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MACWILLIAMS-TYPE IDENTITIES ON VECTORIAL
BOOLEAN FUNCTIONS WITH BENT COMPONENTS
AND APPLICATIONS

JONG YOON HYUN

ABSTRACT. In this paper, we focus on establishing the MacWilliams-type
identities on vectorial Boolean functions with bent component functions.
As their applications, we provide a bound for the non-existence of vec-
torial dual-bent functions with prescribed minimum degree, and several
Gleason-type theorems are presented as well.

1. Introduction

Bent functions, discovered by Rothaus [15], are Boolean functions with maxi-
mum possible non-linearity, equivalently the Walsh transform of a bent function
in n variables has exactly two values +2"/2. Over the last four decades, they
have been actively studied due to their considerably important role in coding
theory as well as in cryptography. A survey on bent functions can be found in
[1,5,12].

A vectorial Boolean function is a vector-valued Boolean function. The bent-
ness of Boolean functions has been generalized to vectorial Boolean functions,
called vectorial bent, which states that all the nonzero linear combinations of
its coordinate functions are bent. Based on Maiorana-McFarland and partial
spread bent functions, vectorial bent functions were initially constructed by
Nyberg [13]. For further constructions of vectorial bent functions, we refer to
[4], and a survey on bent vectorial bent functions can be found in [2,12].

Recently, the authors of [6] introduced a new notion for a vectorial dual of a
vectorial bent function and suggested some notions of self-duality for vectorial
bent functions. This concept of a vectorial dual which is not unique in general
is a generalization of the dual of a bent function. They also investigated the
duality for a class of vectorial Maiorana-McFarland bent functions.
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There is a connection between a linear code and its dual with respect to their
the weight enumerators, called the MacWilliams identity [10]. The Gleason
theorem [10] on self-dual linear codes is obtained by using the MacWilliams
identity and invariant theory to prove that the weight enumerators of self-dual
linear codes lie in the ring generated by X2+Y?2 and XY —Y 2 over the complex
numbers. On the other hand, in [8], they presented the MacWilliams-type
identity between a self-dual bent function and its dual, and then Gleason-type
theorem on self-dual bent functions was obtained. Furthermore, to derive a
bound for the non-existence of a bent function with given minimum degree (see
Definition 2.1 below), they used the MacWilliams-type identity in [9] between
a self-dual bent function and its dual. Those bound has some analogy with
the result in [11,17], which states that for any non-negative integer k, there
exists a positive integer N such that for n > N there exist no homogeneous
bent (2n, 1)-functions having algebraic degree n — k or more, where N is the
least integer satisfying

N N
oN-1 _ 1.
()G <

In this paper, we employ the vectorial Boolean functions with bent compo-
nent functions to extend all results as mentioned previously.

The organization of this paper is as follows. In Section 2, we introduce
basic concepts on vectorial Boolean functions; extended Walsh transform, the
minimum degree of it (Definition 2.1), a dual of a vectorial bent function (Def-
inition 2.3), and so on. In Section 3, we provide useful lemmas in deriving
the MacWilliams-type identities on vectorial Boolean functions with bent com-
ponent functions. In Section 4, we focus on the establishments (Theorems
4.1 and 4.4) to the MacWilliams-type identities on vectorial Boolean functions
with bent component functions. As their applications, Section 5 includes two
subsections. In the first subsection, we prove (Theorem 5.2) the non-existence
of vectorial dual-bent functions with given minimum degree. In the second sub-
section, various Gleason-type theorems (Theorems 5.7 and 5.8) are presented.

2. Preliminaries

Throughout all sections, m and n are positive integers, and by 0 we denote
the zero vector with appropriate length.

Let Fan be the finite field with 2™ elements and let 5 be an n-dimensional
vector space over Fy. By F5* we mean the set of non-zero elements of F7.
The (Hamming) weight |u| of w € F¥ is the number of non-zero coordinate
positions. The weight enumerator W (X,Y) of a subset C of Fy is defined as
We(X,Y) =30 Ai(C)X"'Y", where A;(C) is the number of vectors in C
of weight 1.

We say that a function F' from F} to FJ* is a (vectorial) (n,m)-function
(or, vectorial Boolean function), and in particular, an (n, 1)-function is called
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a Boolean function. The algebraic normal form (ANF) of a Boolean function
fonlFy is
flz, ... xn) = Z taxit - xln, a=(ay,...,a,) and t, € Fa.
a€clFy

The algebraic degree of a Boolean function f is the number of variables in the
highest order term with nonzero coefficient.
Any (n,m)-function F' can be expressed by

F(.’E) = (fl(x)vvfm(x))a T = (‘Tlv"'vxn) € FS?

where f;’s are (n,1)-functions, called the coordinate functions of F. For b €
F5, we call by fi(z) + - - - + by frm (z) the component function of F'. We define
a subset Dy, for b € F5* of F§ as

Dpy={x €Fy: F(z) € (b)*}.

Notice that Dy for an (n,1)-function f equals f~!(0) being the pre-image of
0 under f.
The character sum x,(C) for a € F§ and C' C F} is defined as

Xa(c) = Z (_1)a~x’
zeC

where the dot is the standard inner product defined by a -2 = a1xz1 + - +
anx, (mod?2).
The Walsh transform Sy of a Boolean function f on F3 is an integer-valued

function such that
Sp(@) = 3 (-1,
z€Fp

An (n,1)-function f is bent if Sf(a)? = 2™ for any a € F%. In this case, n is
even, and Sy (a) can be written as S¢(a) = (—1)/ (92% for some (n, 1)-function
f*, called the dual of f. It is known that f* is also bent and f** = f. A bent
function f is self-dual if f = f*.

The extended Walsh transform Sg of an (n,m)-function F = (f1,..., fim)
is an integer-valued function of F5 x F3* such that

Sp(a,b) = 3 (~1)PFEter,
z€Fy

and thus we have that Sp.p(a) = Sp(a,b) for any a € Fy and b € F3".
The inversion formula of an (n, m)-function F' is then

. a 1 a-xT
(1) = 52 > Selwb)(=1)"
z€FY

This shows that every (n,m)-function is uniquely determined by its extended
Walsh transform.
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We say that an (n, m)-function F is vectorial bent if Sy.(a)? = 2" for any
a € F§ and b € Fy**. Equivalently, every component function b - F' of F' for
b € F"* is bent. In this case, it is known [14] that m < n/2. We can write
Sp.r(a) as Sp.p(a) = (1)) (@23 for any a € Fy and b € Fy*. In the
framework of finite fields, F' : Fon — Fam is a vectorial bent (n, m)-function
if the component function F,, : Fan — Fy defined by Fy,(x) = Tr,,(aF(x)) is
bent for all non-zero o € Fom. Here, Tr,, is the absolute trace function from
Fom to Fy defined by Tr,,(z) = S0 " 2%

By BCr (resp., BCR) we denote the set of bent (resp., dual-bent) component
functions of an (n, m)-function F. Let b € F5™ and let F be an (n, m)-function
with bent component functions. For b+ F € BCp, we define a subset D(b- F)
of the (n,m)-functions by D(b-F) = {G : Fy - Fy :b-G = (b- F)*}. If
G € D(b- F), then Sy.g(a) = (=1)@ (@23 = (—1)»F(@)2% for any a € FY
and b € F5'*.

We define a subset M; of F3 for a Boolean function f in n variables by

My ={(a1,...,a,) € Fy : 2{* - - z2" is a monomial term in the ANF of f}.

n

Definition 2.1. (i) Let f be an (n, 1)-function. The minimum degree mdeg( f)
of f is the minimum weight of M.
(ii) Let F be an (n, m)-function. The minimum degree mdeg(F') of F is the
minimum value among the minimum degrees of coordinate functions of F'.
Homogeneous Boolean functions (see [17]) and rotational symmetric Boolean
functions (see [16]) of algebraic degree k are of minimum degree k.

Let F be a vectorial bent (n,m)-function. Then BCr together with zero
function forms an m-dimensional vector space and BCp consists of bent func-
tions. Motivated by this, the dual concept of a vectorial bent function is first
introduced by [6]. Before stating the notion of vectorial dual-bent, we provide
the following lemma whose proof can be readily verified.

Lemma 2.2. Let F' be a vectorial (n,m)-function. Then the linear span of
BCF is an m-dimensional vector space if and only if the linear span of F(FY)
is the ambient space F5*.

Definition 2.3 ([6]). Let F' be a vectorial bent (n,m)-function. We say that
F is a vectorial dual-bent function if BCy = {(b- F)* : b € F3*} together with
zero function forms an m-dimensional vector space and BC} consists of bent
functions. We can write the linear span of BCp as (¢7,...,g;,). The dual F*
of F is then defined by F* = (¢7,...,g%,). For a vectorial dual-bent F, we say
that F is self-dual if BCp = BC.

We point out the following remarks in importance and refer to [6] for more
information:

(i) the dual F* of F relies on the choice of basis for (BCR) being the linear
span of BC;

(ii) it is not necessarily true that if f and g are bent, then f* + g* is bent as
well, and so every vectorial bent function is not necessarily vectorial dual-bent;
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(iil) there is an invertible matrix A with entries from Fy satisfying F' = F** 4;
(iv) the dual of coordinate functions of F' is not necessarily basis for the
space of F’*.

We list two families of vectorial dual-bent functions which can be applied to
our main results.

Remark 2.4 ([3,6]). Consider a vectorial Maiorana-McFarland bent function F'
from Fan X Fan to Fon defined by F(xz,y) = xy. Then Fy(x,y) = Tr,,(axy)
for o € 5, are bent component functions of F' with dual-bents (F,)*(x,y) =
Try, (zy/a) for a € Fin, so that F' is vectorial dual-bent. Furthermore, we
have that {F, : a € F5,.} = {(Fo)* : @ € F5.}, and so F is a vectorial self-dual
bent function.

A Boolean function is balanced if its Walsh transform at the zero vector
is the zero. A vectorial Boolean function is balanced if all of its component
functions are balanced.

Let s < n and let G : Fon — Fos be a balanced function with G(0) = 0.
Let y/z = 0 if © = 0 by convention. Then F' : Fon X Fon — Fos defined as
F(z,y) = G(y/x) is vectorial dual-bent with (F,)*(x,y) = Trs(aG(z/y)) for
all non-zero o € Fas. Under the additional condition on G that G(«) = G(1/«)
for all non-zero « € Fas, we obtain that F, = (F,)*. This shows that F is
vectorial self-dual and has an interesting property that (F*), = (F,)* for all
non-zero « € Fas, namely, F' is component-wise self-dual bent.

3. Auxiliary results

This section includes the helpful results to derive two types of MacWilliams
identities on vectorial Boolean functions with bent component functions.

Lemma 3.1. Let F be an (n,m)-function. Then for all ¢ € FY', we have that

Z Spe(etry (@) = 2" xa(F~ (),

beFy
where (¢ + F)(x) = ¢+ F(x).

Proof. The result follows from that

Z Sp.(e+r)y(a) = Z Z (—1)b(cHF@)taz

beFy beF] zeFy
= Z (—1)*® Z (71)b-(c+F(m)) — gm Z (—=1)*% . p(a),
z€Fy beFy zcFy
where ¢ is the Kronecker delta function. O

The MacWilliams transform of a subset C' of F} is presented in a polynomial
version. See [7, Lemma 2.1] or [10].
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Lemma 3.2 ([7], [10]). Let C be a subset of F}. Then

> xa(O)X" Yl = We (X + YV, X ).

acFy

Lemma 3.3. Let F be an (n,m)-function. Then for all b € FJ**,

> Spp(a)Xlelyled = —on X oWy, (X Y, X - Y).

a€cFy

Proof. We have that
Sp.r(a) = Z (1)t Fltar

z€FY

= (1-2b-F(x))(-1)**
z€FY

=2"000 —2 Y b Fla)(-1)""

z€Fy

=2"00.-2 > (=1)*"

TE€FD b-F(z)=1
=2"000 —22%0a— Y, (=17
TEFD,b-F(3)=0
Since 3 epn b p(a)—0(—1)"" = Xa(DFp), we get that
Sp.r(a) = —2"60.q + 2xa(DFp)-
Using this and Lemma 3.2, we have that
Z Sp.p(a) Xy el = Z (—2"00,a + 2Xa(Dryp)) X"yl

acFy a€clFy

— —2"X" 4 2Wp, (X +Y, X —Y),

and the proof is completed. O

It is demonstrated [8, Proposition 2.5] that MacWilliams-type duality holds
between a bent function and its dual.

Observe that Dyy = f~1(0) and Wp, ,(X,Y) 4+ Wp, (X,Y) = (X +Y)"
for all Boolean function f in n variables. The following result thus follows from
[8, Proposition 2.5].

Lemma 3.4 ([8]). Let f be a bent (n,1)-function, and let f* be its dual bent.
Then

Wp,. (X,Y)=-2"1X"4+2"HX+Y)"+2 :Wp, (X +V,X -Y).
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Lemma 3.5. Letb € F5™, and let F be an (n, m)-function with bent component
function b- F. Then for all G € D(b- F), we have

Wp, o (X,Y)=22"1X" 427X +Y)" =272 Wp, (X +Y, X - Y),
Wpy o, (X, Y) =221 X" 4 271 (X + V)" =275 Wp, (X + Y, X —Y).

Proof. Let G € D(b- F) for b € Fy**. Then b-G = (b- F)*. Since b- F is
bent, we can write Sp.¢ as Sp.g(a) = (—1) (@23 = (—1)>F()23 and S, p
as Sb~F(a) = (_1)(b»F)*(a)2% = (_1)b»G(a)2%.

We see that
272 E: Sp.g(a) X"~ lelylal
a€Fy
= Z (—1)bF (@) xn—lalylal
a€Fy
= Z xn—lalylal _ Z xn—lalylal
a€Fy,b-F(a)=0 a€Fy,b-F(a)=1

= —(X+Y)"+2Wp,,(X,Y).
On the other hand, by Lemma 3.3, we have that

> Spe(@)Xlalylel = —on x4 oWp, (X +V,X —Y).

a€Fy

The first identity of this lemma follows by solving those two equations. We have
shown that if Sy.g(a) = (—1)>F(923 | then the weight enumerator of Dy.p is
expressed in terms of the weight enumerator of D¢ . From this observation, the
second identity of this lemma is proved because Sp.p(a) = (—1)*¢@23. 0O

4. MacWilliams-type identities

MacWilliams-type identities on vectorial Boolean functions with bent com-
ponent functions are presented in two forms as follows. Both of them are
generalizations of the result in [8, Proposition 2.5] as stated in Lemma 3.4.

4.1. MacWilliams-type identity I

Theorem 4.1. Let b € F3™*, and let F' be an (n, m)-function with bent compo-
nent function b- F. Then for all G € D(b- F), we have

Wpe, (X,Y) = —2871X" 4 271X + V)" + 275 Wp, (X + ¥, X — ).

Proof. Let G € D(b- F). Then b-G = (b- F)*, and so by Lemma 3.4, we get
that

(1) Wpye, (X,Y) = —25 X" 427 (X +Y)" 4275 Wp, ., (X +Y, X V).
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By changing of variables in the first identity of Lemma 3.5 as X — X +Y and
Y — X — Y, we have that

2) Wp, .. (X+Y,X-Y)=2"YX+Y)"+2" 1 X" —23Wp_ (X,Y).
b-F,1 G,b

Comparing the identity obtained from plugging (2) into (1) with the second
identity of Lemma 3.5, we get that

251x" 4 271X + V)" — 2_%WDF,b(X +Y,X-Y)
= —28 X" 427N (X + V)"
Lo-% (2%71()( +Y) g 2nixm Q%WDg,b(Xv Y)) J
which yields
281X 2 EWp, (X +Y, X —Y) =2 (X +Y)" — Wp,,(X,Y),
and thus the result follows. -

In the case that F' being an (n, m)-function has a self-dual bent component
function, we have the following corollary.

Corollary 4.2. Let b € F2**, and let F' be an (n,m)-function with bent com-
ponent functionb- F. If F € D(b- F), we have

Wpp,(X,Y)=—-28"1X"+ 27 (X +Y)"+2 2 Wp,, (X +V, X - Y).

Let F' = (f1,...,fm) be a vectorial dual-bent (n,m)-function. It can be
readily checked that G € Nyepyp+D(b - F) if and only if G = (ff,..., f,) and
b-G=(b-F)* for all b € F5**. When this is the case, Npepy-D(b- F) = {F*}
and F' is vectorial self-dual bent with component-wise self-dual bent functions.

Corollary 4.3. Let F be a vectorial dual-bent (n, m)-function with component-
wise self-dual bent functions. Then for all b € FI*™*, we have

Wpp,(X,Y)=—281X"+ 27 (X +Y)"+2 2 Wp, (X +V, X - Y).
Proof. By the previous discussion and Theorem 4.1, the result follows. O
4.2. MacWilliams-type identity II

Theorem 4.4. Let F be a vectorial dual-bent (n,m)-function. Then for all
c € F§* and all dual bent functions F* of F, we have

Wip)-1(0(X,Y) = =22 "X " 427 ™(X +Y)"+2 2 Wp-1((X + YV, X - Y).
Proof. By Lemma 3.1 and Sp.r(a) = 2"dy 4, we have that
(3) > Spr(a) =2"xa(F71(0) — 2"50,0-

beFy™

Let Sp.r(a) = 2% (1))@ and let {g},...,9%,} be a basis for the space of
the dual F'* of F'. It then follows that

Z (_1)(5'1’)*(&) — Z (_1>b~F*(a)_

bEFD* beFy
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With this observation, the left hand side of (3) equals
28 7 (—)E@ — 98 3 (L)@ = 2% (276 () — 1),
bEFH beFm
and so we have
2% (2700, (a) = 1) = 2"Xa(F~(0)) — 2"00.0.
By taking the summation that runs over F3, we get
28 3 (20 (o) — DXV = 3 @ (7 (0)) — 2 Xl
a€Fy acFy
Equivalently, by Lemma 3.2,
(4) 27 (2" W(pey-1(0)(X,Y) = (X +Y)") =2 Wp-1 () (X +Y, X -Y)—2"X",

which yields the result for the case that c is the zero vector in F5*. For ¢ =
(c1y...,¢m) € F* put F. = ¢+ F. Then F, is also vectorial dual-bent with
dual (F.)* = (g7 +c1,...,95 +¢cm) = F* 4 cof F.. The result thus follows by
plugging F,. and (F.)* into (4). O

Corollary 4.5. Let F be a vectorial dual-bent (n,m)-function. Then for all
c € F3', we have

W(F**)—l(c)(X, Y) = WF—I(C)(X, Y),
Wro1(o)(X,Y) = =227 X" 427" (X + V)" + 27 W) (X +Y, X = Y).

Proof. Since the linear spans of BCr and BC} are the same, there is an in-
vertible matrix A with entries from Fs such that F' = F**A. By replacing F
by F* in Theorem 4.4, we get by (F**)~!(c) = F~1(cA) for all ¢ € F% that

(5) Wroien)(X,Y) = —287"X" 4 27"(X +Y)"
+ 272 Wip-10(X +Y, X - ).

After replacing X and Y by X +Y and X — Y in Theorem 4.4, respectively,
plugging it into (5) we obtain the first part. Because F™* is also vectorial dual-
bent, by plugging F' into F'* in Theorem 4.4, the second part is derived by the
first part of this corollary. O

5. Applications

This section includes two subsections. In the first subsection, we derive a
bound for the non-existence of vectorial bent functions in 2n variables with
given minimum degree n — k for k =0,1,...,n — 1. In the second subsection,
using the MacWilliams-type identities of Theorems 4.1 and 4.4, Gleason-type
theorems are presented in two forms.
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5.1. A bound

Lemma 5.1. Let F be an (2n,m)-function with minimum degree n — k for
k=0,1,...,n—1. If F(0) = 0, then A;(F~*(c)) = 0 for all ¢ € F5* and
l=0,1,...,n—k—1.

Proof. 1t is straightforward. O

Theorem 5.2. Letk =0,1,...,n—1 and let m be a positive integer. Let Ny, ,,
be the smallest positive integer satisfying

2m — 1)2Nkm=m
k1 ) < )

Then there is no vectorial dual-bent (2n, m)-function with minimum degree n—k
for all n > N, p,.

Proof. Assume that there is a vectorial dual-bent (2n, m)-function F' with min-
imum degree n—k. We may assume that F'(0) = 0 because G(z) = F'(z)+ F(0)
and G is also vectorial dual-bent. Replacing X and Y by (X/2) + 1 and X/2,
respectively, in Theorem 4.4 yields that for all ¢ € F3,

We-1(0) (X +1,1) = 27" Wipey-1(0) (X +2,1) = 27™(X +2)" = 2" " (X +1)*".
Equivalently, for ¢ =0,1,...,2n and all c € F}*,

S ar () o)
(),

Setting i = n — 1, we get that
W M — j on
. -1 - > gn—m )
©) S a3 ) e ()
7=0
Let us put p; = Zcengn* Aj(F~Y(c)) for j =0,1,...,2n. By Lemma 5.1 and
(6), we get that
n+1 m, ] n+1 m, j n+1 m, j
o — - p— . -1 -
DN G "R Sl GAd TR o SV HETl G
j=n—k 7=0 ceFy* j=0

> (2m — 1)2"—’”< 2n )

n—1

We observe that p,, < (27?), p; < (f,"l) for j =0,1,...,n—1 and (2:) =
LH(?")

n \n—1
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Using these observations, we have that

&2 n &= (22—
Z (n_1>pjpn+1+<n_1)pn+ Z (n_1>pj

j=n—k j=n—k

() () £ G

The last two terms in the inequality are less than or equal to

oo, 8 ()
= (n+ 1)(n2f1) + (;ﬁbl) ;ii (n j— 1)'

Jj=

It follows from S7FF (7)) = ("FF1) that

j=n—1 \n—1 n

k+1
1+ ("+ * ) > (2m — 1)2n ™,

n
and the proof is completed. O

Corollary 5.3. If m > 2, then there is no vectorial dual-bent (2n, m)-function
with minimum degree n for n > 3.

As a direct consequence of Theorem 5.2 we obtain a known result in [9,
Theorem 4.6].

Corollary 5.4 ([9]). Letk =0,1,...,n—1 and let Ny 1 be the smallest positive

integer satisfying
N1+ k41 < 2Nka=l _ 1,
k+1
Then there is no bent (2n, 1)-function with minimum degree n—k forn > Ny 1.

Remark 5.5. Recall from Introduction, it was proved in [11] that for any non-
negative integer k, there exists a positive integer N such that for n > N there
exist no homogeneous bent (2n, 1)-functions having algebraic degree n — k or
more, where N is the least integer satisfying

N N
oN-1_ 1.
() roe () <o

our bound in Corollary 5.4 is applied to more wider classes of Boolean functions.
In [9,11,17], they proved that there is no homogeneous bent (2n,1)-function
with algebraic degree n for n > 4. This is a direct consequence of Corollary 5.4.
By Theorem 5.2 and Ny, ,, > N1, we can obtain a lower bound better than
Corollary 5.4. For example, there is no vectorial dual-bent (2n, 2)-function with
minimum degree n — 1 for n > 8.
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5.2. Gleason-type theorems

In this subsection, we derive the Gleason-type theorems on vectorial Boolean
functions with bent component functions.

Lemma 5.6 ([10, p. 605, Theorem 5]). Let H(X,Y) be a homogeneous poly-

nomial in two variables over C satisfying H(x,y) = H(Z, 22). Then

V202
H(l’,y) € (C[$2 +y2,xy - y2]

We begin with the case when a vectorial Boolean function has self-dual bent
as a component function.

Theorem 5.7. Let b € FJ** and let F' be an (n, m)-function with bent compo-
nent functionb- F. If F € D(b- F), then

Wp,, (X,Y) = =227'X" 43 "a;(X* +Y?) /(XY - V?),
j=0
where a;’s are integers. In particular, if F is a vectorial dual-bent (n,m)-
function with component-wise self-dual, then for all b € F5**, we have

|3

Wpp,(X,Y) = =28 71X" +) a;(X?+Y?)2 /(XY - V?),
Jj=0

where a;’s are integers.

Proof. The results follow from Corollaries 4.2, 4.3 and Lemma 5.6. O

Theorem 5.8. Letn > 4 and let F be a vectorial self-dual bent (n, m)-function.
Then for all c € F5', we have

[NE

Wri(o(X,Y) = =257"X" + ) a;(X? + V)XY - V?),
j=0

where a;’s are integers.

Proof. Since the linear spans of BCr and BC are the same, there is an invert-
ible matrix A with entries from Fy such that F' = F*A. By Theorem 4.4 and
(F*)~1(c) = F71(cA) for all c € F}, we get that

(7) We-1(ea)(X,Y) = =22 X" 427 ™(X +Y)"
+2 2 Wi (X +Y, X = Y).
By Corollary 4.5, we have that
(8) We-i()(X,Y) = =27 7"X" +27"(X +Y)"
+27 2 We-1(ea) (X + Y, X —Y).
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Let us put WH(X,Y) = Wp-1()(X,Y) + Wr-1(ca)(X,Y). Adding (7) and (8)
yields that
(9) WHX,Y)= —22-mFx" p27mTl(X 4 y)"
+2 WX +Y, X - Y).
Let us put W°(X,Y) = WH(X,Y) 423+ X" By using (9), we can derive
WX +Y, X -Y)=2:W°(X,Y).
By Lemma 5.6, we get

[NE

(10) WHX,Y)=-22""T1X" 1) (X2 +Y?)2 (XY - Y2,
§=0

where a;’s are integers. Let us put
W(X)Y) = Wpa(o)(X,Y) = Weo1(ca)(X,Y).

Subtracting (7) from (8) yields that W—(X,Y) =2"2W (X +Y,X —-Y). By
using Lemma 5.6 again, we get

w3

(11) W (X,Y) =) b(X*+Y?)2 (XY - Y?),
j=0

where b;’s are integers by comparing their coefficients. The result follows by
adding two equations (10), (11), and by comparing their coefficients in (10),
(11) and the resulting identity. O
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