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ABSTRACT

Despite the importance of pattern learning for elementary school students, few studies have investigated in detail the understanding of
patterns of lower-grade students. This study aimed to analyze the understanding of patterns of second-grade elementary school students.
Since the patterns in the second grade are taught through the unit called Finding Rules, students” understanding of patterns was compared
and contrasted before and after they learned the unit. To this end, a written instrument to measure students” understanding of patterns was
developed on the basis of previous studies on pattern learning for lower-grade students. A total of 189 students were analyzed. As a result
of the study, the overall correct answer rates in the post-test were higher in most items than those in the pre-test, illustrating the positive
effect of the specific unit. However, students found it difficult to find rules in which two components would change simultaneously either
in geometric or numeric patterns, find patterns that would be similar in structure, represent geometric patterns into numeric patterns, find
empty terms in increasing patterns, and reason the specific terms in patterns that can be differently interpreted. Based on these research
results, this study sheds light on students’ understanding of patterns and suggests implications to improve their understanding.
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Table 1. Three main activities of pattern learning for young children
Activity Content Example of activity
- Construct or draw according to the given pattern

- Find the repeated unit in a repeated pattern

- Identifying a pattern via its components, - Find the changing parts or unchanging parts in a growing geometric pattern

Activity of identifying ~ arrangements, changing parts, efc. - Find the regular number that increases or decreases in a growing numeric pattern
the structure of a pattern - Find multiple components, arrangement of shapes, and any changing aspects within
one pattern
- Comparing the structures between - Represent a geometric pattern into a numeric pattern
patterns - Find the similarities and differences between pattern structures
o . . - Extend the patterns
Activity to explore + Finding the specific terms in a pattem - Complete the patterns
specific terms in a pattern - Guessing a particular term in a pattern é 2)111;5; ilvl}e1 ;ubsequent terms in patterns that could be extended in a various way, and
Activity of representinga - Representing the rule of a patterninan - Say the rules of patterns
generalized rule informally — informal way - Decorate patterns or arrange numbers by creating a rule

258 1, 28R 3 watAo) AN e EF U

&t 28 SPYES T O 2 ‘2] 3H7] Tl o] Shs; o] H 1} o] Fof| migdof| thgt oS =} b2 o] = A ]I,
oA ¥sk7} JeA & B 5 Ao 7] wiiol|, AE] Aol 9hA] AT tiAdEo] sh5S2015 7H4 w83t
1401] wh2 258kl 18PA T} 25hd 25F wabAof| A] sl S o DA 2| EsH=A] A E ok}, -4, 13hd EI'WE Al R, 287
ol A AJA| B7|e}F 2] 2717} shute] Thel o 2 A=l o] Qi 258k 25hd wakA = 2817 6 1 2ol A] miEa}
J&Ed_% 52 AAISHATE 2 A E 2 th2 11 Q= EE W82 Table 101 £510] % 2]5HH Table 22+ é‘t}.

Table 2. Pattern activities per lesson in the mathematics textbooks for Grades 1 and 2

Unit 5 of the textbook for the second semester of Grade 1 Unit 6 of the textbook for the second semester of Grade 2
Lesson title Contents of activity Lesson title Contents of activity
Lesson 5 - Say the rule of a pattern Lesson 2 - Extend a pattern
Let'sfindtheruleand say it - Extend a pattern (i.e., continue a given Letsfindtherulesinthe - Complete a pattern
pattern) addition table - Say the rule of a pattern
; tgrgzniﬁlztz :ttréitqt)em (i.e., identify missing Lesson 3 ~Extenda pattem
Let's find therules inthe - Complete a pattern
multiplication table - Say the rule of a pattern
Lesson 6 - Say the rule of a pattern
Let's find the rule and - Extend a pattern Lesson 4 - Say the rule of a pattern
represent it in several ways. - Change the shapes of a geometric pattern Let's find the rules in - Find the repeated unit of a repeated pattern
to other shapes patterns (1) - Extend a pattern
- Represent a geometric pattern into a numeric - Decorate a pattern by creating a rule
pattern (repeated pattern)
Lesson 7 - Say the rule of a pattern
Let's decorate apattem by - Extend a pattern . : ;
creating a rule - Decorate a pattern by creating a rule Lesson 5 . - Represent a geometric pattern into a numeric
Let's find the rules in pattern (repeated pattern)
Lesson 8 - Say the rule of a pattern patterns (2) - Extend a pattern
Let's find the rules in an array - Extend a pattern . S?y the ml? of a pattem
of numbers - Complete a pattern - Find multiple compor.lents, arrang.em'ent of
- Arrange numbers by creating a rule shapes, and any changing aspects within one
pattern
Lesson 6 - Duplicate the pattern (i.e., make a replica of
Lesson 9 - Say the rule of a pattern Let's find the rules inthe ~ the given pattern)
Let's find the rules in the - Extend a pattern stack - Say the rule of a pattemn
number arrangement table - Arrange numbers by creating a rule - Extend a pattem .
- Decorate a pattern by creating a rule
Class 7 - Decorate a pattern by creating a rule
Let's play the rule-making - Extend a pattern
game - Say the rule of a pattern

Bold indicates differences in activities between Grade 1 and Grade 2 textbooks.
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Figure 1. Represent a geometric pattern into a numeric pattern
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Figure 2. Activity to identify the structure of a pattern
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Table 3. Contents of the written test items

Item number Activity Content Details
1-(D)~(5) - Find the repeated unit of a repeated geometric pattern
2-(1)5) - Find the changing parts of a growing geometric pattern
3-(D5) - Find the repeated unit of a repeated numeric pattern
4(1)5) - Identifying a pattem via its components, Find the regular number that increases or decreases in a growing numeric
Activity to arrangements, changing parts, etc. pattermn
A - Find multiple components, arrangement of shapes, or changes (shape, color) in
5(1)y<4)  identifying the :
a geometric pattern
structure of a . .
- Find multiple components, arrangement of shapes, or changes (number, color)
6-(1)~+(4) pattern . .
1n a numeric pattern
7 - Find the patterns with similar structures (repeated patterns)
8 - Find the patterns with similar structures (growing patterns
- Comparing the structures between patterns P : . (gr. ep )
9 - Represent a geometric pattern into a numeric pattern (repeated patterns)
10 - Represent a geometric pattern into a numeric pattern (growing patterns)
11-(1)y~(6 - Complet it ted patt
B (1H6) - Finding the specific in a pattem COmple tcee apa ttzm (repea. pattern)
-(1)~(6) Activity to - Complete a pattern (growing pattern)

- Guess the specific term in a pattern and explain why (either a repeated pattern
or a growing pattern is possible)

- Guess the specific term in a pattern and explain why (only the repeated pattern
is possible)

13 explore specific
terms ina pattern - Guessing a particular term in a pattern

14
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Figure 3. Parts of item 1 in the pre- and post-test
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Table 4. Results of the paired t-test in items 1-6

Pre-test Post-test

Item number and content Rule M D M D (188) p
1) ABCC 0.74 0439 0.89 0315 SI1 00007
, _ 2) AAB 0.82 0.385 0.89 0.308 2689 0.008"
1. Find the repeated unit of arepeated 3 AABB 0.75 0433 0.83 0376 2837 0005"
geometric pattern
@) ABC 0.82 0385 092 0279 3502 0001°
®) ABBC 0.80 0.398 0.90 0294 3783 00007
1) Triangle 085 0.361 087 0334 0870 0386
. . , 2) 2n 0.83 0.381 0.94 0.803 1832 0.068
2. Find the changing parts ofa growing 3 Square 0.77 0424 0.89 0315 392 00007
geometric pattern
@ - shape(2) 081 0.389 0.88 0322 2363 0019
() o shape(+1) 0.83 0376 085 0.356 0685 0494
(1) ABCC 087 0334 0.96 0.189 3500 00017
_ . @ AAB 0.88 0328 093 0.254 2059 0.041°
3. Find the repeated unit of arepeated ) AABB 0.86 0345 0.94 0235 2837 0005
numeric pattern
) ABC 085 0.361 091 0287 2076 0.039°
) ABBC 0.87 0.340 093 0254 2382 0018
) +10 097 0.161 0.98 0.144 0377 0707
‘ ‘ 2) +5 093 0254 097 0.176 1706 0.090
4. Find the regular number that increases 5 2 0.5 0356 0.90 0302 1527 0129
or decreases in a growing numeric pattern
@ 15 0.76 0427 0.74 0.442 0661 0509
) 5 0.88 0373 093 0254 4778 0077
. . () ABA ABCC 034 0476 0.54 0.500 462 0000
5. Find multiple components, () ABC AABB 044 0.498 0.66 0476 498 0000
arrangement of shapes, or changes (shape, o
color) ina geometric pater 3+ o+ 0.18 0.385 037 0483 5353 0,000
@ - 1 0.18 0385 033 0473 4333 0000
‘ ‘ () ABA ABCC 037 0483 0.57 0.497 4961 0000
6. Find multiple components, () ABC AABB 043 0.496 0.69 0.465 6095 0000
arrangement of shapes, or changes P
(oumber. colon) inamumericpatem. @) 3 *1 026 0439 045 0.499 5229 0.000
@ 4 1 025 0436 0.46 0.500 5801 0.000"

p<.05, "p<.01, "p<.001
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Table 5. Frequency according to the detailed coding in item 5 (n=189)

Rule Pre-test Post-test
Share  Color Correct Correct Correct Incorret Correct Correct Correct Incorret
P answer shape only coloronly  shape & color answer shape only coloronly  shape & color
65 38 28 58 102 23 38 26
(I) ABA  ABCC (34.4%) (20.1%) (14.8%) (30.7%) (54.0%) (12.2%) (20.1%) (13.8%)
B 84 57 19 29 124 32 14 19
) ABC B (44.4%) (30.2%) (10.1%) (15.3%) (65.6%) (16.9%) (7.4%) (10.1%)
3 H 34 53 2 100 69 66 4 50
(18.0%) (30.0%) (1.1%) (52.9%) (36.5%) (34.9%) 2.1%) (26.5%)
@ - 1 34 48 3 104 63 62 5 59
(18.0%) (25.4%) (1.6%) (55.0%) (33.3%) (32.8%) (2.6%) (31.2%)

sl RYHCRE Fego] oA Lkt e, 3y

= Q1 6 F3dof| tish AjF 5 2] A= Table 61} 7‘3} 5
H 2ot} D}XWWE oHﬂ v‘i—% 6-(1)Zt 6-(2)= B mjEl o] 2] Ql 30

WA ARSI AL B e sl

s 4 ) 271 728 A1 Aelole) o0) B30 B9
L 4% 7k, AO| T4 14 ZhAshe HELOE AAIshelch ¥hE sl oh kA 2 A|AQ AR S ) ssht FEEol sH
DY e 212 ¢ 4 Uk B8] 4t o) MalE B Galst) 28 SIS 0] 217} 6.9%, 79%E SH gk g A
ERdTh 3 50) WBkRHS SAIEH SPYS el 47k o | ekt sty S o] Ae] Wats gafsty] oleiflgichs Zio] SRy,
Table 6. Frequency according to the detailed coding in item 6 (n=189)
Rule Pre-test Post-test
Number  Color Correct Correct Correct Incorret Correct Correct Correct Incorret
answer numberonly  coloronly number & color answer numberonly  coloronly number & color
69 42 31 47 107 32 18 32
(I) ABA  ABCC (36.5%) (22.2%) (16.4%) (24.9%) (56.6%) (16.9%) (9.5%) (16.9%)
81 44 32 32 130 37 7 15
(&) ABC  AABB (42.9%) (23.3%) (16.9%) (16.9%) (68.8%) (19.6%) (3.7%) (7.9%)
3) 3 1 49 115 5 20 85 87 4 13
(25.9%) (60.8%) (2.6%) (10.6%) (45.0%) (46.0%) (2.1%) (6.9%)
@ 4 | 43 107 3 31 87 32 5 15
) (25.4%) (56.6%) (1.6%) (164%) (46.0%) (43.4%) (2.6%) (7.9%)

Aefsial, SIS 250 14 7] Shle) S S alele] T 2.4 1Y e, Wt o 52 wlotehs Byl ki wle
uH ko] 2], 37} 715t afie] wishs R 3719] A sl H Rt 74 84 58 3loIA Shge) At g Aoz
btk okt 374 7o mlele) AR Bas 37k 4 aee) A9 e Euh gl A0 R Sl 374 HEe] A9 A

ZiAtek AE Aol SRS 0] RN 0 2 £ A2 Weleim, ool o2 AR wisks 40] 2717 2 A9l ofegg
72 702 Helrk sjute] siglo|q thoet 74 24 58 FH BYelds Aegol the 2ol ulsle] oj$ Wl Uekgton)
£35] 27} ool A B PASo] ofel 82 Btk BaolA) Befolut A sl 41} Moleh S 7bx] 20| WSHE wofstol 3
ol 278k, mFo] 4t 4:0] S} e 2k EhAYsaL Ao chak WSk Q18kA] 26 497} sk,

melo] 725 BAshs 85 % e 2 722 Bwshs £9o] 24 ATHs Table 79} 2tk B4 A}, uhe sielo] g 24
2 AP ZALSE AV A 2ol Aol 7} gl 2 0.2 ek ot 37} sflol] thet B2 AR ZARECHALE ALl f2l5kA 4
8o] okt 212 & 4 9tk o] 18h} 28PAGl A Y silol sl 2|44 0 2 Skl om Ttk Uhgol 2 xtol7} gl]
w20 2 4 olrt. 7k jElo] A9 F7F 4 el 18hda} 28hol A B b 9lout 28hol A $71 7]eh el 28] o
Srhs HollA AP FALe ALE ALe] 2ol 7} QIgiE Ao 2 Heltt
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Table 7. Results of the paired t-test in items 7-10

Pre-test Post-test

Item number and content Rule M D M D (188) p
7. Find the patterns with similar structures (repeated patterns) AB 0.53 0.500 0.60 0492 -1.449 0.149
8. Find the patterns with similar structures (growing patterns) +2 0.37 0483 048 0.501 -2.846 0.005™
9. Represent a geometric pattern into a numeric pattern (repeated patterns) AB 0.90 0.294 0.95 0.224 -1.640 0.103
10. Represent a geometric pattern into a numeric pattern (growing patterns) - shape (+2)  1.22 0.936 1.40 0.932 -2.021 0.045"
p<.05,"p<01
el ZF 25 H| 3ok w0 AAgH 7 3ol e B ©9l7E ABRI BHE 715t el S B2 A5t e e T
7} ABS! Jﬁ 4 e 2= AS Q=i o] FFollA = AR AAR AR AARe] HEEO] ZH2E 52.9%, 59.8% % =A| &l
LRt Table 80114 2 4= 9150, PR ALl AES ol 671K 28l SYSS 150 & 100019tk 2to] 49, Hee o
Hottol g8 ks A4aha ghe sSol 128, 20 e Fo R Aejst s s-e ol ik 2 S HElEH 8 3 179 1
7loll AN sflo] mopo 2 ol ol sfEiol 7] nhRolekn SHBkL ShAIT 2FelA mafo] AR HEte 2, 4]
™ 270 A A vHE T-9]= ABSI HFA 2/ 9] HhE Theli= AABBE 27| 2Tt o] 2|3t SHY 52 wfj§l o] £/dof| tisto] o] sl
91O} A Aol ek ol a7 RES A0 B 4 9lr ALE A OIA HTE ol g7hd B SIS S 113%, WS 2RO
1} ol9-2 ul2A H4alA) gt @50 2 st ShS-2 7olch 2M e Qo 2 Melsh S-S 25mele] 1% 6o B
So] 7]a} mjElo] 7] mholekn SgalgiTh A ZAke} vl el A1E Aol A mfele] 440 2 B sjdsl it ol o
2 101 SHS o] 47} 2.2 7hasto] SS9 o]} ol ZRCHT B S Qo SA Y02 golat £7- opgic,
Table 8. Frequency of student responses to the item 7 (n=189)
Correct answer - t Incorrect responses —
ith e orrect answer e other choices
with adequate reasons but inadequate reasons Select @ Or No answer
100 12 34 43
Pre-test (52.9%) (63%) (18.0%) (22.8%)
113 27 25 24
Post-test (59.8%) (143%) (13.2%) (12.7%)
3 Bl 24 Z7k5He 57t 4 el S 8712 AAskRL Bop) 47} 2K S7kehe 37} 715t el B A o) mst

SArk. o] £ AP HAkeh AFE Z3ALe] ARBO| B 50% |2HO 2 LeRtom AR ALl Hlsto] AbE ZiAke] Hzo] goln]
3171 Z7F312Ah. Table 05 Ab R, AL ZIAlol ) Ak o] §7h4] 9l SHYSS 69, Ak O} o 95 2] M43}

A Spot 007 Hele SYS QT M SO T Mels SPYSS 2798 1F 1699 S0l 4 wfelo]7] upRol 2
2 alojetaL st eiTt. AAIEE EafollA] 4 el 1} 38o)n] 33 WElL 34 Zhashs sjElo|m2 fxlo] Zrki & 4 ¢

H [¢] HA
o} 7 EF3 nE7RR| 2 slje o] A4/ {HAlof] gl o] a7 HE35E s ER1 o]t AR A M= FEE o] f7HA] Bl Y
S22 91 0= AP HAtol| H|gto] Z7F6Rit. A2 W3 o o|§-& HIEA] A&dtA] ol R F 0 & X 2fgt e gllom,
3 AEe SHE2 199 0]H 37 9] eYE0| 4= mjElo]7] wiiZol2tal SHEIILE S AES Wl =2 Ao L ol#
S g glon £ SAYEL ol o] A4 WAl £4S HGHA] o E7 A2 ohy et kst 4= Qo
Table 9. Frequency of student responses to the item 8 (n=189)
Correct answer with C : Incorrect responses The other cho
O1rect answer € Other Cho1Ces
adequate reasons but inadequate reasons Select @ Or N0 answer
69 0 27 93
Pre-test (36.5%) (0.0%) (143%) (49.2%)
Posttest 91 0 19 79
sries (48.1%) (0.0%) (10.1%) (41.8%)
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Table 10. Frequency by the response types in item 10
Response types™
a b © d € etc. Total
Pre-test 138 45 26 9 0 229
Post-test 150 46 38 11 7 5 7 264
Total 288 91 64 20 12 11 7 493
a:1,3,5,7, 0, b 1, 142,342,542, -+ e 1, 142, 144, 146, -+ d: 1, 142,243, 3+4, + -+ et 1, 241, 243,245, -+ £ 1,2+1, 342,443, -+
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Table 11. Results of a paired t-test in items 11-12

Pre-test Post-test
Item number and content Rule of items > OSTEs 1(188) p
M SD M SD

(1) Repeated 0.86 0345 0.89 0308 -1.000 0319
) geometric 092 0271 097 0.176 2205 0.029"
11. Complete a pattern  (3) patterns 092 0271 097 0.176 2205 0.029°
(repeated pattern) @ Repeated 0.86 0.345 0.94 0235 -2.837 0.005™
Q) numeric 0.85 0356 093 0254 -3.066 0.002"
(6) pattems 0.88 0328 094 0235 2382 0018’

) Growing 0.74 0439 0.83 0381 -2.199 0.029
@ geometric 0.62 0487 0.75 0433 -3.283 0.001™

12. Complete apattem (3 patierns 0.69 0462 0.71 0453 -0.499 0.618
(growing pattern) @ Growing 0.80 0.398 0.88 0322 2433 0016
©) numeric 0.82 0385 0.80 0.402 0616 0.539

(6) patterns 0.72 0.450 0.76 0430 -0.944 0347

p<.05, "p<.01
Note: Sub-items (1) and (4) ask for the subsequent one term of a pattern, (2) and (5) ask for the two missing terms in the middle of a pattern, and (3) and (6) ask
for the subsequent two terms of a pattern
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Table 12. Results of a paired t-test in items 13-14

. Pre-test Post-test
Item number and content Rule of items M D M D (188) p
13. Guess the specific term in a pattern and explain why Repea@ pattern, 1.46 1.699 243 1.930 -6.831 .000™
Growing pattern

14. Guess the specific term in a pattern and explain why Repeated pattern 1.02 1.440 1.80 1.954 -5.501 .000™
“p<.001

139, 149 Z3bo] teh S E9] 32w EH(Table 13 1) 17] o]ste] -5 F53F SHYE2 13%10] H|G}o] 147 0] WA
9 2-5709] £8 F23 SYE 471 A Lhebidol aret 14419) Bizol WA ek AL & 4 Uk B, 138 23] B9
7] olAfe] Thg 2 st ol u 8-S vl el Hrl AR ZALIA 17he] 45t 25 shado] 18 5% 7 BOHA|Ek AR ZiAll
e 571e] 5 F53 sHEE0] 23.8%= 7P WA et 148 23] 49 17) o/ide] Ha 2 i“é*%ﬁ’l H] &2 vl s 2
Bl AB7} S kil W0 2 7HEaka e 12 E55H Shalol AVH ZAOIA 27.0% AFE 7ROl A 24.9% 71 Bl Uebieh
T HkE k9] 7} 491 th2 siEl (el 12221222-+, 12321232+ 5) 2 ABBB, ABCBS-0] HHE- k9|9l ﬁﬂl%jgi st oAl 7i 9]

48 223 Sl AP ZANN 69%SITI AL ZARIM 21 2% UrebstThs Aol £53 B ast gict.

Table 13. Frequency of student responses to the items 13 and 14 (n=189)

Ttem 13 Ttem 14
0 1 2 3 4 5 0 1 2 3 4 5
ot 8! 35 29 14 9 21 95 51 16 11 3 13
@29%) (185%) (153%) (74%)  (@48%) (111%)  (503%) (7.0%) (85%)  (58%)  (1.6%)  (6.9%)
Postiest 46 31 21 23 23 45 68 47 18 6 10 40

Q43%)  (164%) (111%) (122%) (122%) (238%) (360%) (249%) (95%) (32%)  (53%) (212%)

Table 1401 AAIE) 138 E] ZakS 2bA5] Al 2, S0l sjslo] 27} helo] B 4 QIrke 24 mhotsha] B3l v w
Hlo 2ok Ele 22 sty Sl AR AN E 2%, A Al E 6002 UrtiT ol HiElg 27} sirlo 2 7+
5ol %2 30l2hi 225 ST e SIS AV ZAPoIA 648, A ALl 19902 71 B A9 Uehieh AL
ZAALel B]3te] ARE AALIA kol So17H 48 270 o) 25 o] 5 A Uehtom £ 47le] 45 223 shAyo)
717V ol Z7ksteict

oﬁﬂl
“Oo
R N

Table 14. Results of cross tabulation analysis for item 13

Repeated patterns

Growing patterns 0 1 ) 3 4 5 Total
0 81 12% 9 4 4 13 123
1 23 19 10 4 8 0 64
Pre-test 2 1 0 0 0 0 0 1
3 0 1 0 0 0 0 1
Total 105 32 19 8 12 13 189
0 46 15 8 5 10 22 106
1 16 13 18 11 21 0 79
Post-test 2 0 0 ! 0 0 0
3 0 1 1 0 0 0 2
4 0 1 0 0 0 0
Total 62 30 28 16 31 22 189

This(*) cell indicates that there are 12 students who guessed a specific term in a repeated pattern, but failed to guess a specific term in a growing pattern.
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