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INTRODUCTION OF T-HARMONIC MAPS

MEHRAN AMINIAN

ABSTRACT. In this paper, we introduce a second order linear differential opera-

T
tor O0: C*°(M) — C*°(M) as a natural generalization of Cheng-Yau operator, [§],
where T is a (1,1)-tensor on Riemannian manifold (M, h), and then we show on
compact Riemannian manifolds, divl’ = divI™, and if divl = 0, and f be a smooth

function on M, the condition E] f = 0 implies that f is constant. Hereafter, we
introduce T-energy functionals and by deriving variations of these functionals, we
define T-harmonic maps between Riemannian manifolds, which is a generalization
of Li-harmonic maps introduced in [3]. Also we have studied f7T-harmonic maps
for conformal immersions and as application of it, we consider fLg-harmonic hyper-
surfaces in space forms, and after that we classify complete fLi-harmonic surfaces,
some fLi-harmonic isoparametric hypersurfaces, fLi-harmonic weakly convex hy-
persurfaces, and we show that there exists no compact fLi-harmonic hypersurface
either in the Euclidean space or in the hyperbolic space or in the Euclidean hemi-
sphere. As well, some properties and examples of these definitions are given.

1. INTRODUCTION AND PRELIMINARIES

Harmonic maps are critical points of energy functionals, equivalently these maps
are solutions of PDE systems when tension fields are zero, [9, [12]. In paper [3], the
authors generalize energy functionals and the notions of tension fields to introduce
Lj-harmonic maps. Following it, we introduce T-energy functionals and by comput-
ing the first variation of these functionals, Theorem [3.4, we define T-harmonic maps
between two Riemannian manifolds. In the paper, we used technicks of [15] to get
some of results and as in Proposition [3.1(), Proposition 3.12] and Theorem 3.13.

In Section 2, we first introduce a second order linear differential operator E]:
C*®(M) — C°°(M) as a natural generalization of Cheng-Yau operator, [8], where T’
is a (1, 1)-tensor on a Riemannian manifold, and after studying some of its properties,

in Theorem 2.7 and Theorem 2.9, we show that on compact Riemannian manifolds,
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divT = divT™® where T denote the transpose of tensor 7' with respect to Riemannian
T
metric h on M ,and constant functions are the only ones that O f = 0. In a similar

way, We introduce an operator and show its similar properties to E] in Theorem [2.13
and Proposition 2.14l

In Section 3, we introduce T-energy functionals and by deriving variations of these
functionals, we define T-harmonic maps between Riemannian manifolds, which is a
generalization of Li-harmonic maps introduced in [3] and then in Corollary 3.8,
we show that a smooth map @ : M — M from a Riemannian manifold M to a

Riemannian manifold M is f7-harmonic map if and only if

T 1
SO + 5 (T +T')(Vf) + fdiv(T + 1)) =0,

where Ed) is stated in Definition 3. After that in Theorem [3.13, we study f7T-
harmonic maps which are conformal immersions.

In Section 4, by use of Theorem [3.13, in Theorem 4.1, we prove that the ori-
ented immersed hypersurfaces in simply connected space forms are fLg-harmonic
if and only if Hxy; = 0 and P,V f = 0, where Hy, is (k + 1)-th mean curvature
and P.’s are Newton transformations. In Theorem 4.4 and Theorem 4.5, we show
that an immersion from a connected oriented surface into a simply connected space
form is fLj-harmonic if and only if the principal curvatures are zero and 2H;, and
HV,f = 0 for every vector v in the distribution of space of principal vectors of
zero’s principal curvature, and if the surface in Euclidean space R? or in unit Eu-
clidean sphere S? is complete, then it is a cylinder over planar curve in Euclidean
space and H1V,f = 0 for every vector v in the distribution of space of principal
vectors of zero’s principal curvature, or it is totally geodesic sphere S?(1) and f
is arbitrary smooth positive function on the surface. As a result of Theorem /4.1
in Corollary 4.6, we study some isoparametric hypersurfaces in space forms which
are fLg-harmonic. In Theorem 4.7, by property of weakly convex hypersurfaces,
we show that if these hypersurfaces of space forms be fLj-harmonic, then they are
totally geodesic and f is arbitrary smooth positive function on the hypersurface if
k # 0, and f is constant positive function if £k = 0. Finally in Corollary 4.8, we
get that there exists no compact orientable fLj-harmonic hypersurface either in the
Fuclidean space or in the hyperbolic space or in the Euclidean hemisphere.

We recall the prerequisites from [T, 5, 16, [7, 13, 16]. Let R"*!(c) be the simply

connected Riemannian space form of constant sectional curvature ¢ which is the
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Euclidean space R"*!, for ¢ = 0, and the Hyperbolic space H"*!, for ¢ = —1, and the
Euclidean sphere S"*!, for ¢ = +1. Let ¢ : M™ — R""!(c) be a connected oriented
hypersurface isometrically immersed into R"T!(c) with N as a unit normal vector
field, V and V the Levi-Civita connections on M and R"*!(c), respectively. For
simplicity we also denote the induced connection on the pullback bundle *TR"*1(c)
by V. Let X,Y be vector fields on M. We have the following formula for the shape
operator of M,

Vxdp(Y)=dp(VxY)+ (SX,Y)N,
dp(SX)=~-VxN.

As it is known, the shape operator is a self-adjoint linear operator. Let kq,..., &k,

be its eigenvalues which are called principal curvatures of M . Define so = 1 and
Sk = Z kzlkzk
1<ip < <ig<n

The k-th mean curvature of M is defined by

(Z)Hk = Sk .

The Newton transformations Py : X'(M) — X (M) are defined inductively by Py = I

and
Pk:SkI—SOPkfl, 1§/~c§n

From the Cayley-Hamilton theorem, one gets that P, = 0. Each Py is a self adjoint
linear operator which commutes with S. For 0 < k < n — 1, the second order linear
differential operator Ly : C*°(M) — C*°(M) as the natural generalization of the
Laplace operator for Euclidean hypersurfaces M, is defined by

ka = tT(Pk (e] V2f) s

where V2 f is metrically equivalent to the Hessian of f and is defined by <(V2 HX, Y> =
(Vx(Vf),Y) for all vector fields X,Y on M, and Vf is the gradient vector field of
I

We recall the definition of harmonic maps, [9]. Let ¢ : M — M be a smooth
map between Riemannian manifolds (M, h) and (M, () with Levi-Civita connections
V and V, respectively. We denote the induced connection on the pullback bundle
Y*TM by V as well.



112 MEHRAN AMINIAN

The smooth map ¢ is called harmonic if it is a critical point of the energy func-

tional:
1
B(w) = [ ldvPag
Q
for any compact domain Q in M where |di|? = Y. (di(e;), di(ei)), for a local

orthonormal frame field {e;} ; on M. One can prove that ¢ is harmonic if and
only if 7(¢) = 0, [9], where the tension field 7(1)) is defined as

() =Y (Ve di(e:) — dip(Ve,ei)) .

%

We recall the Divergence Theorem (cf. [7]), to be used later.

Theorem 1.1 (Divergence Theorem). Let M be a compact Riemannian manifold
and X be a vector field on it. Then

/ divXdM =0.
M

T
2. SECOND ORDER LINEAR DIFFERENTIAL OPERATOR [

Definition 2.1. Let 7" : X(M) — X (M) be a tensor on Riemannian manifold
T
(M, h). We define a second order linear differential operator [0: C*°(M) — C*°(M)

as the following:
T
(2.1) Df:ZTinf(eiaej) :ZHf(Tei,ei),
ij i
where {e;};"; is a local orthonormal frame field on M and Tj; = (T'ej, €;),,.

It is easily seen that the equation (2.1) is independent of choice of frames and

T
so it is well defined. When the tensor 1" is symmetric, operator [J is Cheng-Yau
operator [J introduced in [g].

In local coordinates {z'} for M and h = [h;;], we have

Ef:ﬁWW#M<T(8 69> G
h

ozx'2 ) ozl Ozls’ 8acl4)

o, 9 o*f . Of
lyls p Lol b
= <T(8:c12 ) dzh >h <5$13@ml4 B Fl3l48$li> 7

where Fi-“j’s are Christoffel symbols of the Levi-Civita connection V on M.
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Remark 2.2. Let T denote the transpose of tensor 7' with respect to Riemannian

82f 82f T Tt
Ol Hxla = Sl ook then O f =0 f.

metric h. Since Fé;h —T% and

l4l3

T
Remark 2.3. One can see that O f = div(TV f) — <Vf, dith>. In fact, let {e;}!"

is a local orthonormal frame field on M, then

div(TVf) =) ((Ve,T)Vf + TV, VS e)

T
= (V£ (Ve TYe) + Y TV, Vi e) =(VfdivI)+ O f .
Example 2.4. Let f: R™ — R be defined as f(z1,...,2,) = x1, T be an arbitrary

(1,1) tensor on R™, and {0;}!"; be the canonical orthonormal frame on R™. We

have df (0;) = 0;1 and V,0; = 0 where V is the canonical Levi-Civita connection on

T
R™. Then we get O f = 0.

Lemma 2.5. Let (M, h) be a Riemannian manifold and T be a tensor on it, and f

and g be smooth functions on M. Then
T T T
O(fg) =90 f+fOg+(Vf,TVg) +(Vg,TVf).

Proof. Let {e;}I"; be a local orthonormal frame on M such that (Ve;) (p) =0 at
a fix point p € M for every 4, j. Then at p, by equation (2.1) we have

El (fg) = ZvTeivei(fg) = ZvTei(gveif + fveig)

= (97 Ve f + [V, Veig + (V1e,9) (Ve /) + (V1o /) (Ve,9))

)

— g0 f+fOg+ (VI TVg) + (Vg TVS) .

0

Lemma 2.6. Let (M, h) be a compact Riemannian manifold and T be a tensor on

it, and f and g be smooth functions on M. Then
T T
/Mf O gdM = /M(g Of+(Vf,TVg),—(Vg, TVf), +(gVf— fVg,divT),)dM .

Proof. Let {e;}?' | be a local orthonormal frame on M such that (V,e;) (p) =0 at
a fix point p € M for every ¢, j. We define the following well defined vector fields
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on M:
X=f> Ti(Vg e e, Y =9g> T (Vfe), e

i, 1,J
Therefore at p, we have

(2'2) divX = Z <vekX7 ek)h = Z(T]Z(velf) <Vg, ej)h + f(velTyz) <V97 ej>h
k ,J
T
+ fTji (Ve;Va,ej),) = (Vg, TV ), + f(Vg,divT), + fO g,
and similarly
T
(2.3) divY =(Vf,TVg), +g(Vf,divT), +g0Of.

So by equations (2.2) and (2.3)), and Divergence Theorem we get the result. O

Theorem 2.7. Let (M,h) be a compact Riemannian manifold and T be a tensor
on it. Then divT = divT®.

T+ Tt

Proof. By use of Remark 2.2 and Lemma, 2.6, for tensors 7% and , we get

(2.4) /M(<Vf, T'Vg), —(Vg, T'V ), + % (gVf — fVg,div(T* = T)),)dM = 0.

Since f and g are arbitrary, equation (2.4) implies that div(T* — T') = 0, and so
divT = divT®. ]

Remark 2.8. Compactness of Theorem [2.7/is necessary. For instance, by consider-

ing T'(z1,z2) = [:32 8} on R?, we have divl = 0 whilst divT* = 9.

As a generalization result of Maximum Principle for operators we give the fol-

lowing theorem.

Theorem 2.9. Let (M, h) be a compact Riemannian manifold, T be a (1,1) tensor
T
on M which is definite and divl = 0, and f be a smooth function on M. If (0 f =0

then f is constant.

Proof. By Lemma 2.5, we have
T
(2.5) O =2(T(Vf), V),

Now using Lemma 2.6, we get

(2.6) /M 5 f2am = o.
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So equations (2.5) and (2.6)) result in

[ @@p. v, =o.
Since T' is definite, we get (T'(Vf),Vf), = 0 and so Vf = 0. Therefore f is

constant. O

Definition 2.10. Let T be a tensor on Riemannian manifold (M, h), ¢ : (M,h) —

(M, 1) be a smooth map from (M, h) to a Riemannian manifold (M,[) and V € X (v))
T

be a smooth vector field. We define the operator [: X (¢)) — X(1)) as follow:

T
(27) ﬁ V = Z E] (ﬁeiﬁejv - vveiej V)a
i?j
where {e;}7; is a local orthonormal frame field on M and Tj; = (T'ej, €;),,.

It is easily seen that the equation (2.7) are independent of choice of frames and

so it is well defined.

Remark 2.11. Let R be the curvature ten;tor of tThe induced connection on the
pullback bundle ¥*T'M. One can see that O V =0 V + Y, R(e;, Te;)V. When
T=1, é V' is the rough Laplacian.

Lemma 2.12. Let T' be a tensor on Riemannian manifold (M,h), ¢ : (M,h) —
(M, 1) be a smooth map from (M, h) to a Riemannian manifold (M,l) and X,Y be
smooth vector fields on M. Then

T T T
O YY)y = <D d¢(X),d¢(Y)> <d¢( ), 0 ¢(Y)>
! I

+ Z (<ﬁT(el)d¢(X)vﬁezdw(Y)>l + <ﬁezdw(X)vﬁT(el)d¢(Y)>l) )
where {e;}7 is a local orthonormal frame on M.

Proof. Let {e;}I"; be a local orthonormal frame on M such that (Ve;) (p) =0 at
a fix point p € M for every ¢, j. Then at p, by equations (2.1) and (2.7), we have

0 (X, ¥ )y = znj (Ve Ve, (d(X), duo(YV)),)

_ZT” ((Ve, d(X), dp(Y), + {dip(X), Ve, dyo(Y)),))
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= > 13 (Ve d (00, Ve, do(¥), + (Ve, Ve, dip (X)) dis(Y)),

1,

+ (Verd(X), Ty (V) + (dib(X), Ve, Ve dh(V)), )
T T
= <D d¢(X),dw(Y)> <d¢(X),D dw(Y)>
l l

+ 3 Ty (Ve d(X), Ve, dy(V)), + Y Ty (Ve,di(X), Ve, dip(Y)),

i,J .J

T T
— <m d¢(x),d¢(y)> dy(X),0 dw(Y)>
l

l

+ Z < vT(e )dd}( ) v ¢ Y)>l + <ﬁ€idw(X)’vT(ei)dw(Y)>l) :
O

Theorem 2.13. Let (M, h) be a compact Riemannian manifold, T be a (1,1) tensor

on M which is definite and divlT = 0, X be a smooth vector field on M, and

Y (M,h) — (M,1) be a smooth map from (M, h) to a Riemannian manifold (M,1).
T

If O d(X) =0 then dip(X) is parallel.
Proof. By Lemma 2.6/ and Lemma 2.12, we have

T — — T
U <X7X>¢*l = QZ <vT(ez)dw(X)a v61d¢(X)>l and /M U <Xa X>¢*l dM = 0.
Thus [, >, <v<mt)( )dw(X),Veidw(X)> dM = 0. Since T and so TEL" s
2 €i

l
definite, there is a local orthonormal frame {e;}} ; on M which diagonalize T+TTt,

and let {\;}"_, be its corresponding eigenvalues. Therefore
/ Z)\Z <§ezdw(X)¢ﬁezdw(X)>ldM =0.
M

Definiteness implies that the integrand is zero, and so for every i, V., di)(X) = 0.
Thus Vdy(X) =0 on M. O

T
As an extra property of [J, we state the following proposition.

Proposition 2.14. Let T be a tensor on a compact Riemannian manifold (M,h),
Y : (M,h) — (M,l) be a smooth map from (M, h) to a Riemannian manifold (M, 1),
and X,Y be smooth vector fields on M. Then
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/<d¢( )% >dM /<d¢ % w(X)> aM
M l
[ (Frtepd ), o (X)), — (Tre (), Todi()),) bt
+ /M ((d(Y), Varerdip (X)), — (dip(X), Vard(Y)),) dM .

where {e;}?'_, is a local orthonormal frame on M.

Proof. Assume a local orthonormal frame {e;}!" ; such that
(Vee5) (p) = 0 at a fix point p € M for every i, j. Let’s define a well-defined vector
fields Z; and Z5 on M as

Zyi= 3 T (d0(X), Ve, dv (V) €5 Z2 = 3 STy (oY), Veydp(X)), e
I i,
So at p, we have
divZy =(V,Tij) <d¢ q/)(Y)>l
(2.8) + Ty <?ezdz/; Vejdw(Y» + Ty (d(X), Ve, Ve, dip(Y)),
= (dp(X),V WTtdz/; (Y)), + V(e (X), Ve, dip(Y)),

<dw D dy(Y >
and similarly

diUZZ = <dw(y)’vdithdw(X)>l + <vT(ez)dw(Y)vﬁezd¢(X)>l
T
(2.9) + <d¢(Y),D d1/1(X)> .
!
Therefore by Theorem 2.7 and equations (?7) and (2.9), and Divergence Theorem
we get the result. O
3. T-HARMONIC MAPS

Definition 3.1. Let T" be a tensor on Riemannian manifold (M™, h), ¢ : (M,h) —
(M, 1) be a smooth map where h, | are Riemannian metrics on smooth manifolds M
and M, respectively and V, V are Levi-Civita connections on M, M, respectively.
We denote the induced connection on the pullback bundle ¥*TM by V as well. We
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define a differential operator as follow:

T _
(3.1) Oy = ZTZJ (vez‘dw(ej) - d¢<v€i€j)) )
1,J
where {e;};"; is a local orthonormal frame field on M and Tj; = (T'ej, €;),,.
It is easily seen that the equation (3.1) is independent of choice of frames and so
it is well defined. T
In local coordinates {z'} for M and {y*} for M, h = [h;;] and 1 = (x)*), Ot has
the following expression:
T T 0, 9\ 0yropl_ 0
- v h” h]] T e - 771—‘ -
D¢ (Dw + < (8xj)?a$l>h amzl ax‘]/ O(BO,(?Z} 8y7 O’IJZ)
0
oy

where fzéﬁ’s are Christoffel symbols of the Levi-Civita connection V on M.

32 = (v (19T Thgow) o ou,

T Tt
Remark 3.2. As the equation (3.2)) shows, (v = . When 1 is a smooth function
T T
on M, [y = .

Definition 3.3. Let T" be a tensor on Riemannian manifold (M, h), ¢ : (M,h) —
(M, 1) be a smooth map from (M, h) to a Riemannian manifold (M,[). We define a

T-energy functional for 1 on a compact domain 2 C M as follows:
1
Prt) =53 [ T tdted). dis(e;)) a9,
1,J

where {e;}' ; is a local orthonormal frame field on Q. We say that ¢ is a T-harmonic
map if it is a critical point of the T-energy functional. That is for every variation
{1 }ter of ¢ supported in a compact domain € the following equation should be
satisfied:

d
— E =0.
dt ‘t:O 7 ()

Theorem 3.4 (First variation formula of the T-energy functional). Let T be a tensor
on Riemannian manifold (M,h), ¢ : (M,h) — (M,1) be a smooth map from (M, h)
to a Riemannian manifold (M,1). Then

d T 1 ) "
(3:3) —| Er(gr) =— [ (V,Oy + sdi (div(T +T7)) ) d2.

dt 1t=0 Q 2 1
where V' is the variation vector field of a smooth variation {{,}icr supported in a

compact domain €.
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Proof. Let W : I x M — M be the variation {1 }scs of ¥ and V denotes the induced
connection on the pullback bundle W*TM as well. Let e; = % be the standard

coordinate vector field on I and {e;}?_; be an orthonormal frame field on M. Since
ler, X] =0 for every X € X (M),

= (Vedv(e) +avlene])| =Y.V

So we get that

(3.4)
d 1 - 1 _
Jil,_ Fr) =5 ZJ:/QTJ (Ve Vidi(e;)), A2+ 5 XJ:/QTJ (Ve,V,dip(e;)), dQ2 .

Let X and Y be the following well defined smooth vector fields on 2
X =) Ty (Vodip(e)) e , Y =Y Ty (V,diples)), e
1, .3
We need to compute divX and divY. Since div(.) = ). (Ve,(.),e;) is independent

of the choice of the orthonormal frame field, we can choose the frame {e;}!" ;, such

that (Ve,e;) (p) = 0 at a fix point p € M for every 4, j. So at p,
divX = (Ve X, )
35) = ((Ve,Tij) (Vidip(e;)), + Ty (Ve, Vo dip(e5)) + Ti (V, Ve, dib(e)))
i,
(Vi (vT?) + 3T (Ve Vadib(e) + <v, 5¢> ,
12

divy = (V.Y e)

= Z ((Ve; Tij) (V. dwo(e)), + Ty (Ve, V, dip(eq)) + Ty (V, Ve, dip(e;)))
b,J

(36) = (V,di (divD)) + STy (Vo V, dii(e)) + <V, )3 Tijveidw(ej>>
i3 i,J
_ T
= (V,dy (divT)), + ZTZj (Ve,V,dip(ei)) + <V, D1/1> :
1,J
Thus Divergence Theorem 1.1, and equations (3.4), (3.5) and (3.6) yield equation
(3.3). 0

Consequently, from Theorem 3.4, we get the following result.
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Corollary 3.5. Let T be a tensor on Riemannian manifold (M, h), ¢ : (M,h) —
(M, 1) be a smooth map from (M,h) to a Riemannian manifold (M,l). Then 1 is

T-harmonic map if and only if

(3.7) B0+ s (div(T+T4) = 0.

T 1
We call L.H.S of equation (3.7), Amin-tension field Ap () = Dw+§dw (div(T + 1))

which is a generalization of the notion introduced in [3].

Remark 3.6. As we see when T'= 1, A;(v)) = 7(¢») where 7(¢) is the tension field

and so I-harmonic condition is equivalent to being harmonic.

Example 3.7. Let ¢ : R” — {0} — R" be defined as ¢(z) = w2 T be a con-
stant symmetric matrix, {9;}?_; be the canonical orthonormal frame, and V is the
canonical Levi-Civita connection on R". By straightforward computations we have
1
[[6

Since T' is a constant matrix, by Corollary 3.5 we have v is T-harmonic if and only if

(3.8) Oy = — (jaf? (—4Tx — 2 (T)z) + 8 (T, x) ) .

T
Oy = 0. Now suppose that A\; and A9 be two distinct eigenvalues with eigenvectors

T
V1 and V5 respectively. Substituting these eigenvectors in the equation [Jv = 0, we
get tr(T) = 2A\; = 29 which is a contradiction. Therefore T" just has one eigenvalue
and so T is scalar matrix. So by equation (3.8), we get 1 is T-harmonic map if and

only if T is scalar matrix and n = 2, and hence v is an harmonic map.
By Corollary 3.5, we can get the following result.

Corollary 3.8. Let T be a tensor on Riemannian manifold (M, h), ¢ : (M,h) —
(M, 1) be a smooth map from (M,h) to a Riemannian manifold (M,l), and f be a
smooth function on M. Then v is fT-harmonic map if and only if

T 1
fO¢ + §d¢ (T+T"Vf)+ fdiv(T +T") =0.

Example 3.9. Let ¢ : R” — R be defined as ¢(x1,...,z,) = x1, T be a constant

T
matrix, and f be a smooth function. By Example 2.4 and equation (3.2)), Oy = 0.
By Corollary 3.8, ¢ is f7T-harmonic function if and only if

(3.9) dy (T +T")(Vf)) =0.

Let TO; = 3, Tj0; and V f = 3,(V, [)0;. Since dip(9;) = 6;1, by equation (3.9), ¥
is fT-harmonic function if and only if ) ,(Va, f)(Ti1 +T1;) = 0, which is a first order
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homogeneous linear PDE with constant coefficients. If for every i, T;1 + T1; = 0,

then f is an arbitrary function. If for some ig, Tj,1 + 114, # 0, then by analytical

T +T44

solution of this PDE, we have f = F(ci,...,¢iy,...,cn) Where ¢; = z; — Ty +Thg Tio

and F' is a smooth function.

Proposition 3.10. Let T be a tensor on Riemannian manifold (M, h), ¢ : (M,h) —
(M,1) be a smooth map from (M,h) to a Riemannian manifold (M,l), and fi,

1= 1,2, be smooth positive functions on M. Then

i) if ¢ is fiT-harmonic map and foT-harmonic map, then (T +T*)(V In %) €
ker di).
i) if (T + T%)(VIn %) € kerdv, then 1 is f1T-harmonic map if and only if it

1s foI'-harmonic map.

Proof. At first we prove (i). By Corollary 3.8, we have 1 is fiT-harmonic map if
and only if

T 1
(3.10) HiOY + §d¢((T+Tt)Vf1 + fidiv(T +T")) =0,
and 1 is foT-harmonic map if and only if

T 1
(3.11) o0 + g (T + TV fo + fadiv(T +T1)) = 0.
So by equations (3.10) and (3.11)), we get

;ld@b (T +THV 1 + fdiv(T +T")) = 7 (T + THV fo + fodiv(T +T1)) .

Therefore (T +T")(V In %) € kerdy. In a similar way, we get (i7). O

1

Lemma 3.11. Let T be a tensor on Riemannian manifold (M,h), ¢ : (M,h) —
(M, 1) be a smooth map from (M,h) to a Riemannian manifold (M,l), and f be a
smooth positive function on M. Assume that o : (M, fh) — (M,l) where p(p) =
Y(p) for everyp € M. Then

° i)
1
f

e ii) v is a T-harmonic map if and only if

T T 1 h h —h
Op = (Dw—2d¢((T+Tt)v1nf—(trT)v1nf>),

51/1+%d¢ ((21) <(T+Tt)%1nf>+d?v (T+Tt)> ~0.
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Proof of case (i).
Let {e;}}, be a local orthonormal frame field on (M, fh), that is

(3.12) fAeirej)y, =05
Then we have
(3.13) Tij = f(Tej, ey, -

We put g; = f%ei. Then by equations (3.12)) and (3.13), we get

(3.14) (9i> 950, = 0i5 »Ti; = (T(g;), 9i)y,

Therefore by Definition 3.1 and equation (3.14), we have

l
5‘70 = ZTZ] (Vei d@(ej) - d@(%ei ej))

,J
1 L h 1 1
= Z 7T\ Vo delog) - do( Vg g5 + o799+ 55

f
2f<9w9]>h Vf))

=5 (Dw a7 LV (df(gg)gz +df(90)g5 ~ (91,950, V f))

fh
_ZTZ] ng do(T) — dp(V -
% f2 f

1, (L fh
= Z ?TZJ Vgi dcp(g]) - d@(vgz gj)
i7j

‘ )

~~
mh—t‘$

[N

N———

df (9i)g;

1 h
=7 (le - ﬁdzb <Z(df( (9)9: + df (9:)T(9:) — (9i-T(9i))p, V f)))

! < - = dy <(T+Tt) G f - (rT) %f)) .
~f 2f

Proof of case (ii).

By Corollary 3.5 we get

T 1 fh .
(3.15) Uy + —d(p (le (T+7T )) =0,

At first we compute d1v T. As before, let {e;}?_; be a local orthonormal frame field
on (M, fh) and g; = f2ei. So
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le T = Z Vq €; = f Z vfh 9i = jc Z (]%ng Tgi—T J%Lgi gZ)
3 (vgi Tgi+ o <df(T(gz-))g¢ (e T () — (0. T(g2)) ¥ f)
=T <%gi gi + 2f (df(gz)gz + df (9i)9i <gi79i>h % f)))

} <d1v T+ (Z (df (T(9:))gs) — (tr T) 7 f+ (0~ )T ¥ f)) ,

fh
and similarly, we compute div T%, and then by substituting in equation (3.15), and

by use of case (i) we get the result. O

Proposition 3.12. Let T be a tensor on Riemannian manifold (M, h), ¢ : (M,h) —
(M, 1) be a smooth map from (M,h) to a Riemannian manifold (M,l), and f; and
fo be smooth positive functions on M. Assume that ¢ : (M, fah) — (M,1) be

o(p) = ¥(p) for everyp € M. Then
i) if ¥ is fLr'T-harmonic map and ¢ is T-harmonic map, then fi1 and fy satisfy

(3-1)
the equation (T + T") V In f2 € ker di.
-1)

(3
i) if f1 and fo satisfy the equation (T + T) V In f2 € kerdi, then, 1 is

fiT-harmonic map if and only if ¢ is T- harmomc map.
Proof. By Corollary 3.8 we have v is fiT-harmonic map if and only if
(3.16) O+ %d@z) <(T LT Y n fi+ div (T + Tt)> —0,
and by Lemma 3. 11,  is T-harmonic map if and only if
(3.17) T + dqz; << - 1) (T+ T In fot div (T + Tt)> = 0.
Therefore by equalizing equations (3.16) and (3.17), we prove case (i). In a similar
way, we get (ii). O

Theorem 3.13. Let T be a tensor on Riemannian manifold (M,h), 1 : (M,h) —
(M, 1) be a smooth map from (M, h) to a Riemannian manifold (M,l), f1 and fa be
smooth positive functions on M, and v be a conformal immersion Y*l = foh. Then
¥ is fiT-harmonic map if and only if

{ > B(Tei,ei) =0,

(3.18) h h h_h
(T + Tt) \V4 1I1(f1f2)+ div (T + Tt) - (tT'T) Vinf,=0,
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where B is the second fundamental form of conformal immersion 1 and {e;} is
a local orthonormal frame field on (M, h).

Proof. Since 1 is a conformal immersion, so the second fundamental form

(3.19) Blesye;) = Vedi(ey) — dp(¥ e, ),

is normal to tangent space of submanifold ¢(M) C M. Thus by equation (3.19), we
have

(3.20)

szzﬂj <Veidw(ej) dd} Vez 6]) ZE] ( €i, €5 +d¢(Vez €~ vei 6j))
1,J
= ZT” ( (eire;) 272d?/) <df2(€j)€i + df2(e;)ej — ij v f2)>

= Z ( (e, Te;) + 2;2d¢ <df2(T6¢)€i + dfa(e;)Te; — Ty % f2)>

:ZB(T@i,ez f —dy (Z <V f2, (€z‘)> €z‘+T%f2—(t7fLT) %f2>
i h

1 h h _h
= Z B(Te;, e;) + Edw ((T +THVinfy— (trT) VIn f2> .
By Corollary 3.8 we have 1 is fiT-harmonic map if and only if
T 1 h h
(3.21) O¢ + idw <(T + T V In fi+ div (T + Tt)> =0.

Now substituting equation (3.20) in equation (3.21), we get
(3.22)

B(Tes, ) + ~di (T + T4 ¥ n(fi o) — (0T) ¥ In fort div (T +T%) ) = 0.
- 2

By noting normal and tangential part of equation (3.22)), we get system of equations
(3.18). O

Remark 3.14 (Proposition 1.1 of [15]). By Theorem [3.13, a conformal immersion
V¥l = fah, is fi-harmonic map 1f and only if the mean curvature vector field H = 0,
that is ¢ is minimal and f; = C f2 ! for some constant C. In particular, an isometric

immersion is f-harmonic if and only if f is constant and hence v is harmonic.

Proposition 3.15. Let ¢y : (M, h) — (M,1) and ¢ : (M, 1)

— (ﬁ, k) be smooth
maps between Riemannian manifolds M, M and M, M, and V, V,V

be Levi-Civita
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connections on M, M, ﬁ, respectively, f a smooth function , and T a tensor on

Riemannian manifold M. Then 1o 01 is a fT-harmonic map if and only if
fz (del(ei)d%) dip1 (T (e;))+dape | fOY1 + §d¢1 (T+THYVf+ fdiv(T+T")) ) =0,

where {e;}1' 1 is a local orthonormal frame field on M. Especially, If ¢ is a fT-

harmonic map, then o o1 is a fT-harmonic map if and only if

13 (Vitendin) din (T(e0)) = 0.

Proof. Assume an local orthonormal frame {e;}* ; on M such that (Ve;)(p) =0
at a fix point p € M for every i, j. Then by Definition 3.1, we have

Az o) = S T,%

=31y ((vd% d%) dipn(ej) + divs (Ve d¢1(e]))>
(3.23) = 3 (Vavs (e o) dvn(Ter)) + di <5w1> .

By Corollary [3.8 we have 93 o ; is a fT-harmonic map if and only if

T 1 .
(3.24) SOz 0 4h1) + §d(¢2 oy) (T +THVf + fdiv(T +T")) =0.
Therefore substituting equation (3.23) in equation (3.24) we get the result. O

Remark 3.16. Note that by Proposition3.15, we can not get that 9 is f-harmonic
map if ¥ and 9 o9y are fT-harmonic maps, even if v is an identity map and
T is definite symmetric tensor. We show it as the following. Let 1/, : R?> — R? be
identity map, and v : R? — R, to(x1,22) = z1. By Example 3.9, if f = f(z1) is
non constant, then 5 is not a f-harmonic map. By Corollary (3.8, ¢, and 1y are fT-

oT;
harmonic maps if TV f + fdivT = 0. So for every j, f'(z1)Tj1 + f(x1) >, oz, L — .

If 751 = 0, we have 177 = meg(”w) where ¢ is a smooth function and k is some

constant, and Thy = The(x1). Therefore we can choose a definite diagonal tensor T

to prove the claim.
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4. fL-HARMONIC HYPERSURFACES

In this section, as application of f7T-harmonic maps for conformal immersions,
we consider fLg-harmonic hypersurfaces in space forms, [4], which is fT-harmonic

hypersurfaces when T is Pj transformation.

Theorem 4.1. Let ) : M™ — R""Y(c) be an isometric immersion from a connected
oriented Riemannian manifold M into a simply connected space form R"*1(c), and
f be a smooth positive function on M. Then v is an fLg-harmonic hypersurface if
and only of Hyr1 =0 and P,V f =0.

Proof. As we know the second fundamental form of ¢ is B(X,Y) = (S(X),Y) N
where S is the shape operator and X, Y are vector fields on M, and N as the unit nor-
mal direction. The P’s transformation are symmetric and free-divergence in space
forms. Now by putting 7' = P}, in Theorem 3.13, we get >, (S o Py(e;), (e;)) N =0
where {e;}? ; is a local orthonormal frame field on M, and P,Vf = 0. Since
tr(SoPy) = (k+1)sgt1, sk+1 =0. O

Remark 4.2. As it is well known totally umbilic hypersurfaces of dimension equal
or greater than two in the Euclidean space are hyperplanes and hyperspheres, and in
the Hyperbolic space are obtained by intersecting with affine hyperplanes, especially
are hyperspheres and hyperbolic spaces of codimension one, and in the Fuclidean
sphere are hyperspheres, hence are of constant principal curvatures. So Theorem 4.1
implies that a totally umbilic hypersurface M of R"*!(c) is f Lj-harmonic if and only
if, f is arbitrary smooth positive function on M if k # 0, and f is constant positive
function if £ = 0, and in both cases M is an open piece of R"™ when ¢ = 0 or an open

piece of H"(—1) when ¢ = —1 or an open piece of S"(1) when ¢ = 1.

Remark 4.3. Consider the cylinder S'(r) x R € R3. Since H; # 0 and Hy = 0, by

Theorem 4.1}, it is an Lj-harmonic hypersurface but not harmonic.

Theorem 4.4. Let ¢ : M — R3(c) be an isometric immersion from a connected
oriented Riemannian surface M into a simply connected space form R3(c) and f be
a smooth positive function on M. Then 1 is an fLi-harmonic surface if and only
if the principal curvatures are zero and 2Hy, and H1V,f = 0 for every vector v in

the distribution of space of principal vectors of zero’s principal curvature.

Proof. By Theorem 4.1, M is an fLi-harmonic hypersurface if and only if so = 0

and SV f = s1Vf. Since s9 = 0, principal curvatures are zero and s1. Let {ej,es}



INTRODUCTION OF T-HARMONIC MAPS 127

be a local orthonormal principal vector fields, corresponding to principal curvatures
zero and s, respectively. So by SVf = 51V f, we get 51V, f = 0. The proof of

converse is straightforward. O

Theorem 4.5. Let ¢ : M — R3(c),(c = 0,1), be an isometric immersion from a
complete connected oriented Riemannian surface M into a simply connected space
form R3(c). If ¢ = 0, then v is fLi-harmonic surface if and only if Y(M) is a
cylinder over planar curve and H1V,f = 0 for every vector v in the distribution
of space of principal vectors of zero’s principal curvature. If c = 1, then ¢ is fL1-
harmonic surface if and only if (M) is S*(1) and f is arbitrary smooth positive

function on M.

Proof. If Hy = 0, we have constant sectional curvature K = ¢, and so 1 is a space
form. By Hartman-Nirenberg theorem and Liebmann theorem, the only complete
oriented two dimensional space form with constant sectional curvature K = c in
R3(c) is: a cylinder over planar curve if ¢ = 0; S(1) if ¢ = 1 (cf. [10, 11, 14]). Now
by Remark 4.2 Theorem 4.1l and Theorem 4.4, we get the result. O

As a result of Theorem 4.1, we can get the following corollary for isoparametric

hypersurfaces in space forms (see proof of Theorem 4.5 of [3]).

Corollary 4.6. Let ¢ : M™ — R"*1(c), be an isoparametric hypersurface immersed
into simply connected space form R"(c). If ¢ = 0, then 1 is an fLy-harmonic
hypersurface if and only if (M) is an open piece of R™, and f is arbitrary smooth
positive function on M if k # 0, and f is constant positive function if k = 0, or
(M) is an open piece of generalized right cylinder S™(r) x R*™™ with r > 0 and
m < k, and f is an arbitrary smooth positive function on M if m < k, and f is
positive constant on each integral submanifold of distribution of space of principal
vectors of zero’s principal curvature if m = k. If c = —1, then 1 is an fLg-harmonic
hypersurface if and only if (M) is an open piece of H"(—1), and f is arbitrary
smooth positive function on M if k # 0, and f is constant positive function if k = 0.
If c =1 and M has at most two principal curvatures, then v is an fLg-harmonic
hypersurface if and only if (M) is an open piece of S™(1), and f is arbitrary smooth
positive function on M if k # 0, and f is constant positive function if k = 0, or

(M) is an open piece Ome(\/aéﬁ) XS”_m(\/o;‘iH) with a > 0, and o and f satisfy

the following equations:
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S (5T =o
(") (T cermr = E () (et =0,

i
for every vector v and w in the distribution of space of principal vectors corresponding

to a and —é principal curvatures, respectively.

Theorem 4.7. Let ¢ : M™ — R""1(c) be an isometric immersion from a connected
oriented Riemannian manifold M into a simply connected space form R""'(c), and
f be a smooth positive function on M. If all principal curvature are mon negative
(it is called weakly convex), then ¢ is an fLy-harmonic hypersurface if and only if
W(M) is an open piece of R™ when ¢ = 0 or an open piece of H"(—1) when ¢ = —1
or an open piece of S"(1) when ¢ = 1, and in all cases, f is arbitrary smooth positive

function on M if k # 0, and f is constant positive function if k = 0.

Proof. Since all all principal curvature are non negative, so if Hyy; = 0, then all
principal curvature are zero. That is the hypersurface M is totally geodesic. Now
by Remark 4.2, we get the result. [l

Let us recall that every compact hypersurface immersed into the Euclidean space
or in the hyperbolic space or in the Euclidean hemisphere has an elliptic point (cf.
[1, 2]), that is, a point where all the principal curvatures are positive (or negative).
Therefore for every k, k = 0,...,n, k-th mean curvature is not identically zero. So

we have the following non-existence result as a consequence of Theorem 4.1.

Corollary 4.8. There exists no compact orientable fLi-harmonic hypersurface ei-
ther in R"+1 or H L or STH,

REFERENCES

1. L.J. Alias & N.Giirbiizz An extension of Takahashi theorem for the linearized
operators of the higher order mean curvatures. Geom. Ded. 121 (2006), 113-127.
https://doi.org/10.1007/s10711-006-9093-9

2. L.J. Alias & S.M. B. Kashani: Hypersurfaces in space forms satisfying the condition
Lix = Ax + b. Taiwanese J. Math. 14 (2010), 1957-1977. https://doi.org/10.11650/
twjm/ 1500406026

3. M. Aminian & S.M.B. Kashani: Lg-biharmonic hypersurfaces in space forms. Acta
Math. Vietnam. 42 (2017), 471-490. https://doi.org/10.1007/s40306-016-0195-7



10.

11.

12.

13.

14.

15.

16.

INTRODUCTION OF T-HARMONIC MAPS 129

M. Aminian & M. Namjoo: fLg-harmonic maps and fLg-harmonic morphisms. Acta
Math. Vietnam. (2020). https://doi.org/10.1007/s40306-020-00392-0

E. Cartan: Sur des familles remarquables d’hypersurfaces isoparamétriques dans
les espaces sphériques. Math. Z. 45 (1939), 335-367. https://doi.org/10.1007/
BF01580289

: Sur des familles d’hypersurfaces isoparamétriques des espaces sphériques a 5
et & 9 dimensions. Rev. Univ. Tucuman, Ser. A 1 (1940), 177-191.

B.-Y. Chen: Total mean curvature and submanifold of finite type. 2nd ed., Series in
Pure Math., World Scientific, 2014. https://doi.org/10.1142/9237

S.Y. Cheng & S.T. Yau: Hypersurfaces with constant scalar curvature. Math. Ann.
255 (1977), 195-204. https://doi.org/10.1007/BF01425237

J.Eells & J.H. Sampson: Harmonic mappings of Riemannian manifolds. Amer. J.
Math. 86 (1964), 109-160. https://doi.org/10.2307/2373037

José A. Gélvez: Surfaces of constant curvature in 3-dimensional space forms. Mat.

Contemp. 37 (2009), 1-42. https://www.semanticscholar.org/paper/Surfaces-of
-constant-curvature-in-3-dimensional-.-G

P. Hartman & L. Nirenberg: On spherical image maps whose Jacobians do not change
sign. Amer. J. Math. 81 (1959), 901-920. https://doi.org/10.2307/2372995

G.Y. Jiang: 2-harmonic maps and their first and second variational formulas. Chi-
nese Ann. Math. TA (1986), 388-402, the English translation, Note di Mathe-
matica 28 (2008) 209-232. http://siba-ese.unisalento.it/index.php/notemat/
article/view/1770, DOI Code:10.1285/115900932V28N1SUPPLP209

H.F. Munzner: Isoparametrische hyperflichen in sphéren. I. Math. Ann. 251 (1980),
I1, 256 (1981).

B.O’ Neill & E. Stiel: Isometric immersions of constant curvature mani-
folds. Michigan Math. J. 10 (1963), 335-339. https://projecteuclid.org/
journals/michigan-mathematical-journal/volume-10/issue-4/Isometric-
immersions-of-constant-curvature-manifolds/10.1307/mmj/1028998967.full
DOI Code:10.1307/mmj/1028998967

Y.-L. Ouw: f-harmonic morphisms between Riemannian manifolds. Chin. Ann. Math.,
Series B 35 (2014), 225-236. https://doi.org/10.1007/s11401-014-0825-0

R. C. Reilly: Variational properties of functions of the mean curvatures for hypersur-
faces in space forms. J. Diff. Geom. 8 (1973), 465-477. https://projecteuclid.org/
journals/journal-of-differential-geometry/volume-8/issue-3/Variational-
properties-of-functions-of-the-mean-curvatures-for-hypersurfaces/10.4310/
jdg/1214431802.full DOI Code:10.4310/jdg/1214431802

PROFESSOR: DEPARTMENT OF MATHEMATICS, VALI-E-ASR UNIVERSITY, RAFSANJAN, IRAN
Email address: mehran.aminian@vru.ac.ir



