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SEQUENTIAL PROPERTIES OF SUMS OVER
STIRLING-PASCAL MATRIX

Eunmi CHo1

ABSTRACT. With the Stirling matrix S of the second kind and the
Pascal matrix T', we study recurrence rules and sequences of certain
sums over the matrix ST*. We find a matrix E satisfying ST = ES
and interrelations of S and the Stirling matrix of the first kind.

1. Introduction

The Stirling number s; ; counts partitions of an ¢ elements set into j
subsets, and the Stirling matrix of the second kind S = [s; ;] (¢, > 0)
satisfies a recurrence rule s;j11,; = [s;j—1,5;][1,7]"". The sum of entries
over i"row of S is called the Bell number B; that satisfy

=3 (VY sp -1 and B; = tzo (1B, (see [3], [7]). (1)

A Stirling-Pascal matrix T%S with Pascal matrix T was studied in
[2]. In fact TS = Sl = [sgkj] and its it row sum B satisfy

M= MMy ke, B = B — kB and

BN, B B0 bk 1, i+ 1) = BE 10 (2)

In this work we investigate the matrix ST* (k > 0) and its i*"row
sum Bzm. Let STF = ) = [sil;)] We prove recurrence rules of s;k]} and
B§k> in Theorem 4 and 7. We also find a matrix F satisfying ST = ES
that give relations of S and the Stirling matrix of the first kind.
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Throughout the work, 7;(M) and ¢;(M) mean the i''row and j"column

0
of a matrix M. Let [0],, denote either [0,---,0] or [O]} depending
n

on situations. [[0],;7;(M)] is a row matrix [0], followed by 7;(M), and
[ri(M);[0],] is r;(M) followed by [0],. Let di[a,b, - -] be a diagonal ma-
trix having diagonal a, b, - - -, in particular, di[l, a,a?, - - -] = di[a’];>0.

2. STk = §(k)

Let S = [sl J] (7,7 > 0) be the Stirling matrix, 7' be the Pascal matrix
and ST* = =s 513] for k > 0. We begin to have the i®*row r;(T*)
and jthcolumn cj( F) of T*, and the i*"row r;(S) of S.

LEMMA 1. 7;(T*) = ry(T)di[k?, - - - | k, 1], ¢;(T*) = di[[0];, 1, k, k%, - -]
¢;(T), and ri1(S) = [0;7;(S)] + [r:(S); 0]di[0,1,- - - ,i+ 1] for i,j > 0.

Proof. Since T* is the arithmetic table of (kx + 1), ¢;(T*) consists
of the coefficients of 27 in the expansion of (kx + 1)" for n > 0, so

Cj(Tk) = HO}]” (;)’ k(]+1) k? (J+2)7 o ']tr = di[[o]j7 Lk, k2> o ']Cj(T)'

Moreover the Stirling recurrence of .S yields

Ti41(S) = [0, 8,0, 861, 5 Sii—1, Sii] + [56,0, 54,1, 28,2, - 1844, 0]
= [074(9)] + [13(S); 0}[0, 1, i + 1. m
: 1
J
THEOREM 2. Let Y; = jg j1 and cj(S) be the nonzero part of
J2 gl

¢;(S) starting with s; ;. Then c*(S) Yjc;_1(S) and ¢;(S) = Yj - - Yaci(S).

5.9 Sj—14-1 0
Proof. Clearly cj(5) = [87“3] = { g1 ] +j |:$]+1 } so we have

Sj+2,5 S]+1J 1
S% 1J11 S, 9 1 [0l S [0ls LO]4
C3d— N At 2 [Si-14-1 3 [9i—-1,5—-1 4
C;(S)— Sitlj—1| +7| Sjj-1 |+ SJJ 1|+ Sj5-1 |+ 5J+1J

Sj+2,j-1 Sj+1,-1 Si+i,-1 $g+1g 1 $g+2j

1 (1)88 Sj—1,5-1 Sj—1,5—-1

gyt Sjj—1 Sj,5—1 %

- = V) 10 Sj+l,j-1| = Y} 8j+1 ] 1| = ch-fl(S). O
3 201 | | Si425-1 +2,j—1 J
] ] jl J _.7] .7 .7
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Moreover Y;Yj 11 =YY, = [(j+1)"—j"], in fact c5(S) = Y3Yaci(S) =
1

LU, 0 00]ryg 1
33 2352 L2000 [ 1] = |25, 50 ¢3(5) = [0,0,0,1,6,25,90, - --]'".
SRR RS 90
THEOREM 3. Let TS = Z = [z;;] and c;(Z) be the jthcolumn
ci_o(Z) ) 0 0
from zj;. Then Yj---Y3Yy = ¢j-2(Z) . 0 and cj(5) =
¢-2(%)
%j—3,j—3
0liej1
D Zj-3+1,5-3 O
=0 ’ i1 J=3,J—3 G—5 [ 0],
% , + +]l J 21: ] ) +jZ J |:Zj[_]31j]_3i|‘
i—J Rj—3+4t,j—3
> Zj-3+t,j-3 =0
=0
ER 1]
Proof. Observe Z =T?S = |4 5 1 ,and Yo = i%l , Y3Ys =
116655514 .
1 1 T 0;72(Z) X 0 0
159 % 1 |, YaY3Ys = 595 51) are ¢5_9(Z) . OZ for j =
651951 9855501 ¢j—2(Z)

2,3,4. Assume Y;_1---Yo = J .
’ 32
1 000
7 100

co(YjYjo1---Ya) = Yjco(Vjor---Ya) = | ;2 10| ¢ 3(2)
AR

Zj—3,j=3
Zj—2,j-3 + J%j-3,j—3
Zj—1,j-3 + J%j-2,-3 T J7%j-3,j-3

because zj_g j_3+jzj—2j—2 = 2j—1,j—2 and zj_1 j_3+jzj_2 j_3+j’2j_2j-2 =
2j—1j—3 + j(zj—2,j-3 + jzj—2,—2) = zjj—2 etc. by the recurrence (2).
Moreover ¢1(Y;Yj—1---Y2) = Yja (Vi1 Y2) = Y;[0;¢5_5(Z)] =
[0;¢5_5(2)], and c2(Y;Yj—1---Ya) = [0,0;¢_5(Z)], and so on. Thus
¢ y(2) 0 0
c;o(Z) 0

Y- Y3y =

Furthermore ¢$(S) = Y; - - - Yaci (S) with ¢j(S) = [1,--- ,1]"" implies
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Zj—2,j—2
. Zj—2,j-2 T Zj-1,j-2
¢;(S) = | Zj2j-2tZi-1j-2F 22
Zj-2,j-2 t Zj-1,j-2 + Zj -2 + Zj+1,5-2
i3 i
I=308 | F2-2
; Zi=3+tj=3 |2 Zi—att—2
= +7 | t=0
i—3+t,j—3
= Tt tE Zj—2+t,j—2
Continuing this process, we therefore have -
) — -
Zj-3,j-3 ) ] 0
1 L j—3,5—3 Zj—9.-2
Zi_ s 1
Z j—3+t,7—3 Z 2 .
— . j—3+t,7—3 .9 2
c;(S)=|"=" ... +j| i=o +7 ; J=24t,5—2
i—j i .
—j—1 .
> Zj-3+t,j-3 N oz ) i—J-2
J 3J Zi—3 _
= j—3+t,j—3 25 :
t=0 = ] t;o j—2+t,j—2
Zj—3,j—3 .Y
1 3T 12]*37J*3
Zilap i
Z j—3+t,j—3 Zz .
— . j—3+t,5—3 i
= [=0 ... +i| =0 " + +5 J{Z][O]gjﬂg} O
' i—j—1
tz R > Zj—3+t-3
= = |

The next theorem shows a recurrence of %) = STk — [SS?] that can
be compared to (2) of T*S = [Sy“j]]

(k)

i+l — [3@ By 1[1,5+k, (j+1)k]'" for all 4, j.

THEOREM 4. s ij—10Si g Si 41

Proof. Over S observe [5,10, 6][1, 2, 2]*" = 37, [37,31,10][1, 3, 3] =
16 and [31,10, 1)[1,4,4]" = 75. Since s} = r;(S)e;(T*),
st 5 =i (8)e;(T%)
. i ; i i tr
= ([0;74(9))+[ri(5); 0di[0, 1, - - ,i+1]) [[0]5, (1), (1), -+ 32 (THD)]

0 7'@ )] [[0] () (]erl)’kZ(ijrQ)" ki—j+1(i+1)]tr
+[ri(5); 01di[0, 1, -, i+1][[0];, (1), k(') K2 (°F2), - - ,ki*j“(“;l)]tr
[0’ TZ(S)][OJ,(J) (]—H) kQ(j—j"._Z),- ,k‘l ]+1(z—|;1)]tr
+[ri(9); 0110135 (), GHDECE), G+2)R2 (52, -+, 1R+ ()]
=7i(8)[[0];-1, (}) (J“)ﬂ() RO+ G+ Dk,

PO+ G RO, R s as ()

by Lemma 1. On the other hand, Lemma 1 also implies
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1 1
[3;];)71, SE?, 3%?3;1} |:< ]—tllgk‘] = 7“2‘(5) [Cj_l(Tk)‘cj (Tk)‘cj-l—l(Tk)] _|:(jj—|—+1k)k:|
G

N EEARYESION |
R0+ G+RECT) + G+ DE(GE)

ki Hl( ' ) (j+ k)K= ()+(j+1)k k' jil(jil)_

We note some 1dent1tles of binomial coefﬁ(nents that
k(L) + G+ R)(G) = k() + ) +3() =k +i(),
k:2 (gﬂ) + (j + k)k(le)jL (] + 1)]{(;11) — k2 (j+2) + k(j + 1)(1;1);1and
FHGL) + G+ RETIG) + G+ DR -7 (4) = B () +
ki Jz( ). These identities together with (3) show

[ [0];—1 ]
; (+§)()
- k) +4( (k)
[3§,kj>—1asz<',]§‘>73§,kj>+ﬂ[ Jj+k ] =ri(S5) vy 2o N ey | T iy
(J+ 1k k2 (70%) + Q + Dk
ko () ik )
) O
A1
k k
THEOREM 5. [s§+>171,--- >3§+>1,7;+1] =ri(Sk) | 2k k22
ik k+il
Proof. Since séi = sgfg + (k + 1)5&% + 2ks §2> nd sé’fg = sgﬁ +
1 0 0
e 2t e 5,3, = o [ 1, 8 0]
sfﬁ sékg + (k+ 1)553]61> + 2ks§]f2>, si’f% = sékf + (k+ 2)5@ + 3k:s§]f§ and

k k) .
s = s+ (k+ 3)s{ imply

1
Ky (k) (k) (k Ey (k) (k) (k
(547, 53, 513, 5] = [s50, 551 55, 598) | “o ' o 1
0 3k k+31
Now generally, since 51@171 = z<0> + (k+ 1)s; < > + 2k5§§>, 52_]?1,2 =

sgfl) +(k+ 2)52’;> + 3/€8§Z>, and 5§+>17t = s§7t>_1 +(k+ t)sg? +(t+ 1)k‘s§§>+1
for all ¢ < 4, we have

1
k+1

1
(k) (k) R () kWl 2k E+2 1
[Si—i-l,l"" ’Si+1,i+1] = [Sz’,o"" ’Si,i] 0 3k kE+31 .
0 0 4k -
0 0 0 zk k+il
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We may refer [5] for the tri-diagonal matrix above. We note more
identities for next use.

THEOREM 6. sékg =k(k+1), séf =2k +1, ég = k(k*+ 3k + 1),

S = 3K 46k 1, 58 =3k +3 and 58, = (i + 1)(k+ §).

Proof. With 31<+>1 ;= Z(I?_l + (i + k), we shall only show
(k)

35@11*31%)1@ ot (i—1+k)+(i+k)=s", o+2k+2i—1

= s (=24 k) F 2201 = s§_>27i_3+3k+3i—(1+2) _
= s ik (24 (=) =+ ) (k+5). O

3. itProw sum of ST*

Let B§k> be the i*'row sum of ST* = S%) and Bk {B ]z >
0}. Let B® = [B|BM|B®@)|...] be a lower triangular matrix placing
B%) in each k™column. Observe B = {1,1,2,5,15,52,---}, BV =
{1,2,6,22,94,---} and B® = {1,3,12,57, 309, --- }, so we have

0

RO
B
t0)
Z>

B = [BO|B|B1A|...] =

B
B
BLO

For the matrix B%™), we may refer [1] and OEIS A189233. The next

theorem provides relationships of B, " with either Bﬁ_)l or B§k+1>.

C~
2

Tugorem 7. By = Bl 4r,(5* >>[o, Lo i), <s< DR[L,2,---, (i+
D))t and BT = BR 4y (SK))[0,1, -+, 21-1]t = ry(S >)[1, 2,20
And (BT =B ... BFHU _ gkt — gtk [0, 1,92 1, 20— 1]tr

Proof. The recurrence of S = ST* in Theorem 4 shows
Bz@l Bi< )= (s §i>10+31<+>11+ +3§+)1 z+1) (s §0>+3§ 1)+ +52<1>)
= siok + s (1 + 21<:) + 52+ 3k) + - 4 s+ (i k)
= (St >)[0, Lo d]t (ST KL, 2 ()
And S+l = gk >T 1mphes s<k+1> = 74(S¢ ) ;(T), so we have
B = 1y(88)) (eo(T) + e1(T) + - - + &i(T))
=r;i (S T[1,1,--- 1] = ri(S< NL,2,22,--- 27t
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= Tl(S<k>) 1’ e ’1]tr + rl(s<k))[07 1; 22 - ]., s ,Qi — 1]t'r
BM 4 ry(§W)[0,1,22 — 1, , 21 — 1]
+1 )

Thus BY"™ — B = ro(s®)[0), BFY — BF = i (5%)[0, 1]t
BB =y (5[0, 1, 3]t and BFTY—BH® = 1, (5*))0, 1, , 21—
1) yield [B<’““> B ... BFY BRI =gk 1,... 2i—1)r. O

THEOREM 8. Let p1 = [1,1], po = [2,2,1], p3 = [5,6,3,1] and py =
[15,20,12,4,1]. Then p [B<k> g = il pQ[Bém,Bfk),Bém]” —

BEY pBE, ... B — B ang py(BW ... B — B,

Proof. We observe that the first few B§k> satisfy the identities:

pa[1,2,6]" =12 = B ps[1,2,6,22]"" = 57 = B
pal1,3,12)" =20 = B | ps[1,3,12,57)" = 116 = B{¥
Due to Theorem 5 and Theorem 7 We have

B§k+1> B(k> [s§k> Sé >][ } [ k)}[ 1 0] [%]

5107311 k+11
10] (1 (k
[5107511 { } [3} 1,3’5 1> {kl} { }
=B" 4+ (k+3) =B + (k+1)+2=12,2[B", B, ()
for k+1=s510+s11 Bi ) Theorem 5 and 7 imply

k k k k "
B~ B = (o3, o8, s8]11,3, 71

0 0}

10

+21
k

e

(k)

1

I
CIJ/\
aw\?;

+
&
—E
C’J/\
> T
| —
LW
| I

+ =
o

0

k+3

k10 (5)

by (4). Since 232’3 k(2k +
: )

k k k k k

il + I3 s831 [kt 0] =580+ e+ 3)sE + (5K + 108
= 599 + ki) -k + 3557 + 4k + 10 = sy + 250 + 355 + 4k + 10
k k k r
= Bsgg+4(s{' 051 )+3 (50 +sb +sba) = 3.4, 3B, B, B

Therefore from (5), we have
)

B{Y — B = [5,6,3][B", B{", B{"]'". (6)
Moreover p4[1,1,2,5,15]"" = 94 = B<1> and
)

B B = (ol of3, 910157151
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kY | oor (k) (k) (k) |1 B . k+1
= 3l o s3]+ 1o Y

1
k k k)1¢r k k k k
=$@M%ﬁﬂﬁ@¢+ﬁ%é&%ﬁ%]ﬁﬂ4,
16k + 15
k k k r k+1 k k k k)1tr
for [s§, 545, s34)[1,3, 7" = BY™Y — B = [5,6,3](B", B{", BY")!
1
k k k k
by (6). But [5;8, sé,f, séyg, s;%] [ 5]%‘:_14 =k+4)Ak+7)(k+1) =
16k + 15

2,3,4)[B* B Bt from the table S*) imply
BV B = 305,6,3)B", B, B +[2,3,4[B{", B{", B{")r
= [15,20,12,4)[B" B B B,
It shows py[B -+, B#)r = BFY with py = [15,20,12,4,1]. O

With ps = [52, 75,50, 20, 5,1] and ps = [203, 312, 225,100, 30, 6, 1], see
ps[1,1,2,5,15,52]" = 454 pe[l,1,2,5,15,52,203]"" = 2430
ps[1,2,6,22,94,454]" = 1866, | ps[1,2, 6,22, 94, 454, 2430]"" = 12351

1
53
(B o g — B (i —56). Let E= |5 6 3 1
and pi[By", -, By i (0=25,6). Let 15 20 124 1
52 75 502051

be a matrix having p; as i'"row. E is the exponential matrix exp(T) of

T scaled by exp(1) (see [5], OEIS A056857).

THEOREM 9. Let E = [e;;] (i,j > 0) be the matrix above. Then
i—1

jei,j = iei,u,l and €0 = z €i—1t = Bi. And TZ(E) = [Bi, s ,Bl,B(]]
t=0

dil(o): (1) () and ¢ (B) = dil(}), (’5), (57), - 1[Bo, By, Bz, -]

P?"OOf. Since €ij = (Z)Blfj (OEIS A056860), €ij = i(iil)Blpj =

; FAVES!
o1y and 12(1) o1y = Zi (";)Bici—t = B; = e;p. Thus ri(E) =
(o) . 0 it Bo
leio, - eiq] = [Bi,- -, Bo (1> i and C;(E) - ’ (73 g;
(L) . -

THEOREM 10. The matrix E satisfies ES = ST.
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Proof. Clearly ES = ST with small size matrices. Since ST = S =
[351}] satisfies 5821,]' = [5;1]')71» sg}}, sg,ljﬂ][l,j + 1,5+ 1], it is enough to
prove ES holds the same type of recurrence rule. That is, let ES = [z; ;]
and we will show x41; — 2551 = (j + 1)(2sj + i j41) for 4,5 > 0.

Since xi,j = T‘Z(E)CJ(S) = [61'70, e ,61'71'”[0]]', SjJ, e ,SiJ]tr = [61‘0’, cee ,em-]

P 114 ; ; B
(85, »8ij)", the identity e; ; = F€i—15-1 in Theorem 9 shows
— (o7 . e P 114
Titl,j = [ez+1,]7 €it1,5+1s " 5 Citly ez+1,z+1][3j,ja Sj+1,55" " 1 Sij, 31—}-1,]]
il i+l ., il e o P, tr
_[ 7 €ij—1, j+1€z,]7 T 62,1—1761,1][3],]7Sj—f—l,], ,317],31_,'_17]]
— [e. . o e B 1 O e o LR i 2 SN 74
= [eij—1, €ijs ) €iji—1, €0 [ 7 84,0 5155+ v g Si,js Sit1,5) -
Similarly
i+l o )
‘-{;18“ Sj—1,j—1
2
g i — s
. ) . — [p. . . .. .. +1°7+Lj Ji—1
Lit+l,j — L5 5—-1 = [el,jfla €igy 5 Cii—1, ez,z] J )
EEsig = Sic1j-1
Sit1,5 — Sij—1
[
1S+ T Sad-1
il N | s s
= = e + [62717 C €0, ew] .
80 T Sic1,j-1
Sit1,j — Sij—1
=] .. . PN
Lo +785,
_ (B . y o 1| T s HIsiL
- (j) i—j+1 + [ez,]a T 61, ez,z] )
7Sig T ISi-1
JSij
,jJF15]+1’] Sjj
. =gl St
— (\B. . o 1| v Sit2 o AT AR
= (j)BZ7j+1 + [67,,]7 T 761,1} It +[el,]’ T vew]] Si—1,5 (7)
1 —
50,5 Si,j

iyl izgdlod = (N\RB, ., dle o
begause T Cig-1= (jil).Bzf]Jrl—(j)BZ*]+17j+1Sj+Lj Sj.5-1 =

=g R e A T SO & o NN
IS+ T S+ — Sii—1 = GETSi+ls IS5 e Si42s T Sitli-1 =

Ul SO PSS el ST’ DO o8
542 Si+2.0 T 8i42,5 ~Si+1,i-1 = T3 Si+2,5 TISi+1,5, 5 Sig T Si—1,-1
1 . .
i8ig T si-1y and Sip1j — Sij-1 = jsij.
On the other hand, z; ; + x; j+1 = 7 (E)(c;(S) + ¢j+1(5)) shows
oy 24
. . J+1.J J+1,.5+1
(.] )( i,j ’L,]+1) (.7 )[ 1,55 €i,5+1> Gl s s
Sij T Sij+1

S Si+15+1
_ | 5315 Szt
- [ei,j7 R ei,i]j Si—1, +[6i7j7 Tty ei,i] Sij41 (8)

Sisj Sit1,5+1
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74
We let I'1 and I'y be
i—j
TSt
2T St
_ (i . .. . 2 Si+2,j —[p. . . IT 4
= (j)Bz—ﬁ—l"’[ema e seig] | IR ;o = leigj, - s el Sij+1
1 >
50,5 Sit1,j4+1

Then comparing (7) and (8), it suffices to show I'; = I's.

i-1
Now for T'y, the identity B; = (Z_tl)Bt in (1) yields

()Bissr = ()3 Bo+ (P)But o+ (7)) Bisya + Bi)

= Bi_j,'”,Bl,B A
| N oy

bIG 61G)

and -
_%fjﬂj _ ;f% (5) 8541
i—g— i—J— i ) )
(i »€iim1s €i] jiz. St | = [Bi—j, - ,B1,Bo]| 't (JZT?)SHQ’J
. ) ’ ls. , l( 7 )S‘ .
id’j i 276 57
(j-::—l)sj-‘rl,j
? . .
= [Bi—j, -+ ,B1,Bo] (ﬂ?.)fs?ﬁd , hence we have
(E)gm
i .
(i)((fg)_j) (jJZrl)Sj'i‘l;j
Ty = [Bij,-, B iﬂ ..iij +[Bi_j,-- , Bo (j+2)§7+2vj
(j) (i—_j—'l) (;)69”

()G
Now for I'p, due to (1), we have sj;12, 41 = (ijrl)sj,j + (?:ﬁ)sjﬂ,j,
s = ()85 + (Gr)sieng + o+ (Do) sicay + (y)sic1g, and
sivt i1 = (3)855 + (jra) s+ + (1) siong + () sige
So using a binomial identity (§) (lc’) (9)(525) for a > b > ¢, we have

¢/ \b—c
(;;)Sj+1,j+1

Sit1it1
_ 5212?11 _ (j41) 85241
Lo =leij, ;¢ si i1 = [Bi—j,-++, B1, Bo| e
L 2
Sit+1,5+1 (i,1)8i7j+1
Sit1,j+1

= [Bi—j, -+, B1, By
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)SJ-H J+1

50 (O3 + (1) ssens)

) (<Z 1>s“ v <j+1>sj+u ot (Dsiay + (i)
) ( 855 T J+1 3J+1 i+ (]i2)8j+2 gttt (iil)sifl,j + (Z)S’LJ>_

[ (;
(
(
G

( )( {)1)534-13 o
= [Bi—j,-++ , B1, Bo] ( +1)(1 T )8+ (G2) (70 ) sin2,
(g 1)5J+1 J (J+2)5j+2,j +- 4+ (2)8”
()
(;) (1.1'3)8“
(;) (zi;] 1)55.d
(])SJ:]

But since s;; = 1, I'y — I'y is equal to

+ [Bi—j,- -, B1, Bo]

0= (;11)8i+1.

B " (Ji1) ("0 si1g — (in)Sj-‘r?,j
B O _
B(lJ (jJZ.rl) (Z ; é)sﬁrl it (Jiz) (L;é)sa}lj o= (2)8”

(]-:-1)514'1] + (3+2)51+23 o (L) sicng + (7)sig
= (g+1)3J+1,J93+1,J+(g+2)31+2,193+2 it +(z 1)3% 1,i0i- 11+( )52,1911
where 611 ; = —B;_; + (’ J= 1)BZ R (i_;_%)Bl + By, 042 =

—Bi_j_l—l-(i_%_z)Bl —j— 24 —l—(i ; g)Bl—f-Bo, SR and (91'71‘ = —Bi1+Bqy.

k—1
But 9]'4_17]' = (9j+27j == Hi—l,i = Hm‘ =0, for B = Z (k’;l)Bt in

(1). SO FQ — Fl = 0 and xi+17j = [IL’Z'J‘_l, a:m-, xi7j+1”1,j + 1,j + 1]”’. D
COROLLARY 11. For any k > 0, ES®* = §k+1),

Tueorem 12. r(E)[B¥, B® ... BMtr = 1),

Proof. By Theorem 8, we assume 7;(E) [Békfn, e ,ng%)]” = BZ@

for some k. Then Ti(E)S<k_1> — Ti(S<k>) in Corollary 11 shows
ri(E) [Bék>, BYf)’ . ,B§k>]tr _ Bz‘<k>
k k—1 k k—1 k—1 .,
= ni(B)By” - By ™V, B - B" V.. B[ - By
= r;i(S*N[0,1,22 = 1,--- 2 —1]i" = Bz‘<k+1> _ B

by Theorem 7. So r;(E)[BY, B ... p#)r = g1, 0
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Note that the inverse of the Stirling matrix S (of the second kind)
equals the signed Stirling matrix s of the first kind [4], i.e., if s = [a; ]
then S~1 = [(—1)"*7qa; ;]. While only a few relations are known about S

and s ([6]), Theorem 10 gives a way for finding relationships of S =
(1)

s; 7] and the first kind Stirling matrix s = [a; ;] in terms of B;.

THEOREM 13. kzl(—l)kﬂsfk)ak,j = (;-)Bi,j for any i > j > 0.
=j

Proof. From E = STS~! = §{1§~1 in Theorem 10, we have
()Bi-1 = iy =mi(SM)e; (57

J

1 1 ; w
= [8§,o>a e »8;2-)][(—1)]@0,3'7 g gs (SDajig, e, (1) a )

1 1 1 iy
=[st st s g, (< Daging, oo (~1) ag ]

1 1 s (1 d S
= staj;— st aj o+ (1) sl a; = ;,(—1)k+78§,13ak,j- O

=j
References

[1] E.T. Bell, Ezponential Numbers, Amer. Math. Monthly, 41 (1934) 411-419.

[2] E. Choi, Generalized Bell numbers and Peirce matriz via Pascal matriz, Int. J.
of Math. and Mathematical Sci., (2018) Article 9096764, 8 pages.

[3] H. Gould, J. Quaintance, Linear binomial recurrence and the Bell numbers and
polynomials, Applicable Analysis and Discrete Mathematics, 1 (2007) 371-385.

[4] LS. Gradshteyn, .M. Ryzhik, Table of Integrals, Series and Products, 7th ed.
Academic Press, 2007.

[5] A. Hennessy, P. Barry, Generalized Stirling numbers, exponential riordan arrays,
and orthogonal polynomials, J. of Int. Sequences, 14 (2011) Article 11.8.2.

[6] H. Stenlund, On Some Relations between the Stirling Numbers of First and Sec-
ond kind, Int. J. of Mathematics and Computer Research, 7 (2019) 1948-1950.

[7] A. Tucker, Applied combinatorics, 2nd ed. John Wiley, New York, 1984.

Eunmi Choi

Department of Mathematics

Hannam National University, Daejeon
70 Hannam-ro, Daedeok-gu

E-mail: emc@hnu.kr


http://users.dimi.uniud.it/~giacomo.dellariccia/Table%20of%20contents/Bell1934.pdf
https://downloads.hindawi.com/journals/ijmms/2018/9096761.pdf
http://pefmath.etf.rs/vol1num2/AADM-Vol1-No2-371-385.pdf
http://fisica.ciens.ucv.ve/~svincenz/TISPISGIMR.pdf
https://cs.uwaterloo.ca/journals/JIS/VOL14/Barry6/barry161.pdf
https://www.visilab.fi/247-Article%20Text-755-2-10-20190319.pdf
https://www.isinj.com/mt-usamo/Applied%20Combinatorics%20(6th%20Edition)%20by%20Alan%20Tucker%20Wiley%20(2012).pdf



