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A NOTE ON TWO NEW CLOSED-FORM EVALUATIONS OF
THE GENERALIZED HYPERGEOMETRIC FUNCTION ;F}

WITH ARGUMENT %
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ABSTRACT. The aim of this note is to provide two new and interesting closed-form

1
evaluations of the generalized hypergeometric function 5 Fy with argument 256" This

is achieved by means of separating a generalized hypergeometric function into even
and odd components together with the use of two known sums (one each) involving
reciprocals of binomial coefficients obtained earlier by Trif and Sprugnoli. In the
end, the results are written in terms of two interesting combinatorial identities.

1. INTRODUCTION

The generalized hypergeometric function ,Fj(z) with p numerator and g denom-

inator parameters is defined by [18]

a1,a2,...,0p o

A (a1)n(a2)n---(ap)n 2"
(1.1) qu bi,bs, ..., bq ’ nZ:O (bl)n(bz)n(bq)n n!’

where (a)y, is the well-known Pochhammer’s symbol defined by

a(@+1)...(a+n—-1) ;neN

(a)n =
1 ; n=0.

In terms of gamma function, we have

Received by the editors February 04, 2022. Accepted December 25, 2022..

2020 Mathematics Subject Classification. Primary: 05A15, 11B68, 33C20, Secondary: 30C05,
33C05, 33C15.

Key words and phrases. Generalized hypergeometric function, central binomial coefficients, Com-
binatorial sum, Reciprocals.

*Corresponding author.

(© 2023 Korean Soc. Math. Educ.
131



132 B. R. SRivATSA KUMAR, DONGKYU LiM & ARJUN K. RATHIE

Here, as usual, p and ¢ are non-negative integers and the parameters a; (1 < j < p)
and b; (1 < j < ¢) can have arbitrary complex values with zero or negative integer
values of b; excluded. The generalized hypergeometric function ,F;(z) converges for
|z| <00, (p<gq),|z|<l(p=gqg+1)and |z] =1 (p=q+ 1 and Re(s) > 0), where s

is the parametric excess defined by

s:ij —Zaj.

j=1 Jj=1

It is not out of place to mention here that the generalized hypergeometric function
occurs in many theoretical and practical applications such as mathematics, theo-
retical physics, engineering and statistics. For more details about this function, we
refer [1, 2, 4, 12, 14, 22].

Further, it is well-known that the process of resolving a generalized hypergeometric
function into even and odd components can lead to new results. This composition

is facilitated by use of the identities

=2 (9), (53),

and
(a) =a22n (24 L (ﬂ + 1)
2n+1 — 2 2 . 2 " .
Then for the generalized hypergeometric function

ai, az; ..., 0q+1
a+1Fq » 2
bi,ba, ..., by

it is not difficult to obtain the following two general results:

a1,a2,...,0q94+1 a1,a2,...,0q+1
a+1F4 ! 2|+ ogriky ! » TR
b1,ba, ..., by b1,ba, ..., by
ai a 1 a a 1
(1.2) N e e I
) r 272 2 2 2 2 2
2g+24'2¢+1 lb; ﬁ 1 % bj_i_l ;
27272 27777272 2
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and
(1.3)
ai,az,...,ag4+1 ai,az,...,ag4+1
w1ty b1,b2, ..., b, ;Z] ot q[ b1,b2, ..., by T
a 1 a a 1 a
2za1ag . . . g4l ?14_5’51—’_1"”’ q2+1+§’ q2+1+1 9
T bbb, 2l 3bi 1bh | b 1b e
272 27 2 T2 272

On the other hand, the binomial coefficients are defined by

n!

(1.4) <”>: Hn—pr "N

0 < k.

for nonnegative integers n and k. The central binomial coefficients are defined by

(1.5) (2”) B 02,

n

It is well-known that the binomial and reciprocal of binomial coefficients play an
important role in many areas of mathematics (including number theory, probability
and statistics). Actually the sums containing the central binomial coefficients and
reciprocals of the central binomial coefficients have been studied for a long time. A
large number of very interesting results can be seen in the research papers by Ji and
Hei [6], Ji and Zhang [7], Lehmer [9], Mansour [11], Pla [13], Rockett [20], Sprugnoli
[23], Sury [25], Sury et al. [26], Trif [27], Wheelon [28] and Zhao and Wang [29].
Many facts about the central binomial coefficients and the reciprocals of the central
binomial coefficients can be found in the book of Koshy [8]. Gould [5] has collected
numerous identities involving central binomial coefficients. Riordan [19] is also a
good reference. For other results, we refer [3, 10, 15, 16, 17].

In the year 2000, among other combinatorial sums involving reciprocals of bino-
mial coefficients, Trif [27] established the following result asserted in the following

theorem.

Theorem. For m and n to be positive integers with m > n

o (mE\ TN M (m = (L — )™
(16) Z(nk) / @ —gymmz "

k=0
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and in particular deduced the following elegant sum

o] Ak -1 \fﬂ 2\[
1. 16 V3T VR o~ 118211814,
(L7) %(%) 15+ o7 g5 e~ L2

where ¢ = is the Golden ratio.

Later, in 2006, Sprugnoli [23], among other results, established the following
elegant result closely related to (1.7)
(1.8)
0o A\ —
g{%c—1>k(2k)
16 4VBI/IT - 2) V2 mf7¢*+z VT +1- 3
1T 289y/A17 - 1 aman( V17 — 1) 289\/V/17 (x/ 1+ f)

~ (0.846609430. . ..

Moreover, it is not difficult to see that the result (1.7) and (1.8) can be written in
terms of the generalized hypergeometric functions in the following form that will be

required in our present investigations. These are

1
G RIS
(1.9) 3Fy P — — — o Ingp,
1 3 16 15 27 25
4’4
and
(1.10)
L
57 ) 1
F -
21 13 716
4’ 4

164J7¢* ) et ( V2 )z¢<¢+210/¢>
289\//17 VVIT—1) 289/ V17 VVIT+1+v2)

The aim of this note is to provide two new and interesting closed-form evaluations of
1

the generalized hypergeometric function 5Fy with argument 256 2 well as in terms

of combinatorial identities . This is achieved by means of the results (1.2), (1.3),

(1.9) and (1.10). The same will be given in the next section.
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2. Two NEw CLOSED-FORM EVALUATIONS

In this section, we shall establish the following two new and interesting closed-
form evaluations for the generalized hypergeometric function 5Fy with argument

256" These are

1
4
F
5474 1
8
5

21 1512 3 2[ 4W(W 2) o V2
2 T%+T7 25 ne 289\/7 V17T -1
2W(W+2 (\/ —f)}

289\/ VVIT+1+2
and
211,22
4 12 1
5y S oea
57911 "256
888" 8
(2.2) 32 3t 2V5, 4\/34(\/17 - 2) V2
=3¢ —+———lnp- arctan | ————
255 27 25 2891//17 — NG|

BT+ (VTR V2
289\/V/17 + 1 <\/7+\f>}

Proof. The derivations of the results (2.1) and (2.2) are quite straight forward. Thus
in order to establish the results (2.1) and (2.2), we proceed as follows. In (1.2) and
(1.3) if we set ¢ = 2, a1 = 1/2,a3 = a3 =1,b; = 1/4,ba = 3/4,z = 1/16 and making
use of the results (1.9) and (1.10), we easily arrive at the right-hand side of (2.1)
and (2.2) respectively. This completes the proof of our main results (2.1) and (2.2).
We remark in passing that the results (2.1) and (2.2) can be written in terms of the

following two interesting combinatorial identities:
5
8

n=0 ( n)

= {512 + Vin 2\[ + 4@(m —2) arctan (ﬁ )

VO _2VO 5
255 21 25 289/ V17 — 1 VIT -1

(2.3)
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2f(f+2 (Vi—\f)}

289\/ VVIT+ 142
and
=1
2.
1512 V3r 2\/ 44/34(V/17 — 2) V2
(2.4) = {255 + ETa ﬁ np + 289/ T 1 arctan <\/ﬁ—1>

2EWTT 4y (VAT
289\/V/17 + 1 <\/7+f>}

O

We conclude this note by remarking that the results (2.1) to (2.2) have been verified
using MAPLE.

Further observation: It is not out of place to mention here that the elegant sum
(1.7) due to Triff [27] can be obtained in an elementary way as follows:

We have from Lehmer [9]

1 2V/3m
Do =3t
n=1 (n) 3 27
and
i D" _ 1 %m
S s m
which can be written as
— 1 4 2V3r
2.5 = —
o 2 st w
and
(-1 4 45
2.6 =—-——Ine.
0 2 s
Now adding and subtracting (2) and (2.4), we at once get
— 1 Var 26
2.7 — = Al S |
2.7) ;6(32) 15+ 21 25 7
which is Triff result (1.7) and
— 1 1 V3r 2v56
(2.8) Z nF © g2y T 15 T o7 T 71n90
n=0 (2n+1) (2n+1) 15 27 25

The result (2.8) appears to be a new result.
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