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H-QUASI-HEMI-SLANT SUBMERSIONS

Sumeet Kumar, Sushil Kumar, Rajendra Prasad, and Aysel Turgut Vanli

Abstract. In this paper, h-quasi-hemi-slant submersions and almost h-

quasi-hemi-slant submersions from almost quaternionic Hermitian mani-

folds onto Riemannian manifolds are introduced. Fundamental results on
h-quasi-hemi-slant submersions: the integrability of distributions, geom-

etry of foliations and the conditions for such submersions to be totally
geodesic are investigated. Moreover, some non-trivial examples of the

h-quasi-hemi-slant submersion are constructed.

1. Introduction

O’Neill [16] in 1966 and Gray [8] in 1967 independently started work on
Riemannian submersions. In 1976, a classification theorem among base man-
ifolds and total manifolds was obtained using the notion of almost Hermitian
submersions by Watson [30]. Later, the notion of almost Hermitian submersion
has been extended to different kinds of sub-classes, according to the conditions
on submersion such as: a Riemannian submersion [27], an anti-invariant Rie-
mannian submersion [24], a semi-invariant Riemannian submersion [25], slant
Riemannian Submersion [26], a quaternionic submersion [9], an almost h-slant
submersion [17], a h-semi-invariant submersion [18], a conformal hemi-slant
submersion ([12, 13]), a conformal semi-slant submersion [14], an almost h-
semi-slant Riemannian map [19], a h-semi-slant submersions [20], an almost
h-conformal semi-invariant submersion [21] etc. In [29], Tastan and others
introduced and studied hemi-slant Riemannian submersions from Hermitian
manifolds onto Riemannian manifolds and Akyol and Gündüzalp [1] studied
Hemi-slant submersions from almost product Riemannian manifolds. Prasad
and others ([22, 23]) introduced the notion of quasi-bi-slant submersions and
Longwap, Massamba and Homti in [15] studied quasi-hemi-slant Riemannian
submersions.

We also note that Riemannian submersions have applications in physics,
mechanics and robotics. Such as: Bedrossian and Spong showed in [5] the
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existence of a class of robotic chains having Riemannian curvature that is lo-
cally vanishing, once potential energy and friction phenomena are ignored. C.
Altafini [3] commenced using the notion of Riemannian submersions for the
modeling and control of redundant robotic chain [5] (redundant means that
robotic chain has more than six degrees of freedom). He also showed that
Riemannian submersion gives a close relationship between inverse kinematic
in robotics and the pull back vectors, called the horizontal lift. On the other
hand, Riemannian submersion theory has applications in Kaluza-Klein the-
ory ([6, 10]), the Yang-Mills theory [7], Supergravity and superstring theories
([11,31]). These broad applications of this topic make it an interesting field of
research for geometers.

The present paper is organized as follows. In Section 2, we mention basic
definitions and properties of Riemannian submersions which are needed at the
following sections. In Section 3, we give the definition of a h-quasi-hemi-slant
submersion and obtain some basic results on it. The necessary and sufficient
conditions for integrability of distributions and totally geodesicness are also ob-
tained in this section. In the last Section we provide some non-trivial examples
of the h-quasi-hemi-slant submersions.

2. Preliminaries

Let π : (N1, g1) → (N2, g2) be a Riemannian submersions [28].
Define the O’Neill tensors T and A by

(2.1) AF1F2 = H∇HF1VF2 + V∇HF1HF2,

(2.2) TF1
F2 = H∇VF1

VF2 + V∇VF1
HF2

for any vector fields F1, F2 on N1.
Now, from equations (2.1) and (2.2), we get

(2.3) ∇U1
U2 = TU1

U2 + V∇U1
U2,

(2.4) ∇U1W1 = H∇U1W1 + TU1W1,

(2.5) ∇W1
U1 = AW1

U1 + V∇W1
U1,

(2.6) ∇W1
W2 = H∇W1

W2 +AW1
W2

for all U1, U2 ∈ Γ(kerπ∗) and W1,W2 ∈ Γ(kerπ∗)
⊥, where V∇U1U2 = ∇̂U1U2.

If W1 is basic, then AU1W1 = H∇W1U1.
Let (N1, g1) and (N2, g2) be Riemannian manifolds and π : (N1, g1) →

(N2, g2) be a C∞-map. The second fundamental form of π is given by

(2.7) (∇π∗)(Z1, Z2) = ∇π
Z1
π∗Z2 − π∗(∇N1

Z1
Z2)

for any Z1, Z2 ∈ Γ(TN1), where ∇π is the pullback connection and we denote
conveniently by ∇ the Levi-Civita connections of the metrics g1 and g2 [4].
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Recall that π is said to be a totally geodesic map if (∇π∗)(Z1, Z2) = 0 for
Z1, Z2 ∈ Γ(TN1) [4].

Now, we recall following definitions for later use:

Definition 2.1 ([28]). Let π be a Riemannian submersion from an almost
Hermitian manifold (N1, g1, J) onto a Riemannian manifold (N2, g2). Then we
say that π is an invariant Riemannian submersion if the vertical distribution is
invariant with respect to the complex structure J, i.e.,

J(kerπ∗) = kerπ∗.

Definition 2.2 ([24]). Let (N1, g1, J) be an almost Hermitian manifold and
(N2, g2) be a Riemannian manifold. Suppose that there exists a Riemannian
submersion π : (N1, g1, J) → (N2, g2) such that J(kerπ∗) ⊆ (kerπ∗)

⊥. Then
we say that π is an anti-invariant Riemannian submersion.

Definition 2.3 ([25]). Let π : (N1, g1, J) → (N2, g2) be a Riemannian submer-
sion from an almost Hermitian manifold onto a Riemannian manifold. Then we
say that π is a semi-invariant Riemannian submersion if there is a distribution
D1 ⊆ kerπ∗ such that

kerπ∗ = D1 ⊕D2, J(D1) = D1, J(D2) ⊆ (kerπ∗)
⊥,

where D2 is orthogonal complementary to D1 in kerπ∗.

Definition 2.4 ([26]). Let π be a Riemannian submersion from an almost
Hermitian manifold (N1, g1, J) onto a Riemannian manifold (N2, g2). If for
any non-zero vector Z1 ∈ (kerπ∗)q, q ∈ N1, the angle θ(Z1) between JZ1

and the space (kerπ∗)q is constant, i.e., it is independent of the choice of the
point q ∈ N1 and the tangent vector Z1 in kerπ∗, then we say that π is a slant
submersion. In this case, the angle θ is called the slant angle of the submersion.

Definition 2.5 ([28]). Let (N1, g1, J) be an almost Hermitian manifold and
(N2, g2) a Riemannian manifold. A Riemannian submersion π : (N1, g1, J) →
(N2, g2) is called a semi-slant submersion if there is a distribution D1 ⊂ kerπ∗
such that

kerπ∗ = D ⊕D1, J(D) = D,

and the angle θ = θ(V1) between JV1 and the space (D1)x is constant for non-
zero V1 ∈ (D1)x and x ∈ N1, where D1 is the orthogonal complement of D in
kerπ∗.

We call the angle θ a semi-slant angle.

Definition 2.6 ([29]). Let π : (N1, g1, J) → (N2, g2) be a Riemannian sub-
mersion from an almost Hermitian manifold onto a Riemannian manifold. A
Riemannian submersion π is called a hemi-slant submersion if the vertical dis-
tribution kerπ∗ of π admits two orthogonal complementary distributions Dθ

and D⊥ such that Dθ is slant with angle θ and D⊥ is anti-invariant, i.e., we
have

kerπ∗ = Dθ ⊕D⊥.
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In this case, the angle θ is called the hemi-slant angle of the submersion.

Definition 2.7. Let π be a Riemannian submersion from (N1, g1, J) an almost
Hermitian manifold onto (N2, g2) a Riemannian manifold. If the kerπ∗ has
three orthogonal distributions, invariant D, slant D1 and anti-invariant D2

i.e.,

kerπ∗ = D ⊕D1 ⊕D2, J(D) = D,

the angle θ between JD1 and D1 is constant and JD2 ⊆ (kerπ∗)
⊥, then, π is

called a quasi-hemi-slant Riemannian submersion, and the angle θ is said to be
the quasi-hemi-slant angle [15].

One can easily see that hemi-slant submersions, semi-invariant submersions
and semi-slant submersions are particular cases of quasi-hemi-slant submer-
sions.

Let N1 be a 4k-dimensional differentiable manifold, g1 be a Riemannian
metric and E be a rank 3 subbundle of End(TN1) such that for any point
p ∈ N1 with its some neighborhood U , there exists a local basis {J1, J2, J3} of
sections of E on U satisfying for all α ∈ {1, 2, 3}

(2.8) J2
α = −id, JαJα+1 = −Jα+1Jα = Jα+2,

(2.9) g1(JαX1, JαX2) = g1(X1, X2)

for all vector fields X1, X2 ∈ Γ(TN1), where the indices are taken from {1, 2, 3}
modulo 3. Then (N1, E, g1) is an almost quaternionic Hermitian manifold ([2],
[9]). The basis {J1, J2, J3} is called a quaternionic Hermitian basis. If there
exist locally defined 1-forms ω1, ω2, ω3 such that for α ∈ {1, 2, 3}

(2.10) ∇X1Jα = ωα+2(X1)Jα+1 − ωα+1(X1)Jα+2,

where X1 ∈ Γ(TN1) and the indices are taken from {1, 2, 3} modulo 3, then
(N1, E, g1) is said to be a quaternionic Kähler manifold. If ∇Jα = 0 for
α ∈ {1, 2, 3}, then (N1, E, g1) is called a hyperkähler manifold. Moreover,
{J1, J2, J3, g1} is called a hyperkähler structure on N1 and g1 is said to be a
hyperkähler metric [20].

Let (N1, E1, g1) and (N2, E2, g2) be almost quaternionic Hermitian manifolds
[9]. A map π : N1 → N2 is said to be a (E

1
, E

2
)-holomorphic map if given a

point x ∈ N1, for any J ∈ (E1)x there exists J ′ ∈ (E2)π(x) that satisfies the
condition

π∗ ◦ J = J ′ ◦ π∗.

A Riemannian submersion π : N1 → N2, which is an (E1, E2)-holomorphic
map is said to be a quaternionic submersion. In addition, π is said to be a
quaternionic Kähler submersion (or a hyperkähler submersion) if (N1, E1, g1)
is a quaternionic Kähler manifold.
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3. H-quasi-hemi-slant submersions

In this section, h-quasi-hemi-slant submersions π from an almost quater-
nionic Hermitian manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2)
is defined and studied.

Definition 3.1. π : (N1, E, g1) → (N2, g2) is said to be an h-quasi-hemi-slant
submersion if given a point p ∈ N1 with a neighborhood U , there exists a
quaternionic Hermitian basis {I, J,K} of sections of E on U so that for any
R ∈ sp{I, J,K}, there is a distribution D ⊂ (kerπ∗) on U that satisfies the
condition

kerπ∗ = D ⊕D1 ⊕D2, R(D) = D, R(D2) ⊂ (kerπ∗)
⊥

and the slant angle θR = θR(Z1) between RZ1 and the space (D1)p is constant
for all nonzero vector field Z1 ∈ (D1)p and p ∈ U, where kerπ∗ admits three
orthogonal complementary distributionsD,D1 andD2 such thatD is invariant,
D1 is slant with angle θR and D2 is anti-invariant.

We call basis {I, J,K} is said to be an h-quasi-hemi-slant basis and the
angles {θI , θJ , θK} are said to be h-quasi-hemi-slant angles.

Moreover, if
θ = θI = θJ = θK ,

then we call π : (N1, E, g1) → (N2, g2) a strictly h-quasi-hemi-slant submersion,
{I, J,K} a strictly quasi-hemi-slant basis, and θ a strictly quasi-hemi-slant
angle.

Definition 3.2. π : (N1, E, g1) → (N2, g2) is said to be an almost h-quasi-
hemi-slant submersion if given a point p ∈ N1 with a neighborhood U , there
exists a quaternionic Hermitian basis {I, J,K} of sections of E on U such that
for any R ∈ sp{I, J,K}, there is a distribution DR ⊂ (kerπ∗) on U such that

kerπ∗ = DR ⊕DR
1 ⊕DR

2 , R(DR) = DR, R(DR
2 ) ⊂ (kerπ∗)

⊥

and the slant angle θR = θR(Z1) between RZ1 and the space (DR
1 )p is constant

for all nonzero vector field Z1 ∈ (DR
1 )p and p ∈ U, where the vertical dis-

tribution kerπ∗ admits three orthogonal complementary distributions DR, DR
1

and DR
2 such that DR is invariant, DR

1 is slant with angle θR and DR
2 is anti-

invariant.

We call such basis {I, J,K} an almost h-quasi-hemi-slant basis and the an-
gles {θI , θJ , θK} almost h-quasi-hemi-slant angles.

We easily observe that
(a) If dimDR ̸= 0, dimDR

1 = 0 and dimDR
2 = 0, then π is an almost

h-invariant submersion.
(b) If dimDR ̸= 0,dimDR

1 ̸= 0, 0 < θR < π
2 and dimDR

2 = 0, then π is an
almost proper h-semi-slant submersion with semi-slant angle θR.

(c) If dimDR = 0, dimDR
1 ̸= 0, 0 < θR < π

2 and dimDR
2 = 0, then π is an

almost h-slant submersion with slant angle θR.
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(d) If dimDR = 0,dimDR
1 = 0 and dimDR

2 ̸= 0, then π is an almost
h-anti-invariant submersion

(e) If dimDR ̸= 0,dimDR
1 = 0, θR = π

2 and dimDR
2 ̸= 0, then π is an

almost h-semi-invariant submersion.
(f) If dimDR = 0,dimDR

1 ̸= 0, 0 < θR < π
2 and dimDR

2 ̸= 0, then π is an
almost h-hemi-slant submersion.

We say that the almost h-quasi-hemi-slant submersion π : (N1, E, g1) →
(N2, g2) is proper if D

R ̸= {0}, DR
1 ̸= {0}, DR

2 ̸= {0} and θR ̸= 0, π
2 . Thus, we

note that h-hemi-slant submersions, h-semi-invariant submersions and h-semi-
slant submersions are examples of h-quasi-hemi-slant submersions.

Moreover, we have

TN1 = (kerπ∗)⊕ (kerπ∗)
⊥.

In addition, Z1 ∈ Γ(kerπ∗), we get

(3.1) Z1 = PRZ1 +QRZ1 + SRZ1,

where PRZ1 ∈ Γ(DR), QRZ1 ∈ Γ(DR
1 ), SRZ1 ∈ Γ(DR

2 ) and R ∈ sp{I, J,K}.
For any Y1 ∈ Γ(kerπ∗), we get

(3.2) RY1 = ϕRY1 + ωRY1,

where ϕRY1 ∈ Γ(kerπ∗), ωRY1 ∈ Γ(kerπ∗)
⊥ and R ∈ sp{I, J,K}.

For any Z1 ∈ Γ(kerπ∗)
⊥, we have

(3.3) RZ1 = BRZ1 + CRZ1,

where BRZ1 ∈ Γ(kerπ∗), CRZ1 ∈ Γ(µR) and R ∈ sp{I, J,K}.
Then, we have

(kerπ∗)
⊥ = ωR(D

R
1 )⊕ ωR(D

R
2 )⊕ µR.

Obviously µR is the orthogonal complement of ωR(D
R
1 )⊕ ωR(D

R
2 ) in (kerπ∗)

⊥

and is R-invariant.
We will denote an almost h-quasi-hemi-slant submersion from a hyperkähler

manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such that (I, J ,
K) is an almost h-quasi-hemi-slant basis by π.

The following lemmas are easily obtained.

Lemma 3.3. Let π be an almost h-quasi-hemi-slant submersion from an almost
quaternionic Hermitian manifold (N1, I, J,K, g1) onto a Riemannian manifold
(N2, g2) such that (I, J,K) is an almost h-quasi-hemi-slant basis. Then, we
have

ϕRD
R = DR, ωRD

R = 0, ϕRD
R
1 ⊂ DR

1 , ϕRD
R
2 = 0, ωRD

R
1 , ωRD

R
2 ⊂ (kerπ∗)

⊥.

Lemma 3.4. Let π be an almost h-quasi-hemi-slant submersion from an almost
quaternionic Hermitian manifold (N1, I, J,K, g1) onto a Riemannian manifold
(N2, g2) such that (I, J,K) is an almost h-quasi-hemi-slant basis. Then, we
have

ϕ2
RY1 +BRωRY1 = −Y1, ωRϕRY1 + CRωRY1 = 0,
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ϕRBRY2 +BRCRY2 = 0, BRωRY2 + C2
RY2 = −Y2

∀Y1 ∈ Γ(kerπ∗),∀Y2 ∈ Γ(kerπ∗)
⊥ and R ∈ sp{I, J,K}.

Lemma 3.5. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then, we obtain

(i)

(3.4) V∇Y1
ϕRY2 + TY1

ωRY2 = BRTY1
Y2 + ϕRV∇Y1

Y2,

(3.5) TY1
ϕRY2 +H∇Y1

ωRY2 = CRTY1
Y2 + ωRV∇Y1

Y2

∀Y1, Y2 ∈ Γ(kerπ∗) and R ∈ sp{I, J,K}.
(ii)

(3.6) TY1
BRV1 +H∇Y1

CRV1 = CRH∇Y1
V1 + ωRTY1

V1,

(3.7) V∇Y1
BRV1 + TY1

CRV1 = BRH∇Y1
V1 + ϕTY1

V1

∀Y1 ∈ Γ(kerπ∗),∀V1 ∈ Γ(kerπ∗)
⊥ and R ∈ sp{I, J,K}.

(iii)

(3.8) V∇V1ϕRY1 +AV1ωRY1 = BRAV1Y1 + ϕRV∇V1Y1,

(3.9) AV1ϕRY1 +H∇V1ωRY1 = CRAV1Y1 + ωRV∇V1Y1

∀Y1 ∈ Γ(kerπ∗),∀V1 ∈ Γ(kerπ∗)
⊥ and R ∈ sp{I, J,K}.

(iv)

(3.10) AV1
BRV2 +H∇V1

CRV2 = CRH∇V1
V2 + ωRAV1

V2,

(3.11) V∇V1
BRV2 +AV1

CRV2 = BRH∇V1
V2 + ϕRAV1

V2

for any V1, V2 ∈ Γ(kerπ∗)
⊥ and R ∈ sp{I, J,K}.

Proof. The proof of the lemma is obvious. □

Now, we define

(3.12) (∇Y1
ϕR)Y2 = V∇Y1

ϕRY2 − ϕRV∇Y1
Y2,

(3.13) (∇Y1
ωR)Y2 = H∇Y1

ωRY2 − ωRV∇Y1
Y2,

(3.14) (∇V1
BR)V2 = V∇V1

BRV2 −BRH∇V1
V2,

(3.15) (∇V1
CR)V2 = H∇V1

CRV2 − CRH∇V1
V2

for any Y1, Y2 ∈ Γ(kerπ∗), V1, V2 ∈ Γ(kerπ∗)
⊥ and R ∈ sp{I, J,K}.
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Lemma 3.6. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then, we obtain

(∇Y1
ϕR)Y2 = BRTY1

Y2 − TY1
ωRY2,

(∇Y1
ωR)Y2 = CRTY1

Y2 − TY1
ϕRY2,

(∇V1CR)V2 = ωRAV1V2 −AV1BRV2,

(∇V1
BR)V2 = ϕRAV1

V2 −AV1
CRV2

for any Y1, Y2 ∈ Γ(kerπ∗), V1, V2 ∈ Γ(kerπ∗)
⊥ and R ∈ sp{I, J,K}.

Proof. The proof from Eqs. (3.4), (3.5), (3.10), (3.11), (3.12), (3.13), (3.14)
and (3.15), is easily done. □

If the tensor ϕR and ωR are parallel, then

BRTV1
V2 = TV1

ωRV2,

CRTV1
V2 = TV1

ϕRV2

for any V1, V2 ∈ Γ(kerπ∗) and R ∈ sp{I, J,K}.

Lemma 3.7. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2). Then
we have

(3.16) ϕ2
RY1 = − cos2 θRY1

for any Y1 ∈ Γ(DR
1 ) and R ∈ sp{I, J,K}, where (I, J,K) is an almost h-quasi-

hemi-slant basis with the almost h-quasi-hemi-slant angles {θI , θJ , θK}.

Proof. For Y1 ∈ Γ(DR
1 ), Y1 ̸= 0 and R ∈ sp{I, J,K}, we get

(3.17) cos θR =
∥ ϕRY1 ∥
∥ RY1 ∥

,

and

(3.18) cos θR =
g1(RY1, ϕRY1)

∥ ϕRY1 ∥∥ RY1 ∥
,

where θR(Y1) is the h-quasi-hemi-slant angle.
From (2.8) and (3.2), we have

(3.19) cos θR = − g1(Y1, ϕ
2
RY1)

∥ ϕRY1 ∥∥ RY1 ∥
.

From equations (3.18) and (3.19), we have

ϕ2
RY1 = −(cos2 θR)Y1. □

Theorem 3.8. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then the following condi-
tions are equivalent:
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(i) the invariant distribution DR is integrable.
(ii) g1(TY2

IY1 − TY1
IY2, ωIQIV1 + ISIV1) = g1(V∇Y1

IY2 − V∇Y2
IY1,

ϕIQIV1) for Y1, Y2 ∈ Γ(DI) and V1 ∈ Γ(DI
1 ⊕DI

2).
(iii) g1(TY2JY1 − TY1JY2, ωJQJV1 + JSJV1) = g1(V∇Y1JY2 − V∇Y2JY1,

ϕJQJV1) for Y1, Y2 ∈ Γ(DJ) and V1 ∈ Γ(DJ
1 ⊕DJ

2 ).
(iv) g1(TY2

KY1−TY1
KY2, ωKQKV1+KSKV1) = g1(V∇Y1

KY2−V∇Y2
KY1,

ϕKQKV1) for Y1, Y2 ∈ Γ(DK) and V1 ∈ Γ(DK
1 ⊕DK

2 ).

Proof. Let Y1, Y2 ∈ Γ(DR), V1 ∈ Γ(DR
1 ⊕ DR

2 ), V2 ∈ (kerπ∗)
⊥ and R ∈

sp{I, J,K}. Since [Y1, Y2] ∈ (kerπ∗), we have g1([Y1, Y2], V2) = 0. Thus DR

is integrable ⇔ g1([Y1, Y2], V1) = 0. Now, using equations (2.3), (2.8), (2.9),
(3.1) and (3.2), we have

g1([Y1, Y2], V1) = g1(R∇Y1
Y2, RV1)− g1(R∇Y2

Y1, RV1),

= g1(∇Y1RY2, RV1)− g1(∇Y2RY1, RV1),

= g1(TY1
RY2 − TY2

RY1, ωRQRV1 +RSRV1)

− g1(V∇Y1
RY2 − V∇Y2

RY1, ϕRQRV1).

Since DR is R-invariant, we have

(i) ⇔ (ii), (i) ⇔ (iii), (i) ⇔ (iv).

Therefore, we get the result. □

Theorem 3.9. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then the following condi-
tions are equivalent:

(i) the slant distribution DR
1 is integrable.

(ii)

g1(TX1
ωIϕIX2 − TX2

ωIϕIX1, U1)

= g1(TX1ωIX2 − TX2ωIX1, ϕIPIU1)

+ g1(H∇X1ωIX2 −H∇X2ωIX1, ωISIU1)

for X1, X2 ∈ Γ(DI
1) and U1 ∈ Γ(DI ⊕DI

2).
(iii)

g1(TX1
ωJϕJX2 − TX2

ωJϕJX1, U1)

= g1(TX1ωJX2 − TX2ωJX1, ϕJPJU1)

+ g1(H∇X1ωJX2 −H∇X2ωJX1, ωJSJU1)

for any X1, X2 ∈ Γ(DJ
1 ) and U1 ∈ Γ(DJ ⊕DJ

2 ).
(iv)

g1(TX1
ωKϕKX2 − TX2

ωKϕKX1, U1)

= g1(TX1ωKX2 − TX2ωKX1, ϕKPKU1)
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+ g1(H∇X1
ωKX2 −H∇X2

ωKX1, ωKSKU1)

for any X1, X2 ∈ Γ(DK
1 ) and U1 ∈ Γ(DK ⊕DK

2 ).

Proof. Let X1, X2 ∈ Γ(DR
1 ), U1 ∈ Γ(DR ⊕ DR

2 ), U2 ∈ (kerπ∗)
⊥ and R ∈

sp{I, J,K}. Since [X1, X2] ∈ (kerπ∗), we have g1([X1, X2], U2) = 0. Thus DR
1

is integrable ⇔ g1([X1, X2], U1) = 0. Using equations (2.4), (2.8), (2.9), (3.1),
(3.2) and Lemma 3.7, we have

g1([X1, X2], U1)

= g1(∇X1RX2, RU1)− g1(∇X2RX1, RU1),

= g1(∇X1ϕRX2, RU1) + g1(∇X1ωRX2, RU1)

− g1(∇X2
ϕRX1, RU1)− g1(∇X2

ωRX1, RU1),

= cos2 θRg1(∇X1
X2, U1)− cos2 θRg1(∇X2

X1, U1)

− g1(TX1ωRϕRX2 − TX2ωRϕRX1, U1)

+ g1(H∇X1
ωRX2 + TX1

ωRX2, RPRU1 + ωRSRU1)

− g1(H∇X2
ωRX1 + TX2

ωRX1, RPRU1 + ωRSRU1).

Now, we have

sin2 θ1g1([X1, X2], U1) = g1(TX1ωRX2 − TX2ωRX1, RPRU1)

+ g1(H∇X1
ωRX2 −H∇X2

ωRX1, ωRSRU1)

− g1(TX1
ωRϕRX2 − TX2

ωRϕRX1, U1).

Since DR
1 is R-slant distribution, we get

(i) ⇔ (ii), (i) ⇔ (iii), (i) ⇔ (iv). □

Theorem 3.10. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then, anti-invariant dis-
tribution DR

2 is always integrable.

Proof. The proof is easily done for the hemi-slant case given in [29]. □

Theorem 3.11. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then the following condi-
tions are equivalent:

(i) the distribution (kerπ∗)
⊥ is integrable.

(ii)

g1(V∇Y1
BIY2 − V∇Y2

BIY1, IV1)

= − g2(π∗(CIY2), (∇π∗)(Y1, IV1)) + g2(π∗(CIY1), (∇π∗)(Y2, IV1)),

g1(AY1BIY2 −AY2BIY1, ωIQIV2)

= g2((∇π∗)(Y1, CIY2), π∗(ωIQIV2)) + g2((∇π∗)(Y2, CIY1), π∗(ωIQIV2)),
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g1(AY1
BIY2 −AY2

BIY1, ωISIV3)

= g2((∇π∗)(Y1, CIY2), π∗(ωISIV3)) + g2((∇π∗)(Y2, CIY1), π∗(ωISIV3))

for all Y1, Y2 ∈ Γ(kerπ∗)
⊥, V1 ∈ Γ(DI), V2 ∈ Γ(DI

1) and V3 ∈ Γ(DI
2).

(iii)

g1(V∇Y1
BJY2 − V∇Y2

BJY1, JV1)

= − g2(π∗(CJY2), (∇π∗)(Y1, JV1)) + g2(π∗(CJY1), (∇π∗)(Y2, JV1)),

g1(AY1BJY2 −AY2BY1, ωJQJV2)

= g2((∇π∗)(Y1, CJY2), π∗(ωJQJV2)) + g2((∇π∗)(Y2, CJY1), π∗(ωJQJV2)),

g1(AY1
BJY2 −AY2

BJY1, ωJSJV3)

= g2((∇π∗)(Y1, CJY2), π∗(ωJSJV3)) + g2((∇π∗)(Y2, CJY1), π∗(ωJSJV3))

for all Y1, Y2 ∈ Γ(kerπ∗)
⊥, V1 ∈ Γ(DJ), V2 ∈ Γ(DJ

1 ) and V3 ∈ Γ(DJ
2 ).

(iv)

g1(V∇Y1BKY2 − V∇Y2BKY1,KV1)

= − g2(π∗(CKY2), (∇π∗)(Y1,KV1)) + g2(π∗(CKY1), (∇π∗)(Y2,KV1)),

g1(AY1
BKY2 −AY2

BKY1, ωKQKV2)

= g2((∇π∗)(Y1, CKY2), π∗(ωKQKV2)) + g2((∇π∗)(Y2, CKY1), π∗(ωKQKV2)),

g1(AY1BKY2 −AY2BKY1, ωKSKV3)

= g2((∇π∗)(Y1, CKY2), π∗(ωKSKV3)) + g2((∇π∗)(Y2, CKY1), π∗(ωKSKV3))

for all Y1, Y2 ∈ Γ(kerπ∗)
⊥, V1 ∈ Γ(DK), V2 ∈ Γ(DK

1 ) and V3 ∈ Γ(DK
2 ).

Proof. Let Y1, Y2 ∈ Γ(kerπ∗)
⊥, V1 ∈ Γ(DR), V2 ∈ Γ(DR

1 ), V3 ∈ Γ(DR
2 ) and

R ∈ sp{I, J,K}. Using equations (2.5), (2.8), (2.9) and (3.3), we have

g1([Y1, Y2], V1) = g1(∇Y1
RY2, RV1)− g1(∇Y2

RY1, RV1)

= g1(V∇Y1BRY2 − V∇Y2BRY1, RV1)

− g1(CRY2,∇Y1RV1) + g1(CRY1,∇Y2RV1).

From equation (2.7), we get

g1([Y1, Y2], V1) = g1(V∇Y1
BRY2 − V∇Y2

BRY1, RV1)

+ g2(π∗(CRY2), (∇π∗)(Y1, RV1))

− g2(π∗(CRY1), (∇π∗)(Y2, RV1)).

Using equations (2.5), (2.6), (2.8), (2.9), (3.1), (3.2), (3.3) and Lemma 3.7, we
get

g1([Y1, Y2], V2)

= g1(R∇Y1
Y2, ϕRQRV2) + g1(R∇Y1

Y2, ωRQRV2)

− g1(R∇Y2
Y1, ϕRQRV2)− g1(R∇Y2

Y1, ωRQRV2),

= cos2 θRg1([Y1, Y2], V2)− g1(∇Y1
Y2, ωRϕRQRV2) + g1(∇Y2

Y1, ωRϕRQRV2)
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+ g1(∇Y1
BRY2, ωRQRV2) + g1(∇Y1

CRY2, ωRQRV2)

− g1(∇Y2
BRY1, ωRQRV2)− g1(∇Y2

CRY1, ωRQRV2).

From equation (2.7), we get

sin2 θRg1([Y1, Y2], V2)

= g1(AY1BRY2 −AY2BRY1, ωRQRV2)− g2((∇π∗)(Y1, CRY2), π∗(ωRQRV2))

+ g2((∇π∗)(Y2, CRY1), π∗(ωRQRV2)).

Similarly, we have

g1([Y1, Y2], V3)

= g1(AY1
BRY2 −AY2

BRY1, ωRSRV3)− g2((∇π∗)(Y1, CRY2), π∗(ωRSRV3))

+ g2((∇π∗)(Y2, CRY1), π∗(ωRSRV3)).

Thus, we have

(i) ⇔ (ii), (i) ⇔ (iii), (i) ⇔ (iv). □

Theorem 3.12. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then the following condi-
tions are equivalent:

(i) the distribution (kerπ∗)
⊥ defines a totally geodesic foliation on N1.

(ii)

g1(AY1Y2, PIV1 + cos2 θIQIV1)

= g1(H∇Y1
Y2, ωIϕIPIV1 + ωIϕIQIV1)− g1(AY1

BIY2 +H∇Y1
CIY2, ωIV1)

for any Y1, Y2 ∈ Γ(kerπ∗)
⊥, V1 ∈ Γ(kerπ∗).

(iii)

g1(AY1Y2, PJV1 + cos2 θJQJV1)

= g1(H∇Y1
Y2, ωJϕJPJV1 + ωJϕJQJV1)− g1(AY1

BJY2 +H∇Y1
CJY2, ωJV1)

for any Y1, Y2 ∈ Γ(kerπ∗)
⊥, V1 ∈ Γ(kerπ∗).

(iv)

g1(AY1Y2, PKV1 + cos2 θ
K
QKV1)

= g1(H∇Y1
Y2, ωKϕKPKV1+ωKϕKQKV1)−g1(AY1

BKY2+H∇Y1
CKY2, ωKV1)

for any Y1, Y2 ∈ Γ(kerπ∗)
⊥, V1 ∈ Γ(kerπ∗).

Proof. Let Y1, Y2 ∈ Γ(kerπ∗)
⊥, V1 ∈ Γ(kerπ∗) and R ∈ sp{I, J,K}. Using

equations (2.5), (2.6), (2.8), (2.9), (3.1), (3.2), (3.3) and Lemma 3.7, we have

g1(∇Y1
Y2, V1)

= g1(R∇Y1Y2, RV1)

= g1(R∇Y1
Y2, ϕRPRV1 + ϕRQRV1 + ωRQRV1 + ωRSRV1)
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= − g1(∇Y1
Y2, ϕ

2
RPRV1 + ωRϕRPRV1 + ωRϕRQRV1)

+ g1(∇Y1
BRY2, ωRQRV1 + ωRSRV1) + g1(∇Y1

CRY2, ωRQRV1 + ωRSRV1)

= g1(AY1Y2, PRV1 + cos2 θRQRV1)− g1(H∇Y1Y2, ωRϕRPRV1 + ωRϕRQRV1)

+ g1(AY1
BRY2, ωRQRV1 + ωRSRV1)+g1(H∇Y1

CRY2, ωRQRV1 + ωRSRV1).

Thus, we have

(i) ⇔ (ii), (i) ⇔ (iii) and (i) ⇔ (iv). □

Theorem 3.13. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then the following condi-
tions are equivalent:

(i) the distribution (kerπ∗) defines a totally geodesic foliation on N1.
(ii)

g1(TV1
PIV2 + cos2 θITV1

QIV2, V3)

= g1(H∇V1
ωIϕIPIV2 +H∇V1

ωIϕIQIV2, V3)

− g1(H∇V1ωIQIV2 +H∇V1ωISIV2, CIV3)

− g1(TV1ωIQIV2 + TV1ωISIV2, BIV3)

for any V1, V2 ∈ Γ(kerπ∗) and V3 ∈ Γ(kerπ∗)
⊥.

(iii)

g1(TV1
PJV2 + cos2 θJTV1

QJV2, V3)

= g1(H∇V1
ωJϕJPJV2 +H∇V1

ωJϕJQJV2, V3)

− g1(H∇V1ωJQJV2 +H∇V1ωJSJV2, CJV3)

− g1(TV1ωJQJV2 + TV1ωJSJV2, BJV3)

for any V1, V2 ∈ Γ(kerπ∗) and V3 ∈ Γ(kerπ∗)
⊥.

(iv)

g1(TV1
PKV2 + cos2 θKTV1

QKV2, V3)

= g1(H∇V1
ωKϕKPKV2 +H∇V1

ωKϕKQKV2, V3)

− g1(H∇V1ωKQKV2 +H∇V1ωKSKV2, CKV3)

− g1(TV1ωKQKV2 + TV1ωKSKV2, BKV3)

for any V1, V2 ∈ Γ(kerπ∗) and V3 ∈ Γ(kerπ∗)
⊥

Proof. Let V1, V2 ∈ Γ(kerπ∗), V3 ∈ Γ(kerπ∗)
⊥ and R ∈ sp{I, J,K}. Using

equations (2.3), (2.4), (2.8), (2.9), (3.1), (3.2), (3.3) and Lemma 3.7, we have

g1(∇V1
V2, V3)

= g1(R∇V1
V2, RV3)

= g1(∇V1ϕRPRV2, RV3) + g1(∇V1ϕRQRV2, RV3)
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+ g1(∇V1
ωRQRV2, RV3) + g1(∇V1

ωRSRV2, RV3)

= g1(TV1PRV2, V3) + cos2 θRg1(TV1QRV2, V3)− g1(H∇V1ωRϕRPRV2, V3)

− g1(H∇V1ωRϕRQRV2, V3) + g1(H∇V1ωRQRV2 +H∇V1ωRSRV2, CRV3)

+ g1(TV1
ωRQRV2 + TV1

ωRSRV2, BRV3).

Thus, we get

(i) ⇔ (ii), (i) ⇔ (iii), (i) ⇔ (iv). □

Theorem 3.14. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then the following condi-
tions are equivalent:

(i) the distribution DR defines a totally geodesic foliation on N1.
(ii)

g1(TV1
IPIV2, ωIQIU1 + ωISIU1) = −g1(V∇V1

IPIV2, ϕIU1),

g1(TV1
IPIV2, CIU2) = −g1(V∇V1

IPIV2, BIU2)

for any V1, V2 ∈ Γ(DI), U1 ∈ Γ(DI
1 ⊕DI

2) and U2 ∈ Γ(kerπ∗)
⊥.

(iii)

g1(TV1JPJV2, ωJQJU1 + ωJSJU1) = −g1(V∇V1JPJV2, ϕJU1),

g1(TV1JPJV2, CJU2) = −g1(V∇V1JPJV2, BJU2)

for any V1, V2 ∈ Γ(DJ), U1 ∈ Γ(DJ
1 ⊕DJ

2 ) and U2 ∈ Γ(kerπ∗)
⊥.

(iv)

g1(TV1
KPKV2, ωKQKU1 + ωKSKU1) = −g1(V∇V1

KPKV2, ϕKU1),

g1(TV1
KPKV2, CKU2) = −g1(V∇V1

KPKV2, BKU2)

for any V1, V2 ∈ Γ(DK), U1 ∈ Γ(DK
1 ⊕DK

2 ) and U2 ∈ Γ(kerπ∗)
⊥.

Proof. Let V1, V2 ∈ Γ(DR), U1 ∈ Γ(DR
1 ⊕ DR

2 ), U2 ∈ Γ(kerπ∗)
⊥ and R ∈

sp{I, J,K}. Using equations (2.3), (2.8), (2.9), (3.1) and (3.2), we have

g1(∇V1
V2, U1)

= g1(∇V1
RV2, RU1)

= g1(∇V1RPRV2, RQRU1 +RSRU1)

= g1(TV1RPRV2, ωRQRU1 + ωRSRU1) + g1(V∇V1RPRV2, ϕRQRU1).

Again, using equations (2.9), (3.1) and (3.3), we have

g1(∇V1
V2, U2)

= g1(∇V1RV2, RU2)

= g1(∇V1RPRV2, BRU2 + CRU2)

= g1(V∇V1
RPRV2, BRU2) + g1(TV1

JPRV2, CRU2).
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Thus, we get
(i) ⇔ (ii), (i) ⇔ (iii), (i) ⇔ (iv). □

Theorem 3.15. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then the following condi-
tions are equivalent:

(i) the distribution DR
1 defines a totally geodesic foliation on N1.

(ii)

g1(TV1ωIϕIV2, U1) = g1(TV1ωIV2, ϕIPIU1) + g1(H∇V1ωIV2, ωISIU1),

g1( H∇V1
ωIϕIV2, U2) = g1(H∇V1

ωIV2, CIU2) + g1(TV1
ωIV2, BIU2)

for any V1, V2 ∈ Γ(DI
1), U1 ∈ Γ(DI ⊕DI

2), U2 ∈ Γ(kerπ∗)
⊥.

(iii)

g1(TV1
ωJϕJV2, U1) = g1(TV1

ωJV2, ϕJPJU1) + g1(H∇V1
ωJV2, ωJSJU1),

g1(H∇V1ωJϕJV2, U2) = g1(H∇V1ωJV2, CJU2) + g1(TV1ωJV2, BJU2)

for any V1, V2 ∈ Γ(DJ
1 ), U1 ∈ Γ(DJ ⊕DJ

2 ), U2 ∈ Γ(kerπ∗)
⊥.

(iv)

g1(TV1
ωKϕKV2, U1) = g1(TV1

ωKV2, ϕKPKU1) + g1(H∇V1
ωKV2, ωKSKU1),

g1(H∇V1
ωKϕKV2, U2) = g1(H∇V1

ωKV2, CKU2) + g1(TV1
ωKV2, BKU2)

for any V1, V2 ∈ Γ(DK
1 ), U1 ∈ Γ(DK ⊕DK

2 ), U2 ∈ Γ(kerπ∗)
⊥.

Proof. Let V1, V2 ∈ Γ(DR
1 ), U1 ∈ Γ(DR ⊕ DR

2 ), U2 ∈ Γ(kerπ∗)
⊥ and R ∈

sp{I, J,K}. Using equations (2.4), (2.8), (2.9), (3.1), (3.2) and Lemma 3.7, we
have

g1(∇V1
V2, U1)

= g1(∇V1
RV2, RU1)

= g1(∇V1
ϕRV2, RU1) + g1(∇V1

ωRV2, RU1)

= cos2 θRg1(∇V1
V2, U1)− g1(TV1

ωRϕRV2, U1)

+ g1(TV1
ωRV2, ϕRPRU1) + g1(H∇V1

ωRV2, ωRSRU1).

So, we have

sin2 θRg1(∇V1V2, U1)

= − g1(TV1
ωRϕRV2, U1) + g1(TV1

ωRV2, RPRU1) + g1(H∇V1
ωRV2, ωRSRU1).

From equations (2.4), (2.8), (2.9), (3.2), (3.3) and Lemma 3.7, we get

g1(∇V1
V2, U2)

= g1(∇V1
RV2, RU2),

= g1(∇V1
ϕRV2, RU2) + g1(∇V1

ωRV2, RU2),

= cos2 θRg1(∇V1
V2, U2)− g1(H∇V1

ωRϕRV2, U2)
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+ g1(H∇V1
ωRV2, CRU2) + g1(TV1

ωRV2, BRU2).

Thus, we have

sin2 θRg1(∇V1V2, U2)

= − g1(H∇V1
ωRϕRV2, U2) + g1(H∇V1

ωRV2, CRU2) + g1(TV1
ωRV2, BRU2).

Then, we get
(i) ⇔ (ii), (i) ⇔ (iii), (i) ⇔ (iv). □

Theorem 3.16. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then the following condi-
tions are equivalent:

(i) the distribution DR
2 defines a totally geodesic foliation on N1.

(ii)

g1(H∇V1
ωIV2, ωIQIX1) = −g1(TV1

ωISIV2, ϕIPIX1 + ϕIQIX1),

g1(H∇V1ωISIV2, CIX2) = −g1(TV1ωISIV2, BIX2)

for any V1, V2 ∈ Γ(DI
2), X1 ∈ Γ(DI ⊕DI

1), X2 ∈ Γ(kerπ∗)
⊥.

(iii)

g1(H∇V1
ωJV2, ωJQJX1) = −g1(TV1

ωJSJV2, ϕJPJX1 + ϕJQJX1),

g1(H∇V1ωJSV2, CJX2) = −g1(TV1ωJSV2, BJX2)

for any V1, V2 ∈ Γ(DJ
2 ), X1 ∈ Γ(DJ ⊕DJ

1 ), X2 ∈ Γ(kerπ∗)
⊥.

(iv)

g1(H∇V1
ωKV2, ωKQKX1) = −g1(TV1

ωKSV2, ϕKPKX1 + ϕKQKX1),

g1(H∇V1ωKSV2, CKX2) = −g1(TV1ωKSKV2, BKX2)

for any V1, V2 ∈ Γ(DK
2 ), X1 ∈ Γ(DK ⊕DK

1 ), X2 ∈ Γ(kerπ∗)
⊥.

Proof. Let V1, V2 ∈ Γ(DR
2 ), X1 ∈ Γ(DR ⊕ DR

1 ), X2 ∈ Γ(kerπ∗)
⊥ and R ∈

sp{I, J,K}. Using equations (2.4), (2.9), (3.1) and (3.2), we have

g1(∇V1
V2, X1)

= g1(∇V1
RV2, RX1)

= g1(∇V1ωRSRV2, ϕRPRX1 + ϕRQRX1 + ωRQRX1),

= g1(TV1
ωRSRV2, ϕRPRX1 + ϕRQRX1) + g1(H∇V1

ωRSRV2, ωRQRX1).

Similarly, using equations (2.4), (2.9), (3.1), (3.2) and (3.3), we get

g1(∇V1
V2, X2) = g1(∇V1

RV2, RX2)

= g1(∇V1
ωRSRV2, BRX2 + CRX2)

= g1(TV1ωRSRV2, BRX2) + g1(H∇V1ωRRV2, CRX2).

Thus, we get
(i) ⇔ (ii), (i) ⇔ (iii), (i) ⇔ (iv). □
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Theorem 3.17. Let π be an almost h-quasi-hemi-slant submersion from a hy-
perkähler manifold (N1, I, J,K, g1) onto a Riemannian manifold (N2, g2) such
that (I, J,K) is an almost h-quasi-hemi-slant basis. Then the following condi-
tions are equivalent:

(i) π is a totally geodesic map.
(ii)

g1(TX1
PIX2 + cos2 θITX1

QIX2 −H∇X1
ωIϕIPIX2 −H∇X1

ωIϕIQIX2, Z1)

= g1(TX1
ωIQIX2 + TX1

ωISIX2, BIZ1)

+ g1(H∇X1ωIϕIQIX2 +H∇X1ωIϕISIX2, Z1),

g1(AZ1
PIX1 + cos2 θIAZ1

QIX1 −H∇Z1
ωIϕIPIX1 −H∇Z1

ωIϕIQIX1, Z2)

= g1(AZ1
ωIQIX1 +AZ1

ωISIX1, BIZ2)

+ g1(H∇Z1ωIQIX1 +H∇Z1ωISIX1, CIZ2)

for any X1, X2 ∈ Γ(kerπ∗) and Z1, Z2 ∈ Γ(kerπ∗)
⊥.

(iii)

g1(TX1
PJX2 + cos2 θJTX1

QJX2 −H∇X1
ωJϕJPJX2 −H∇X1

ωJϕJQJX2, Z1)

= g1(TX1ωJQJX2 + TX1ωJSJX2, BJZ1)

+ g1(H∇X1
ωJϕJQJX2 +H∇X1

ωJϕJSJX2, Z1),

g1(AZ1PJX1 + cos2 θJAZ1QJX1 −H∇Z1ωJϕJPJX1 −H∇Z1ωJϕJQJX1, Z2)

= g1(AZ1ωJQJX1 +AZ1ωJSJX1, BJZ2)

+ g1(H∇Z1
ωJQJX1 +H∇Z1

ωJSJX1, CIZ2)

for any X1, X2 ∈ Γ(kerπ∗) and Z1, Z2 ∈ Γ(kerπ∗)
⊥.

(iv)

g1(TX1PKX2 + cos2 θKTX1QKX2 −H∇X1ωKϕKPKX2 −H∇X1ωKϕKQKX2, Z1)

= g1(TX1
ωKQKX2 + TX1

ωKSKX2, BKZ1)

+ g1(H∇X1
ωKϕKQKX2 +H∇X1

ωKϕKSKX2, Z1),

g1(AZ1
PKX1 + cos2 θKAZ1

QKX1 −H∇Z1
ωKϕKPKX1 −H∇Z1

ωKϕKQKX1, Z2)

= g1(AZ1ωKQKX1 +AZ1ωKSKX1, BKZ2)

+ g1(H∇Z1
ωKQKX1 +H∇Z1

ωKSKX1, CKZ2)

for any X1, X2 ∈ Γ(kerπ∗) and Z1, Z2 ∈ Γ(kerπ∗)
⊥.

Proof. Since π is a Riemannian submersion, we have

(∇π∗)(Z1, Z2) = 0

for any Z1, Z2 ∈ Γ(kerπ∗)
⊥.

For any X1, X2 ∈ Γ(kerπ∗), Z1, Z2 ∈ Γ(kerπ∗)
⊥ and R ∈ sp{I, J,K}. Using

equations (2.3), (2.4), (2.7), (2.8), (2.9), (3.1), (3.2), (3.3) and Lemma 3.7, we
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have

g2((∇π∗)(X1, X2), π∗(Z1))

= − g1(∇X1X2, Z1),

= − g1(∇X1
RX2, RZ1),

= − g1(∇X1
RPRX2, RZ1)− g1(∇X1

RQRX2, RZ1)− g1(∇X1
RSRX2, RZ1),

= − g1(∇X1
ϕRPRX2, RZ1)− g1(∇X1

ϕRQRX2, RZ1)

− g1(∇X1ωRQRX2, RZ1)− g1(∇X1ωRSRX2, RZ1),

= − g1(TX1PRX2 + cos2 θRTX1QRX2 −H∇X1ωRϕRPRX2 −H∇X1ωRϕRQRX2, Z1)

− g1(TX1
ωRQRX2 + TX1

ωRSRX2, BRZ1)

− g1(H∇X1
ωRϕRQRX2 +H∇X1

ωRϕRSRX2, Z1).

Next, using equations (2.5), (2.6), (2.7), (2.8), (2.9), (3.1), (3.2), (3.3) and
Lemma 3.7, we have

g2((∇π∗)(Z1, X1), π∗(Z2))

= − g1(∇Z1
X1, Z2),

= − g1(∇Z1
RX1, RZ2),

= − g1(∇Z1RPRX1, RZ2)− g1(∇Z1RQRX1, RZ2)− g1(∇Z1RSRX1, RZ2),

= − g1(∇Z1ϕRPRX1, RZ2)− g1(∇Z1ϕRQRX1, RZ2)

− g1(∇Z1
ωRQRX1, RZ2)− g1(∇Z1

ωRSRX1, RZ2),

= − g1(AZ1
PRX1 + cos2 θRAZ1

QRX1 −H∇Z1
ωRϕRPRX1 −H∇Z1

ωRϕRQRX1, Z2)

− g1(AZ1
ωRQRX1 +AZ1

ωRSRX1, BRZ2)

− g1(H∇Z1ωRQRX1 +H∇Z1ωRSRX1, CRZ2).

Thus, we get

(i) ⇔ (ii), (i) ⇔ (iii) and (i) ⇔ (iv). □

4. Example

Note that given an Euclidean space R4k with coordinates (x1, x2, . . . , x4k),
we can canonically choose complex structures I, J,K on R4k as follows:

I(
∂

∂x4s+1
) =

∂

∂x4s+2
, I(

∂

∂x4s+2
) = − ∂

∂x4s+1
, I(

∂

∂x4s+3
) =

∂

∂x4s+4
,

I(
∂

∂x4s+4
) = − ∂

∂x4s+3
, J(

∂

∂x4s+1
) =

∂

∂x4s+3
, J(

∂

∂x4s+2
) = − ∂

∂x4s+4
,

J(
∂

∂x4s+3
) = − ∂

∂x4s+1
, J(

∂

∂x4s+4
) =

∂

∂x4s+2
,K(

∂

∂x4s+1
) =

∂

∂x4s+4
,

K(
∂

∂x4s+2
) =

∂

∂x4s+3
,K(

∂

∂x4s+3
) = − ∂

∂x4s+2
,K(

∂

∂x4s+4
) = − ∂

∂x4s+1
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for s ∈ {0, 1, 2, . . . , k − 1}. Thus, (R4k, I, J,K, ⟨ , ⟩) is a hyperkähler manifold
where ⟨ , ⟩ denotes the Euclidean metric on R4k.

These notations are used throughout this section.

Example 4.1. Define a map π : R12 → R4 by

π(x1, x2, . . . , x12) = (x3,
x4 + x5√

2
, x7, x11).

The map π is a strictly h-quasi-hemi-slant Riemannian submersion such that

kerπ∗ =

〈
∂

∂x1
,

∂

∂x2
,
1√
2
(

∂

∂x4
− ∂

∂x5
),

∂

∂x6
,

∂

∂x8
,

∂

∂x9
,

∂

∂x10
,

∂

∂x12

〉
,

(kerπ∗)
⊥ =

〈
∂

∂x3
,
1√
2
(

∂

∂x4
+

∂

∂x5
),

∂

∂x7
,

∂

∂x11

〉
,

DI =

〈
∂

∂x1
,

∂

∂x2
,

∂

∂x9
,

∂

∂x10

〉
, DI

1 =

〈
1√
2
(

∂

∂x4
− ∂

∂x5
),

∂

∂x6

〉
,

DI
2 =

〈
∂

∂x8
,

∂

∂x12

〉
, DJ =

〈
∂

∂x6
,

∂

∂x8
,

∂

∂x10
,

∂

∂x12

〉
,

DJ
1 =

〈
∂

∂x2
,
1√
2
(

∂

∂x4
− ∂

∂x5
)

〉
, DJ

2 =

〈
∂

∂x1
,

∂

∂x9

〉
,

DK =

〈
∂

∂x9
,

∂

∂x12

〉
, DK

1 =

〈
∂

∂x1
,
1√
2
(

∂

∂x4
− ∂

∂x5
),

∂

∂x8

〉
,

DK
2 =

〈
∂

∂x2
,

∂

∂x6
,

∂

∂x10

〉
,

with the almost h-quasi-hemi-slant angles {θI = π
4 , θJ = π

4 , θK = π
4 }.

Example 4.2. Define a map π : R16 → R6 by

π(x1, x2, . . . , x16) = (
x1 −

√
3 x5

2
, x2, x7, x8, x13, x16).

Then the map π is an almost h-quasi-hemi-slant Riemannian submersion
such that

kerπ∗ =

〈
1

2
(
√
3

∂

∂x1
+

∂

∂x5
),

∂

∂x3
,

∂

∂x4
,

∂

∂x6
,

∂

∂x9
,

∂

∂x10
,

∂

∂x11
,

∂

∂x12
,

∂

∂x14
,

∂

∂x15

〉
,

(kerπ∗)
⊥ =

〈
1

2
(

∂

∂x1
−
√
3

∂

∂x5
),

∂

∂x2
,

∂

∂x7
,

∂

∂x8
,

∂

∂x13
, H4 =

∂

∂x16

〉
,

DI =

〈
∂

∂x3
,

∂

∂x4
,

∂

∂x9
,

∂

∂x10
,

∂

∂x11
,

∂

∂x12

〉
, DI

1 =

〈
1

2
(
√
3

∂

∂x1
+

∂

∂x5
),

∂

∂x6

〉
,

DI
2 =

〈
∂

∂x14
,

∂

∂x15

〉
, DJ =

〈
∂

∂x9
,

∂

∂x10
,

∂

∂x11
,

∂

∂x12

〉
,

DJ
1 =

〈
1

2
(
√
3

∂

∂x1
+

∂

∂x5
),

∂

∂x3

〉
, DJ

2 =

〈
∂

∂x4
,

∂

∂x6
,

∂

∂x14
,

∂

∂x15

〉
,
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DK =

〈
∂

∂x9
,

∂

∂x10
,

∂

∂x11
,

∂

∂x12
,

∂

∂x14
,

∂

∂x15

〉
, DK

1 =

〈
1

2
(
√
3

∂

∂x1
+

∂

∂x5
),

∂

∂x4

〉
,

DK
2 =

〈
∂

∂x3
,

∂

∂x6

〉
,

with the almost h-quasi-hemi-slant angles {θI = π
3 , θJ = π

6 , θK = π
6 }.
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