
(25). 0

Remark 4.4. By suitably iterating the process in Theorem 4.3, we obtain
Z Z Z <€11 + k1> (az + k2> <03 + ks)
k1=0 k=0 k3=0 ke ks
x T4 (e, p, {Ke}eeny ), —k1, —k1, —ka, —ka, —k3, =k, B7, . . ., Bu;
a1+ 1,a1+1,a0+1,a0+1,a3+ 1,a3 + 1,77,...,'yn;xl,...,xn]

(a1 + D (@24 Dmgpa (a3+1)man 71[ 71{ .
B mi!(a—1)(a—2)(a—3) (1 —22)" (x5 — 2a) ™ { (@5 — 26)
X rj’l&n’) [(a — 37p7 {K@}Z€N0)7 _'rnl7 —mq — ]_7 _m27 —Mmo — 17 _m37 —ms3 — 1’
677"'7/6n;a1+17a1 +1aa2+17a2+1aa3+17a3+1a’y77~..7’yn;

ml,...,xn] + x5 :x6} + x3 :m} + 1 = 2o,
where the right-hand side obviously has 2 terms. Similarly, we can derive a

more general multiple finite summation formula for ﬁj&")

klzzo kzo <a1 + k1> ' (asl;&;ks>

X y[fs)[(a,p, {K/Z}ZENU% _kh _kh ey _kS7 _ksa
ar+1l,a1+1,...,as +1,as + 1;21,. .., Tas],

in the following form:

whose detailed expression is being left as an exercise for the interested reader.

(2s)

5. The generalized Lauricella function %, as an s-fold sum

By interpreting the first two 1 F; functions occurring on the right-hand side

of (9) as a Cauchy product, it is found that the generalized Lauricella function

2
ﬁf‘ ") can be expressed as a series whose terms are composed of 3 F5 and . " )

as follows:
(26) g,gxn)[(a b, {"{Z}ZGN()) ﬁla"'7571;’717"'7’7n;x1a"'7mn]

i xil F _m71—’}’1—m7ﬁ2§ 7@

312 .
m)! 1_ﬂl_m7 Y23 T
m=0
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-2
X ng.,gn )[(Oé + m,p, {Hf}eeNo)aﬁi% e aﬁn;’y37 ey Yy T3y .- ;xn]
(p20; [z1]+ -+ +|va] <1 when p=0).
More generally, by iterating the same process s times in (9) with n replaced by

2s as in the last summation formula (26), ﬁffs) would be finally expressed as

a multiple series whose terms are s-tuple products of the hypergeometric 3F5
functions:

915125)[(a7p, {HE}ZENo)aﬂlv ce- 7625;'717 s 28 X1 - - 73723]

= Z (s p, {Ke}een ) mi+etmn

(V2j—1)m; ™!

s ) me
(52%1)%‘ 2j—1 35 —mj, 1 —ya5_1 —my, Baj; X2
1= Baj—1 —mj, 1255 @a5-1

j=1

(p=0; ||+ -+ |z2s] <1 when p=0).

6. Concluding remarks and further observations

In our present investigation, with the help of the generalized Pochhammer
symbol (X, p, {ke}een,), in (3), we have introduced the generalized Lauricella

function 9’1&”) and the generalized Humbert’s confluent hypergeometric func-
tion P of n variables, whose particular cases when n = 2 have also been
considered to be named and denoted as the generalized Appell function %,
and the generalized Humbert’s confluent hypergeometric function &2 of two
variables. Then we have investigated several properties of these newly intro-
duced functions such as diverse integral representations and finite summation
formulas for y}gn). Also, we have obtained some integral representations involv-
ing the Laguerre polynomials L' (x), the incomplete gamma function y(x, ),
and the Bessel function J,(z) and the modified Bessel function I,,(z). Certain
specific instances of the findings given in this article, which may be derived
by specializing the sequence {r¢}een,’s choices, reduce to the corresponding
known or novel results for the classical Lauricella and Appell functions (see,
e.g., [5], [41], [42]). In particular, if we set

K@Zl,

the functions in (5) and (6) immediately yield the known generalized Lauricella

function F' Ign)

[44].
Again, if we choose

of n variables and generalized Appell function F5 of two variables

(p)e
= leN
Ke (U)Z ( € 0) ’
the functions in (5) and (6) may give new extensions for the generalized Lau-

ricella function FXL) of n variables and the extended Appell function Fb.



588

R. AGARWAL, J. CHOI, N. KUMAR, AND R. K. PARMAR

Thus, the numerous findings given in this article are certain to be novel and

extend previously published simpler results (see, e.g., [5], [41] and [42]).

We conclude this article by making the following further observations:

e The special case of (26) when n = 2 can easily be rewritten for the
generalized Appell function .%5.

e The special case of (26) when k, =1 and p = 0 yields a known result
(see, e.g., [42, p. 181, Problem 38(ii)]).

e By setting xy = 1 and p = 0 in the results presented in Sections 4 and
5, we can obtain the corresponding known identities due to Srivastava

[36] and Padmanabham and Srivastava [30].

e By taking xy = % (¢ € Np) in the results given in this paper, we may
develop corresponding new results for generalized Lauricella function
Ff‘n), generalized Humbert’s confluent hypergeometric function W of
n variables, generalized Appell function F, and Humbert’s confluent
function ¥, of two variables.
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