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ON THE CHARACTERIZATION OF F0-SPACES

Mahmoud Benkhalifa

Abstract. Let X be a simply connected rationally elliptic space such

that H2(X;Q) ̸= 0. In this paper, we show that if H2n(X[2n−2];Q) = 0

or if π2n(X2n)⊗ Q = 0 for all n, then X is an F0-space.

1. Introduction

In this paper, by a space we mean a simply connected CW-complex X of
finite type, i.e., dimHn(X;Q) < ∞ for all n. A space X is called rationally
elliptic if both the graded vector spaces H∗(X;Q) and π∗(X) ⊗ Q are finite
dimensional. Furthermore, if Hodd(X;Q) = 0, then X is called an F0-space.
For instance, products of even spheres, complex Grassmannian manifolds and
homogeneous spaces G/H such that rank G = rank H are F0-spaces.

For any positive integer n, let X [n] denote the n-th Postnikov section of X
and Xn its n-skeleton. The aim of this paper is to characterize an F0-spaces X
in terms of the homotopy groups of the spaces Xn and the rational cohomology
of the spaces X [n]. In other words, by exploiting the well-known properties
of a rationally elliptic space X as well as the virtue of the Whitehead exact
sequences associated, respectively, with the Sullivan model and the Quillen
model of X, we prove the following.

Theorem 1. Let X be a rationally elliptic space such that H2(X;Q) ̸= 0. We
have the following.

(1) If π2n(X
2n) = 0 for all n, then X is an F0-space.

(2) If H2n(X [2n−2];Q) = 0 for all n, then X is an F0-space.

We show our results using standard tools of rational homotopy theory by
working algebraically on the models of Quillen and Sullivan of X. We refer
to [8] for a general introduction to these techniques. Recall that every simply
connected space of finite type has a corresponding differential commutative
cochain algebra called the Sullivan model of X, unique up to isomorphism, that
encodes the rational homotopy of X. Dually, every simply connected space X
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has a differential graded Lie algebra (DGL for short), called the Quillen model
of X and unique up to isomorphism, which determines completely the rational
homotopy type of X.

2. Whitehead exact sequences in rational homotopy theory

2.1. Whitehead exact sequence associated with a DGL

Let W = (W≥1) be a finite dimensional graded vector space over Q and
let (L(W ), δ) be a DGL. For any positive integer n, we define the linear maps
jn : Hn(L(W≤n))→Wn and bn : Wn → Hn−1(L(W≤n−1)) by setting

jn([w + y]) = w,

and

(1) bn(w) = [δ(w)],

respectively, where [δ(w)] denotes the homology class of δ(w) in the sub-Lie
algebra Ln−1(W≤n−1). Recall that if x ∈ Hn(L(W≤n)), then x = [w + y],
where w ∈Wn, y ∈ Ln(W≤n−1) and δ(w + y) = 0.

To every DGL (L(W ), δ) we can assign (see [3, 5, 7] for more details) the
following long exact sequence

(2) · · · →Wn+1
bn+1−→ Γn → Hn(L(W ))

hn−→Wn
bn−→ · · ·

called the Whitehead exact sequence of (L(W ), δ), where

(3) Γn = ker(jn : Hn(L(W≤n))→Wn)

for all n.

Remark 2.1. It worth mentioning that Γn is the sub vector space ofHn(L(W≤n))
formed by the homology classes {z} with z ∈ Ln(W≤n−1), i.e., z is a decom-
posable element.

Remark 2.2. If X is a given space and (L(W ), δ) is its Quillen model, then the
virtue of properties of this model implies the following identifications valid for
all n:

πn(X)⊗Q ∼= Hn−1(L(W )),

Hn(X;Q) ∼= Wn−1,(4)

Γn(X) ∼= Γn−1,

where Γn(X) = ker(πn(X
n)⊗Q −→ πn(X

n;Xn−1)⊗Q).
Moreover, the linear map hn can be identified with the dual of the rational

Hurewicz homomorphism hX
n+1 : πn+1(X)⊗Q→ Hn+1(X,Q) for every n.
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2.2. Whitehead exact sequence of Sullivan algebra

Likewise, let (ΛV, ∂) be a Sullivan algebra. In [1, 2, 4, 6], it is shown that
with (ΛV, ∂), we can associate the following long exact sequence

(5) · · · → V n bn−→ Hn+1(ΛV ≤n−1)
in+1

−→ Hn+1(ΛV )
hn+1

−→ V n+1 bn+1

−→ · · ·

called the Whitehead exact sequence of (ΛV, ∂). Recall that the linear map
bn : V n → Hn+1(Λ(V ≤n)) is defined by setting

(6) bn(v) = [∂(v)].

Here [∂(v)] denotes the cohomology class of ∂(v) ∈ (ΛV ≤n)n+1.

Remark 2.3. If X is a given space and (ΛV, ∂) is its Sullivan minimal model,
then by virtue of the properties of this model we obtain the following identifi-
cations valid for every n:

Hn(X;Q) ∼= Hn(ΛV ),

Hom(πn(X),Q) ∼= V n,(7)

Hn+1(X [n−1];Q) ∼= Hn(ΛV ).

Moreover, the linear map hn can be identified with the dual of the rational
Hurewicz homomorphism hX

n : πn(X) ⊗ Q → Hn(X,Q) for every n. Hence,
from the exactness of the sequence (5) we deduce that

(8) ker bodd = 0⇐⇒ kerhodd = 0⇐⇒ hX
∗ = 0.

Theorem 2.4. If (ΛV, ∂) is the Sullivan model of a given space X and (L(W ), δ)
is its Quillen model, then for all n we have the following:

(9) Γn = Hn+2(ΛV ≤n−2),

where Γn is defined as in (3).

Proof. Applying the exact functor Hom(·,Q) to the exact sequence (2) we
obtain

(10)
· · · ← Hom(Wn+1,Q)← Hom(Γn,Q)← Hom(Hn(L(W )),Q)

← Hom(Wn,Q)
bn← · · · .

Taking into account that by virtues of the Quillen and Sullivan models we
have the following.
• Hom(Wn,Q) ∼= Hn+1(ΛV ) for all n.
• Hom(Hn(L(W )),Q) ∼= V n+1 for all n.
• All groups involved are vector spaces of finite dimensions.
• The two maps Hn+1(ΛV )→ V n+1 and Hom(Wn,Q)→ Hom(Hn(L(W )),Q)
appearing in (5) and (10) are the same morphism.

By comparing the sequences (5) and (10), we get (9). □
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Corollary 2.5. If X is a given space, then

(11) Γn+1(X) ∼= Hn+2(X [n];Q)

as vector spaces for all n.

Proof. It suffices to apply the identifications (4), (7) and Theorem 2.4 to the
Sullivan model and the Quillen model of the space X. □

3. The main result

As it is stated in the introduction, a rationally elliptic space X is called an
F0-space, if H

odd(X;Q) = 0 or equivalently if Hodd(ΛV ) = 0, where (ΛV, ∂) is
the Sullivan model of X (see [8], §32 for more details).

Let us consider the Whitehead exact sequence of (ΛV, ∂) given in (5)

· · · → V n bn−→ Hn+1(ΛV ≤n−1)→ Hn+1(ΛV )→ V n+1 bn+1

−→ · · · .
In order to simplify let us put

(12) Ln = Hn(ΛV ≤n−2)

for all n.

Proposition 3.1. Let (ΛV, ∂) be an elliptic Sullivan algebra such that V 2 ̸= 0.
If bodd is not injective, then Lodd ̸= 0.

Proof. Assume that b2n−1 is not injective for some integer n ≥ 1. Then there
exists v ∈ V 2n−1 such that b2n−1(v) = 0 and from the relation (6) there exists
q ∈ ΛV such that ∂(v + q) = 0. Therefore, if v2 ∈ V 2, then v2(v + q) is
decomposable cocycle of degree 2n+ 1 providing a non-zero element in L2n+1

according to (12). □

Corollary 3.2. Let X be a rationally elliptic space such that H2(X;Q) ̸= 0.
If H2n+1(X [2n−1];Q) = 0 for all n, then the rational Hurewicz homomorphism
hX
odd is trivial.

Proof. Let (ΛV, ∂) be the Sullivan model of X. Note that because H2(X;Q) ̸=
0 it follows that V 2 ̸= 0. Using the identifications (7), the relation (12) and
the hypothesis we get

(13) L2n+1 = H2n+1(X [2n−1];Q) = 0

for all n. Next, the relation (8) and Proposition 3.1 imply that hX
odd is trivial.

□

Proposition 3.3. Let (ΛV, ∂) be an elliptic Sullivan algebra such that V 2 ̸= 0.
If Lodd = 0, then Hodd(ΛV ) = 0.

Proof. Proposition 3.1 implies that bodd is injective. Let us consider the White-
head exact sequence of (ΛV, ∂) given in (5)

· · · → V 2n b2n−→ L2n+1 → H2n+1(ΛV )→ V 2n+1 b2n+1

−→ · · · .
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Since b2n+1 is injective and L2n+1 = 0, it follows that H2n+1(ΛV ) = 0 for all
n. □

Theorem 3.4. Let X be a rationally elliptic space such that H2(X;Q) ̸= 0. If
H2n+1(X [2n−1];Q) = 0 for all n, then X is an F0-space.

Proof. Let (ΛV, ∂) be the Sullivan model of X. Note that because H2(X;Q) ̸=
0 it follows that V 2 ̸= 0. Now, if H2n+1(X [2n−1];Q) = 0 for all n, then from
(13) we deduce that L2n+1 = 0 for all n. Applying Proposition 3.3 we derive
that Hodd(ΛV ) = 0 ensuring that X is an F0-space. □

Theorem 3.5. Let X be a rationally elliptic space such that H2(X;Q) ̸= 0. If
Γ2n(X) = 0 for all n, then X is an F0-space.

Proof. First, if Γ2n(X) = 0, then apply Corollary 2.5 to get

Γ2n(X) ∼= H2n+1(X [2n−1];Q) = 0

for all n. Next, Theorem 3.4 ensures that X is an F0-space. □

It worth noting that Γ2n(X) ⊂ π2n(X
2n)⊗Q for all n (see (4)). Therefore,

Theorem 3.5 implies the following result.

Corollary 3.6. Let X be a rationally elliptic space such that H2(X;Q) ̸= 0.
If π2n(X

2n)⊗Q = 0 for all n, then X is an F0-space.
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