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HYPERSTABILITY OF A GENERAL QUINTIC
FUNCTIONAL EQUATION AND A GENERAL SEPTIC
FUNCTIONAL EQUATION

SUN-SOOK JIN AND YANG-HI LEE

ABSTRACT. In this paper, we present some hyperstability results
for a general quintic functional equation and a general septic func-
tional equation.

1. Introduction

Throughout this paper, let V, X and Y be a real vector space, a real
normed space, and a real Banach space, respectively. For a mapping f
from V to Y, we consider the functional equation

(1.1) D nCi(—1)" f(x +iy) =0,
1=0

where n € N. Observe that a solution mapping f : V — Y of (1.1)
is a generalized polynomial mapping of degree at most n — 1 in the
sence of J. Baker in [1]. So, for n = 2, 3,4, 5, 6, 7, and 8, we call the
functional equation (1.1) a Jensen, a general quadratic, a general cubic,
a general quartic, a general quintic, a general sextic, and a general septic
functional equation, respectively.

Recall the stability problem of a functional equation was started by
S. M. Ulam[14] and D. H. Hyers[4], and many mathematicians have
generalized by showing the stability results of various kind of functional
equations (see [1, 2, 5, 6, 11, 13|, etc.). Prior to this paper, for the
functional equation (1.1), with n = 3, 4, 5, 6, and 7, stability problems
were studied by Y.-H. Lee[7, 8, 9, 10], by following;
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THEOREM 1.1. [10] Let p # 1,2,3,4,5 be a fixed nonnegative real
number and 8 > 0 be a real number. Suppose that f : X — Y is a
mapping such that

6

Z 6Ci(—1)°7 f(z + iy)

=0

(1.2) <Ol ]l” + [lyl1*)

for allz,y € X. Then there exists a solution mapping F' of the functional
equation
6

> 6Ci(—1)° ' F(x +iy) =0
=0
such that || f(z) — f(0) — F(z)|| is less than or equal to

(45.22:((21'—2) + 45(§§383§§?é2p?§§22p + 2p(2p_1%)(2p_4)> Oll=[P if 5 <p,
( 2p2 2; (2117 —3yar T 45(322K2p)2p T W 1%)(2? 1 ) Ollz|[P if 4 <p <35,
(45 = & zlp o7 + mEee (21"74)?1672@)) OllzlPif 3 <p <4,
(90 2 (ar—3) T 90(3(212217)%2)@)2:7 + (2:0—4)?16—21’)) Ollz||Pif 2<p <3,
(90 57 (237—2) 90(3(2172310_)%2)7@)% + (1672P§(472p)) Oll=llPif 1<p<2,
(720((235;()25217) + ooy + (16—2?5);(4—210)) 0| (P if 0<p<l1

for all x € X\{0} and F(0) =0, where K = 182+ 38 - 2 + 6 - 3P.

In this article, we present some hyperstability results for the general
quintic functional equation

6

(1.3) Cf(x,y) =Y 6Ci(-1)"f(x+iy) =0

i=0
and the general septic functional equation

8
i=0
which are special parts of the study of stability problems of functional
equations as proving a solution of a functional equation differing slightly
from the given equation is exactly the solution. Precisely, let p < 0 and
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# > 0 be real numbers, and let the mapping f : X — Y satisfy the
inequality

ICf (@l 1Df(,y)ll < 0=+ [ly[”)
for all z,y € X\{0}, then we will show that f must be a solution of

Cf(x,y) =0, Df($,y) =0

for all x,y € X, respectively. A solution mapping of the general quintic
functional equation is called a general quintic mapping and the solution
mapping. On the other hand, we call a solution of the general septic
functional equation a general septic mapping.

Moreover, the hyperstability problems of the other type functional
equations were studied by E. Gselmann[3], and A. Najati et al.[12].

2. Hyperstability of a general quintic functional equation

Throughout this paper, for f : V — Y, we use the following abbrevi-
ations,

Fla) = £@) - £0), fola) == TOIED gy ST

forallz € V.

LEMMA 2.1. For a given mapping f :V — Y let fi, fo, f3, fa, f5:
V — Y be the mappings defined by following;

folz) 1 1 4(256 f, () — 40f,(2x) + f,(4z))

1
ey i 5 | HEEELS gL
. 1 fe($) 1 _ 16fe(x)_fe(2x)
20 =3 e 16 ‘_ 12 !
1| L Lle) o 1 5641, () — 34£,(25) + £,(42))
f3($) ::Z 222 i;zgiig 33222 - 720 ’
1|1 f@) | Afelw) — f(2)
M@ =51y f) ’—‘ TR
L1 fol@) ) — T T
fo@) = 1| 2 8 (o) | = LD 10D+ (4)

22 82 f,(4x)



110 S.S. Jin and Y. H. Lee

1 1 1
forallz €V, where L:=| 2 8 32 |andL' := ‘ L1 . Then we
22 82 322 416

can show that fo(x) = fi(z) + f3(z) + f5(x) and fe(z) = fa(x) + fa(x),
and so

5
(2.1) f(@) = fol) + fo(z) =Y _ filx)
=1

forallz € V.

Proof. We note that L, L’ # 0. By the uniqueness of solution (stated
in Cramer’s rule), the family {fi(z), f3(z), f5(x)} is the only solution
to the system of nonhomogeneous linear equations

fi(z) + f3(x) + f5(x) = fo(),
(2.2) 21(x) + 8 3() + 325(x) = fo(22),
22 fi(x) + 8 f3(x) + 32% fs(2) = fo(4x)
for all x € V. It follows from the first equation of (2.2) that f,(z) =

fi(x)+ f3(z) + f5(x) for all z € V. Similarly, we can show that f.(z) =

fo(x) + fa(z) for all z € V.
O
Moreover, in this section, we use the following definitions.

DEFINITION 2.2. For a given mapping f : V — Y, we define the
mappings Cf : V2 = Y and I'f, Af : V = Y as following;
6

Cf(l‘,y) = Zﬁci(_l)G_Zf(x + Zy)?

=0
I'f(z) = Cfo(—4x,2z) + 6C fo(6x, —x) + 36C fo(—x,x) + 70C fo(—2x, ),
Af(z) = Cfe(—2z,7) + 3C fe(—3z, 1)
forall z,y € V.

By laborious computation, we can get the equalities in the following
lemma.

LEMMA 2.3. Let f : V — Y be an arbitrarily given mapping. Then
the equalities

(2.3)  Df(x) =Tf(x) = fo(87) — 42f5(4x) + 336 f,(22) — 512f,(x),
(2'4) Af(x) = fe(4m) - 20f€(2$) + 64fe(33)
hold for all x € V.
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Now we will prove the hyperstability of the quintic functional equa-
tion C f(z,y) = 0 by following;

THEOREM 2.4. Let p < 0 and 6 > 0 be real numbers. Suppose that
f: X —Y is a mapping such that

(2.5) 1CF ()l < 0l + llyl*)

for all z,y € X\{0}. Then Cf(z,y) =0 for all z,y € X, and so f is a
generalized polynomial mapping of degree at most 5.

Proof. Since f(0) = 0 and Cf(z,y) = Cf(x,y) for all z,y € X, by
(2.5) we get

(2.6) ICF @l IC T, y)ll, 1C T,y < (|z]? + Ily|")

for all z,y € X\{0}. Together with the definitions of I'f and Af in
Definition 2.1, it follows that

(2.7) ITf ()] < 720K'0|||)”,
(2.8) IAf (@) < 12K |?
for all x € X\{0}, where
6P L 4P +71.9P & 14 L3P L 9P 14
K'::66+ aall 148 and K::?)B#.
720 12
Now, using the definitions of fi, f2, ---, and f5 in Lemma 2.1, to-

gether with the properties (2.3), (2.4), (2.7) and (2.8), we can show the
following inequalities

A@z) AP || 4Df(2x) AK'0)| 22 ||P
9 2i+1 o 790 - 2i+1 || — 2i+1 ’
L2z)  fHE2F )| ||Af(27) <KOH2ix||p

4 4i+1 12 4| & gl 0
f3(2z)  fs2 )| || 5Tf(2x) 5K'0|20x|P
i {i+1 O |l720 - 8L — {i+1 ’
fi2z)  fa(21a) _ _ Af(2x) K0||2iz||?
167 167+1 12167+ = 16i+1
f(2x) @) || Tf(2) - K'0||2¢|P
32i 32i+1 || || 720321 32iF1
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for all x € X\{0}. Notice, for each k =1,2,--- 5, it is clear that

2kn 9k(n+m)

oki ok(i+1)

i=n

for all x € X, and so we easily obtain

z < —1 = . ~ .
(2.9) fi(2"x)  fL(2V) <n+m f2iz)  f1(27 )
: on ontm = Z 9i i+l
=n
I 4K0) 20|
<D o
i=n
~ ~ -1 ~ . ~ .
ooy 2@ Rl R AR 2 )
(2.10) An 4ntm = Z 9i i+l
=n
n+m—1 ;
Ko)|2ia|)”
< Z 4i+1 ’
=n
~ ~ -1 ~ . ~ .
911 f3(2"x)  f3(2"Ma) <n+m fa(2ix)  f3(2712)
(2.11) {n  gntm = Z 9i  9itl
=n
n+m—1 ;
5K'0(|2"x||P
<D T o
i=n
z 5 —1 = . ~ .
(212) |2 f2a) <n§: o) )
' 16™ 16n+m = 9i 9i+1
=n
n+m—1 ;
Ko 2'x||P
< D Ty
=n
z e —11 = . ~ .
213 | BE) 5@ <”*§: f5(2'z)  f5(2*'a)
' 32n 3ontm | = 21 9i+1
=n
- Z 32i+1

i=n
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for all x € X\{0} and n,m € NU {0}. They imply that

5 7 5 7
f My f 2n+m
; 2kn kZ 2k(n+m) )

n+m—1 / / ,
4K K 5K K K i
< Z (21—1—1 + 4i+1 + 8i+1 + 16i+1 + 32i+1)9H2 pr

(2.14)

1=n

for all z € X\{0} and n,m € NU{0}. Since p < 0, the inequalities (2.9)-
(2.14) lead us to show that all the sequences {%}, cee {M},

25n

and {22:1 J kéizx)} are Cauchy sequences for all z € X\{0}. More-

s TNy

i i F(0) = fi@ra)
over, since Y is complete and f(0) = 0, the sequences {127,1:”}

{f5§§:$) }, and {Zk 1 f’“2in$)} converge for all x € X, too. Hence, for
each £k =1,2,---,5, we can define the mappings F, F : X — Y by

- . )
Fy(z) := lim 12 x)’ F(z) == lim Z x(2")

n—oo  2kn n—00

for all z € X. Now, letting n = 0 and passing the limit m — oo in
(2.14). Since f(z) = S2o_, fa(x) for all z € X, see (2.1), we get the
inequality

(215)  [If(x) = F(x)]
- ( 1K K K K K ><9||93!p

2—2P+4—2p+8—2p+16—2p+32—2p

for all z € X. By (2.6) and the definition of f1 in Lemma 2.1, we easily
get

ICFi(z, )|l = lim WH

21’L
i [[256C (22, 2%y)  40Cfo(2" 1w, 2" y) | Cfo(2 2, 27 2y)
= 1m -
n—00 180 - 27 180 - 27 180 - 27
(25627 4 40 - 20T 0P 4 20 F2P) (|| |[P + ||y|P)
< lim
n—yoo 180 - 2»

=0
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for all z,y € X\{0}, since p < 0. Observe that

6
CFi(2,0) =) 6Ci(—1)*"Fi(x) =0
=0
6
CFy(0,y) ZGC DS Fi(iy) = > 6Ce—i(—1)'F1((6 — i)y)

=0
—260 1 F1((6 — i)y) = CF1(6y,—y) = 0

for all z € X and y € X\{0}. Therefore, we have that CFy(x,y) = 0 for
all z,y € X. Similarly we can show that CFy(z,y) = --- = CF5(z,y) =
0 for all z,y € X. Hence we have CF(x,y) = 22:1 CFy(z,y) = 0 for
all z,y € X. Now we use the equation

Cf((1—n)z,nz) = Cf((1 —n)z,nz) — CF((1 —n)z,nz)

iﬁC’z ( (1 =n)x +inx) — F((1 —n)ﬂc+inaz))

.

0
F((1=n)2) = F((1 = m)a) =6 (f(x) - F()
+ ch ( (1 =n)z+inz) — F((1 —n)z + an)) ,

together with (2.6), (2.15) and the property p < 0, to show that
6] f(z) — F(x)|
< lim [[CF((1 = n)z,na)| + lim | F((1 = n)a) = F((1 = n)a)|

* j}i}.&o o6 (7 — D+ 1)) = F((G - D+ 1)

6
< lim (\1 —nfP +nP + M|1—nf + M> 6Ci|(i — L)n+ 1|P> 0||||?

n—00
=2
=0

for all z € X\{0}, where M := ;2 2p + 4= 2p + 2p + 16 5 + 35 /2p
Moreover, since f(O) =0 = F(0), we get f( ) = F(x) for all z € X.
Therefore we conclude that, C'f(x,y) = C’f(:c, y) = CF(z,y) =0 for all
x,y € X, and so f becomes a quintic mapping as desired. O
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3. Hyperstability of a general septic functional equation

LEMMA 3.1. Foragiven mappingf V= Y, let f67 f7, fg, fg7 flo, flly f12 :
V — Y be the mappings defined by followings;

fol) 1 1 1

1| fo(22) 8 32 128
Jol@)i= 5| f4a) 82 322 1982
fo(8z) 8% 323 1283

64 (32768f,(x) — 5376 f,(2) + 168f,(4x) — f,(8z))

1451520 )
fe(l’) 1 1 B
=g 5] 1 |- e e
fe 4z 16 64

1 folx) 1 1

_ L2 fo(22) 32 128
fo@)i= 1 2 faa) 322 1282
23 f,(8z) 323 1283

 84(8192f,(x) — 4416 f,(22) + 162f,(4z) — f,(8z))
- 1451520 ’

1 1 fe(x) 1
fox):=—| 4 fe(2x) 64
42 f.(4x) 642

11 folz) 1

112 8 fo(2r) 128
fo@) =519 g ) 128
23 8% f,(8z) 1283

| 21(20481,(x) — 1296 f,(22) + 138f,(4z) — fo(8%))

_5(256fe(x) — 68fe(2$) + fe(4x))
2880 ’

1451520 )
1 1 fe(z) _
fiil@) = | 4 16 f.(2) _ 64fe(2) — 20fe(22) + fe(42)
N g2 162 f(4e) 2880

11 1 fo(x)

12 8 32 f,(2)
fa@) =519 g 392 £o(4)
23 8% 323 f,(8x)

_ 512f,(x) — 336 f,(22) +42f,(4x) — fo(82)
- 1451520
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for all x € V, where
1 1 1 1

1 1 1

2 8 32 128
N = 22 82 322 1282 and N, = 4 16 64
42162 64

23 83 323 1283

Then we have

(3.1) f@) = fol@) + fel@ Zfz

forallz € V.

Proof. We note that N, N’ # 0. The uniqueness of solution (stated in
Cramer’s rule) implies that the family {fs(z), fs(z), fio(z), fizo(x)} is
the only solution to the system of nonhomogeneous linear equations

fo(z) + fs(x) + fio(z) + fra(z) = fo(z),
2fs(x) + 8fs(z) + 32f10(x) + 128 f12(x) = fo(22),
22 fo(x) + 8% fs(x) + 322 fro(x) + 1282 f15(x) = fo(4w),
2% fo(x) 4 8 fa(x) + 32° fro(x) + 128% f12(x) = fo(8x)
for all € V. Therefore, it follows from the first equation of (3.2) that
fo(x) = fo(z) + fs(x) + fro(x) + fiz(z) for all x € V. In the similar way,

we get fe(z) = fr(x)+ fo(x)+ fi1(x) for all z € V. So we have obtained
the equation (3.1)

(3.2)

O
In this section, we use the following definitions.

DEFINITION 3.2. For a given mapping f : V' — Y, we define the
mappings Df : V2 =Y and IT'f, Af : V =Y as

280 1P f(x +dy),

Lf(z):= Df0(16x, —2x) + 8D fo(—21x,2x) + 36D f,(—4x, 2x)
+ 120D fo(—6z,2x) + 160D f,(8x, —x) + 1280D fo(—x, x)
+4032D f,(— 22, ) + 5376 D f,(—3z, ),

Af(z) := Df.(8z, —x) + 8D fo(—x,2) + 36D fo(—2x,2) + 120D fo(—3x, x)
+ 123D fo(—4z, x)

for all z,y € V.



Hyperstability of a functional equation 117

By laborious computation we can get the equalities in the following
lemma.

LEMMA 3.3. Let f : V — Y be an arbitrarily given mapping. Then
the equalities

(33)  Tf(x) =Tf(z) = fo(16x) — 170f,(8)

+ 5712f,(4x) — 43520 ,(2z) + 65536 f,(z),
(3.4) Af(x) = f.(82) — 84f.(4z) + 1344f,(2x) — 4096 f.(x)
hold for all x € V.

We show the hyperstability of the septic functional equation D f(z,y) =
0 by following;

THEOREM 3.4. Let p < 0 and 6 > 0 be real numbers. Suppose that
f: X — Y is a mapping such that

(3.5) 1D (2, )l < ()P + [lylI*)
for all z,y € X\{0}. Then
Df(w,y) =0

for all x,y € X, and thus the mapping f is a generalized polynomial of
degree at most 7.

Proof. Observe that Df(z,y) = Df(z,y) and we have
(3.6) IDf ()l 1DFox ), IDfe(z,v)ll < 0= ]P + [ly]I”)

for all z € X\{0} by (3.5). By the definitions of I'f and A f in Definition
3.1, it follows that

(3.7) ITf ()] < 1451520K70) 2|7,
(38) IAf ()] < 2880K0]||?
for all x € X\{0}, where

I 167 + 160 - 82 + 120 - 6P + 36 - 4P + 5376 - 3P + 4205 - 2P + 12128
T 1451520 '

f{._8p+123-4p+120-3”+36-2p+296
T 2880 ’
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From the definitions of fg, f7, ...
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, fi2 in Lemma 3.1, together with the

properties (3.3), (3.4), (3.7) and (3.8), we obtain the inequalities

fo(2'w)  fo(2a)|| || 640f(2'x) || _ 6AK'6]|2'x]?

2i 2i+1 111451520 - 2i+1 2i+1 '
f7(2ix) f7(2i+1x) B 4Af(2’x) 4[39“2%”1’

4i 4l Tl 2880 - 4itl|| = 4itl
fs@iz)  fs(2t1a)|| || —84Tf(2'x) 84K'0||20x||P

i Qi+l 11451520 - 8i+1 Qi+l ’
fo@z)  fo(22)|| || BAf(2'x) 5K0)20x|?

16¢ 161 || ||2880 - 161 || — 161 7
fo@z)  fo@ )| | _210f@e) || _ K92
321 32i+1 "~ 111451520 - 32i+1 || — 32i+1
@) fu@*la) _ Af(2'z) <f<9H2ixllp
64° 64i+1 || 2880 - 64it1 64i+1 7
fi2(2z)  fra(27') _ Tf(2z) < K'0||2i|P
1281 128i+1 || || 1451520 - 1281 || — 1281

for all z € X\{0}. For each k =6,7,---,12, it is clear that

fr(2"x)

2(k—5)n

Je(@mtma) *i (fk<2i:c>

- 9(k=5)(n+tm)

2(k—5)i

1=n

fe(2 ) )

-~ 9(k—5)(i+1)
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for all x € X, so we obtain that

(3.9) fG(;:x) B fG(;:::x)
(3.10) f7(j:x) _ f7(j::x)
(3.11) fs(g{‘x) . ﬁ(gz:::x)
(3.12) f~9§2’;x) _ fggz’;:x)
13) ||f 103(22:33) _ JE103(22::_:$)
Gy || 116(5533) i éj::x)
sa5) || f%iﬂf) _ fli(2287:::x)

119

n+m—1 f6(2133) f6(2i+1I)
- Z 2 2iHl
1=n
n+m—1 1 ;
64K76)2iz|P
= Z BT
=n
n+m—1 f?(QZﬂf) f7(2i+1I)
- Z 2 2iHl
=n
O AK0))2 ||
=n
n+m—1 fg(QZLL“) f8(2i+1$)
= Z 9i  9itl
i=n
ML BAKT9)| 2|
- Z gi+1 ’
=n
" @) o2 )
= Z 9i  9itl )
i=n
T 5K )|2i||P
- Z 16++1
="
n+m—11|| 7 22 e 2i+1
< Z Jfio( x)_flO( z)
- < 2t 2i+1 ’
=n
n+m—1 o ;
21K'9)| 2z ||?
< Z 392:¢+1
=n
n+m—11|| 7 22 e 21’_;'_1
<y fu@z) @2 )
- 4 91 2i+1 ’
=n
"N Ko
- Z 64i+1
=n
n+m—1|| 7 22 ~ 21’_;'_1
< Z f12(2')  f12(27 )
- 4 21 2i+1
=n
n+m—1 =, i P
<y K62z
128i+1

i=n
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for all x € X\{0} and n,m € NU {0}. They imply that

n+m—1 =, ~
64K’ 4K
<Y (Gt

1=n

2n+m

Fi(
(k 5)n Z (k— 5)(n+m

(3.16)

84K’ 512 21K’ K K’ i o
et g ggt T gg g )01l

for all z € X\{0} and n,m € NU{0}. Since p < 0, the inequalities (3.9)-
(3.16) lead us to prove that all the sequences {%} R {%},

and {Zk 6 g’fk%fn } are Cauchy sequences for all z € X\{0}. Moreover,

since Y is complete and f (0) = 0, the sequences

fo(2m) fi2(2n2) 2 fu(2ma)
{ 62n }7 ’{ 1227n }7 and {; 2]€(k_5)n }

converge for all x € X, too. Hence, for each k = 6,7,---,12, we can
define mappings Fj, F': X — Y by

. fk 2"
Fi(w) := lim 2(2—5%3 :

n%ooz Q(k 5)n

for all x € X. Now, letting n = 0 and passing the limit m — oo in
(3.16), by

n (3.1), we get the inequality

. 64K’ 4K 84K’ 5K
1
31D 1@ - FOIS (5ogt 1ot st o

o
21K’ K K’
p
322 G420 ' 128- 2p>9Hx”
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for all z € X. By (3.6), we easily have that

ng(Z”m, 2My) H

DR = Jim |2

oy 32768D f,(2"x,2"y)  5376D f,(2" 'z, 2" 1y)
2835 - 8- 2" 2835 - 8- 2"

n—0o0

168D fo(2" 22, 274 2y) D fo (2 3z, 2 3y)
2835 -8 - 27 2835 -8 - 27

2 - 2nP p p . 9(n+1)p D p
< lim 32768 270(|zlP + lyl”) ;5376 o(|z|” + [ly]?)
n—00 2835 -8 - 2n n—o00 2835 -8 . 2"

168 - 2(n+2)p P P 9(n+3)p P P
o 168202 (alP 4 lyl?) 20ROl + ylP)
n—00 2835 -8-2n n—00 2835 -8 -2

=0
for all z,y € X\{0}. Observe that

8
DFs(z,0) =Y sCi(—1)* "Fy(x) = 0

i=0
for all x € X, as well as
DFs(0,y) = > sCi(—1)*"Fy(iy) =Y _ sCs—i(—1)"Fs((8 — i)y)
i=0 i=0

8
= sCi(—1)*"Fs((8 — i)y) = DF5(8y, —y)
=0

for all y € X\{0}. Hence we can say that DFgs(x,y) =0 for all z,y € X.
Similarly we get DF7(x,y) = -+ = DFjs(z,y) = 0 for all z,y € X.
Therefore, we obtain that

12

DF(x,y) =  DFi(z,y) =0
k=6
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for all z,y € X, i.e., the mapping F is a septic mapping. Now, together
with the equation

Df((1 —n)z,nz) = Df((1 — n)x,nz) — DF((1 — n)z, nx)

I
]

gCi(—1)%" (f((l —n)z + inz) — F((1 —n)z + mx))

I
kﬁl ﬁ
—~ O

(1= n)z) = B(1 = n)z) = 8 (f(2) - F(2))

8
+ chi<—1)8_i (f((l —n)z + inz) — F((1 —n)z + mx))
=2

for all x € X, it follows that

8| f(x) — F(x)]
< lim HDf((l — n)x,n:r:)H + nh_)rrolo Hf((l —n)x) — 13'((1 — n):v)H

+5 lim Hsci (N((@' — D+ 1)z) = F(((i ~ Dn + D””) H

8
< lim <]1—n|p—i—np+]\~4\1—n]p—i—MZgCi\(i—1)n—|—1|p> 0||||?
n—oo i—2

=0

for all x € X\{0}, by (3.6), (3.17) and the property p < 0, where

N 64K’ N 4K N 84K’ N 5K
290 4-—920 8—20  16-—2p

21K’ n K n K’
32—-20  64—2° 128 — 20

Since f(0) =0 = F(0), we get f(z) = F(z) for all z € X. Therefore we
conclude that,

for all z,y € X, as we desired.
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