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GENERALIZED HYPERBOLIC GEOMETRIC FLOW

Shahroud Azami, Ghodratallah Fasihi Ramandi, and Vahid Pirhadi

Abstract. In the present paper, we consider a kind of generalized hyper-

bolic geometric flow which has a gradient form. Firstly, we establish the

existence and uniqueness for the solution of this flow on an n-dimensional
closed Riemannian manifold. Then, we give the evolution of some geo-

metric structures of the manifold along this flow.

1. Introduction

A geometric flow on a manifold M is a type of partial differential equa-
tion for a geometric structure such as metric tensor or an embedding under a
differential equation with a functional on a manifold which has a geometric in-
terpreting, usually associated with some extrinsic or intrinsic curvature. Such
flows are fundamentally related to the calculus of variations and are important
tool in differential geometry and physics. Let M be an n-dimensional complete
Riemannian manifold with the Riemannian metric g = (gij). Intrinsic geomet-
ric flows independent of any embedding or immersion and usually are flows on
the metric tensor. The first important intrinsic geometric flow is Ricci flow
which for the first time introduced by R. Hamilton in 1982 [9] as follows:

(1)
∂

∂t
g = −2Ric, g(0) = g0,

where Ric is the Ricci curvature of g and Ricci flow evolves a Riemannian
metric by its Ricci curvature. R. Hamilton (see [9]) and D. DeTurck (see [8])
proved the short-time existence and uniqueness for the solution of the Ricci flow
on compact Riemannian manifolds. Also, evolution equations for geometric
objects dependant to the metric investigated by some researchers along the
geometric flow, in especially Ricci flow (see [6]).

The second important geometric flow which is a generalization of Ricci flow
is called the Ricci-Bourguignon flow and is defined by

(2)
∂

∂t
g = −2Ric+ 2ρRg = −2(Ric− ρRg), g(0) = g0.
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Here R and ρ are the scalar curvatures of g and a real constant, respectively.
For the first time, Bourguignon (see [4]) introduced Ricci-Bourguignon flow
and then Catino et al. [5] showed the unique short-time existence for solution
to the Ricci-Bourguignon flow on [0, T ) for ρ < 1

2(n−1) .

Another important geometric flow which is also the generalization of the
Ricci flow called the harmonic-Ricci flow [12] and is defined by

(3)

{
∂
∂tg(t) = −2Ric+ 2α(t)∇ϕ⊗∇ϕ, g(0) = g0,
∂
∂tϕ = τgϕ, ϕ(0) = ϕ0,

where α(t) > 0 is a smooth function and depends only on m and t, ϕ(t) :
(M, g(t)) → (N,h) is a family of smooth maps from (M, g(t)) to a fixed compact
Riemannian manifold (N,h), and τgϕ is the tension field of the map ϕ given
by the evolving metric g(t). If (N,h) = (R, dr2), then this flow reduces to the
Bernhard List’s flow [11],

(4)

{
∂
∂tg(t) = −2Ric+ 2η(t)∇ϕ⊗∇ϕ, g(0) = g0,
∂
∂tϕ = ∆gϕ, ϕ(0) = ϕ0.

Then Azami [2] generalized harmonic-Ricci flow to Ricci-Bourguignon flow cou-
pled with harmonic map as follows:

(5)

{
∂
∂tg(t) = −2Ric+ 2ρRg + 2η∇ϕ⊗∇ϕ, g(0) = g0,
∂
∂tϕ = τgϕ, ϕ(0) = ϕ0,

and showed the unique short-time existence for solution of the flow (5) on (0, T )
for ρ < 1

2(n−1) on any smooth m-dimensional compact Riemannian manifold

M with initial condition (g0, ϕ0).
J. Y. Wu in [13] studied a generalization of harmonic-Ricci flow as follows:

(6)


∂g
∂t (x, t) = −2Ric(x, t) + h(x, t) + 2τdu⊗ du(x, t), g(x, 0) = g(x),
∂
∂tH(x, t) = ∆HL,g(x,t)H(x, t), H(x, 0) = H(x),
∂
∂tu(x, t) = ∆u(x, t), u(x, 0) = u0(x),

where Ric is the Ricci tensor of the manifold M , h is a two-form with com-
ponents hij =

1
2HiklH

kl
j , ∆HL = −(dd∗ + d∗d) is the Hodge-Laplace operator,

and τ is a positive constant.
Another important geometric flow introduced by Kong and Liu [10] which

is the generalized hyperbolic geometric flow and is defined by

(7)
∂2g

∂t2
+ 2Ric+ F(g,

∂g

∂t
) = 0,

where F is a smooth function of the Riemannian metric g and its first derivative
with respect to t. The hyperbolic geometric flow same as the Einstein equation

∂2

∂t2
gij = −2Rij −

1

2
gpq

∂gij
∂t

∂gpq
∂t

+ gpq
∂gip
∂t

∂gjq
∂t

,
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is similar to the wave equation flow metrics and is defined by

(8)
∂2

∂t2
g = −2Ric, g(0) = g0,

∂g

∂t
(0) = k0,

where k0 is a (0, 2)-type symmetric tensor field on M . The existences and
uniqueness of (8) investigated in [7].

Let (M, g) be an n-dimensional closed Riemannian manifold andH = {Hijk}
be a three-form on M . Motivated by the above works in present paper, we
consider the following generalized hyperbolic geometric flow (GHGF) on M :

(9)


∂2gij
∂t2 (x, t) = −2Ric(x, t) + 2ρRg(x, t) + h(x, t) + 2τdu⊗ du,

g(x, 0) = g(x), ∂
∂tg(x, 0) = κ0(x),

∂
∂tH(x, t) = ∆HL,g(x,t)H(x, t), H(x, 0) = H(x),
∂
∂tu(x, t) = ∆u(x, t), u(x, 0) = u0(x),

where Ric is the Ricci tensor of the manifold M , h is a two-form with compo-
nents hij = 1

2HiklH
kl
j , κ0 is a symmetric (0, 2)-tensor field on M , ρ is a real

constant, ∆HL = −(dd∗ + d∗d) denotes the Hodge-Laplace operator, and τ is
a positive constant. In above system if the form H is closed, then the cor-
responding system is called the refined generalized hyperbolic geometric flow
(RGHGF):

(10)


∂2gij
∂t2 (x, t) = −2Ric(x, t) + 2ρRg(x, t) + h(x, t) + 2τdu⊗ du,

g(x, 0) = g(x), ∂
∂tg(x, 0) = κ0(x),

∂
∂tH(x, t) = −dd∗H(x, t), H(x, 0) = H(x),
∂
∂tu(x, t) = ∆u(x, t), u(x, 0) = u0(x).

The coupled geometric flow (9) is related to the harmonic-hyperbolic geomet-
ric flow [1]. In this paper, we mainly discuss the short-time existence, evolution
of some geometric structure for this general hyperbolic geometric flow system
on closed Riemannian manifolds. Many of our results obviously extend previ-
ous results in [1, 3, 7, 10]. If H = 0 and u = 0, the GHGF system (9) reduces
to the hyperbolic Ricci-Bourguignon flow [3]. Also, when H = 0 and ρ = 0 the
GHGF system (9) reduces to the harmonic-hyperbolic geometric flow [1].

2. Short-time existence and uniqueness of the GHGF flow

In this section, by a similar argument with the unique short-time existence
for solution to geometric flows such as Ricci flow, Ricci-Bourguignon flow,
harmonic-Ricci flow, and hyperbolic geometric flow, we show the short-time
existence and uniqueness for the GHGF system on a compact n-dimensional
Riemannian manifold. Firstly, we show that if H(x) is closed, then we have
the following results.

Proposition 2.1. Along the RGHGF, the form H(x, t) is closed if the initial
value H(x) is closed.
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Proof. The exterior derivative d is independent of the metric, so we get

∂

∂t
dH(x, t) = d

∂

∂t
H(x, t) = d

(
−dd∗g(x,t)H(x, t)

)
= 0.

Therefore, dH(x, t) is independent of time variable t and dH(x, t) = dH(x).
Since H(x) is a closed form, we conclude that dH(x, t) = 0. □

Proposition 2.2. If (g(x, t), H(x, t)) is a solution to RGHGF and the initial
value H(x) is a closed form, then (g(x, t), H(x, t)) is also a solution to GHGF.

Proof. From Proposition 2.1, since H(x) is closed then H(x, t) is also closed
under the RGRBF. Therefore,

∆HL,g(x,t)H(x, t) = −dd∗g(x,t)H(x, t).

This completes the proof of proposition. □

Theorem 2.3. Let ρ < 1
2(n−1) . Then the evolution GHGF system has a unique

solution for a short time on any smooth, n-dimensional, closed Riemannian
manifold M .

Proof. Our method to establish the theorem will be applying the DeTurk trick
in Ricci flow to prove its short time existence. Let (g(x, t), H(x, t), u(x, t)) be
the solution of the GHGF and ϕt : M → M be a family of smooth diffeomor-
phisms of M . Suppose

ĝ(x, t) = ϕ∗
t g(x, t)

is the pull-back metrics of the metric g(x, t). We consider local coordinates
system x = {x1, x2, . . . , xn} for M and for computing the evolution equation
for the metric ĝ(x, t), let

y(x, t) = ϕt(x) = {y1(x, t), y2(x, t), . . . , yn(x, t)}.

We follow the same calculation of [1, 3], we have

ĝij(x, t) =
∂yα

∂xi

∂yβ

∂xj
gαβ(y, t),

and

∂

∂t
ĝij(x, t) =

∂yα

∂xi

∂yβ

∂xj

(
∂

∂t
gαβ(y, t)

)
+

∂

∂xi

(
∂yα

∂t

)
∂yβ

∂xj
gαβ(y, t)(11)

+
∂yα

∂xi

∂

∂xj

(
∂yβ

∂t

)
gαβ(y, t).

As

∂yα

∂xi

∂yβ

∂xj

∂2yγ

∂t2
∂gαβ
∂yγ

=
∂yα

∂xi

∂yβ

∂xj

∂2yγ

∂t2
ĝkl(x, t)

∂

∂yγ

(
∂xk

∂yα
∂xl

∂yβ

)
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=
∂2yα

∂t2
∂

∂xi

(
∂xk

∂yα

)
ĝjk(x, t) +

∂2yβ

∂t2
∂

∂xj

(
∂xk

∂yβ

)
ĝik(x, t)

=
∂

∂xi

(
∂2yα

∂t2
∂xk

∂yα
ĝjk(x, t)

)
+

∂

∂xj

(
∂2yβ

∂t2
∂xk

∂yβ
ĝik(x, t)

)
− ∂

∂xi

(
∂2yα

∂t2

)
∂xk

∂yα
ĝjk(x, t)−

∂

∂xj

(
∂2yβ

∂t2

)
∂xk

∂yβ
ĝik(x, t),

we get

∂yα

∂xi

∂yβ

∂xj

∂2yγ

∂t2
∂gαβ
∂yγ

=
∂

∂xi

(
∂2yα

∂t2
∂xk

∂yα
ĝjk(x, t)

)
+

∂

∂xj

(
∂2yβ

∂t2
∂xk

∂yβ
ĝik(x, t)

)
− ∂

∂xi

(
∂2yα

∂t2

)
∂yβ

∂xj
gαβ(y, t)−

∂

∂xj

(
∂2yβ

∂t2

)
∂yα

∂xi
gαβ(y, t).

Thus, by direct computing, we infer

∂2ĝij
∂t2

(x, t)(12)

=
d2gαβ
dt2

(y, t)
∂yα

∂xi

∂yβ

∂xj
+

∂2gαβ
∂yγ∂yλ

∂yα

∂xi

∂yβ

∂xj

∂yγ

∂t

∂yλ

∂t

+ 2
∂2gαβ
∂yγ∂t

∂yα

∂xi

∂yβ

∂xj

∂yγ

∂t
+

∂

∂xi
(gαβ

∂yβ

∂xj

∂2yα

∂t2
) +

∂

∂xj
(gαβ

∂yβ

∂xi

∂2yα

∂t2
)

+

[
∂gαβ
∂yγ

∂yα

∂xi

∂yβ

∂xj
− ∂

∂xi
(gβγ

∂yβ

∂xj
)− ∂

∂xj
(gβγ

∂yβ

∂xi
)

]
∂2yγ

∂t2

+ 2
∂

∂xi
(
∂yα

∂t
)
∂yβ

∂xj
(
∂gαβ
∂t

+
∂gαβ
∂yγ

∂yγ

∂t
)

+ 2
∂yα

∂xi

∂

∂xj
(
∂yβ

∂t
)(
∂gαβ
∂t

+
∂gαβ
∂yγ

∂yγ

∂t
) + 2gαβ

∂

∂xi
(
∂yα

∂t
)

∂

∂xj
(
∂yβ

∂t
).

For a fixed point p ∈ M , we assume a normal coordinate {xi} around point p

such that
∂ĝij
∂xk = 0 at p. We obtain

(13)
∂gαβ
∂yγ

∂yα

∂xi

∂yβ

∂xj
− ∂

∂xi
(gβγ

∂yβ

∂xj
)− ∂

∂xj
(gβγ

∂yβ

∂xi
) = 0, ∀i, j, γ = 1, 2, . . . , n.

On the other hand, we have

dgαβ
dt

(y, t) =
∂gαβ
∂yγ

∂yγ

∂t
+

∂gαβ
∂t

,

and

d2gαβ
dt2

(y, t) =
∂2gαβ
∂yγ∂yλ

∂yγ

∂t

∂yλ

∂t
+ 2

∂2gαβ
∂yγ∂t

∂yγ

∂t
+

∂2gαβ
∂t2

+
∂gαβ
∂yγ

∂2yγ

∂t2
.



580 S. AZAMI, G. FASIHI RAMANDI, AND V. PIRHADI

Since g(x, t) is the solution of GHGF we infer

∂2

∂t2
gαβ(y, t) = −2Rαβ(y, t) + 2ρRgαβ(y, t) + hαβ(y, t) + 2τdu⊗ du,

where hαβ = 1
2HαklH

kl
β (x, t). Hence,

d2gαβ
dt2

(y, t) = − 2Rαβ(y, t) + 2ρRgαβ(y, t) + hαβ(y, t) + 2τdu⊗ du

+
∂2gαβ
∂yγ∂yλ

∂yγ

∂t

∂yλ

∂t
+ 2

∂2gαβ
∂yγ∂t

∂yγ

∂t
+

∂gαβ
∂yγ

∂2yγ

∂t2
.

Substituting the above equation in (12) we conclude

∂2ĝij
∂t2

(x, t) = − 2Rαβ(y, t)
∂yα

∂xi

∂yβ

∂xj
+ 2ρR(y, t)gαβ(y, t)

∂yα

∂xi

∂yβ

∂xj
(14)

+ hαβ(y, t)
∂yα

∂xi

∂yβ

∂xj
+ 2τdu⊗ du(y, t)

∂yα

∂xi

∂yβ

∂xj

+
∂yα

∂xi

∂yβ

∂xj

∂2gαβ
∂yγ∂yλ

∂yγ

∂t

∂yλ

∂t
+ 2

∂2gαβ
∂yγ∂t

∂yγ

∂t

∂yα

∂xi

∂yβ

∂xj

+
∂

∂xi

(
ĝαβ

∂yβ

∂xj

∂2yα

∂t2

)
+

∂

∂xj

(
ĝαβ

∂yβ

∂xi

∂2yα

∂t2

)
+ 2

∂

∂xi
(
∂yα

∂t
)
∂yβ

∂xj

(
∂gαβ
∂yγ

∂yγ

∂t
+

∂gαβ
∂t

)
+ 2

∂

∂xj
(
∂yβ

∂t
)
∂yα

∂xi

(
∂gαβ
∂yγ

∂yγ

∂t
+

∂gαβ
∂t

)
+ 2

∂

∂xi
(
∂yα

∂t
)

∂

∂xj
(
∂yβ

∂t
)gαβ .

Since

R̂ij(x, t) =
∂yα

∂xi

∂yβ

∂xj
Rαβ(y, t), R̂(x, t) = R(y, t),

ĥij(x, t) =
∂yα

∂xi

∂yβ

∂xj
hαβ(y, t), τdû⊗ dû(x, t) = τdu⊗ du(y, t)

∂yα

∂xi

∂yβ

∂xj
,

we obtain

∂2

∂t2
ĝij(x, t) = − 2R̂ij(x, t) + 2ρRĝij(x, t) + ĥij(x, t) + 2τdû⊗ dû(15)

+∇i

(
∂2yα

∂t2
∂xk

∂yα
ĝjk(x, t)

)
+∇j

(
∂2yβ

∂t2
∂xk

∂yβ
ĝik(x, t)

)
+

∂yα

∂xi

∂yβ

∂xj

∂2gαβ
∂yγ∂yλ

∂yγ

∂t

∂yλ

∂t
+ 2

∂2gαβ
∂yγ∂t

∂yγ

∂t

∂yα

∂xi

∂yβ

∂xj

+ 2
∂

∂xi
(
∂yα

∂t
)
∂yβ

∂xj

(
∂gαβ
∂yγ

∂yγ

∂t
+

∂gαβ
∂t

)
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+ 2
∂

∂xj
(
∂yβ

∂t
)
∂yα

∂xi

(
∂gαβ
∂yγ

∂yγ

∂t
+

∂gαβ
∂t

)
+ 2

∂

∂xi
(
∂yα

∂t
)

∂

∂xj
(
∂yβ

∂t
)gαβ .

According to DeTurk trick, we define y(x, t) = ϕt(x) by the equations

(16)
∂2yα

∂t2
=

∂yα

∂xk
ĝjl

(
Γ̂k
jl − Γ̊k

jl

)
, yα(x, 0) = xα,

∂

∂t
yα(x, 0) = yα1 (x),

and Vi = ĝikĝ
jl
(
Γ̂k
jl − Γ̊k

jl

)
, where Γ̂k

jl and Γ̄k
jl are the connection coeffi-

cients corresponding to the metrics ĝ(t) and g0, respectively and yα1 (x) for
α = 1, 2, . . . , n, are arbitrary smooth functions on the manifold M . Then (15)
becomes

∂

∂t
ĝij(x, t) = − 2R̂ij(x, t) + 2ρRĝij(x, t) + ĥij(x, t) + 2τdû⊗ dû(17)

+∇iVj +∇jVi + F (Dy,DtDxy), ĝij(x, 0) = ĝ(x),

where

Dy = (
∂yα

∂t
,
∂yα

∂xi
), DtDxy = (

∂2yα

∂xi∂t
), α, i = 1, 2, . . . , n.

Also,

(18)
∂Ĥ

∂t
= ϕ∗

t

(
∂H

∂t
+ LV H

)
= ∆LBĤ − d⟨Ĥ, V ⟩, Ĥ(x, 0) = Ĥ(x),

and

∂û

∂t
= ϕ∗(

∂u

∂t
) + LV û = ∆ĝû+ ⟨∇û, V ⟩ = ∆ĝû+ dû(V )(19)

= ∆ĝû+ dû(V ) = ĝkl(
∂2

∂xk∂xl
ûλ − Γ̂j

kl∇j û
λ) +∇j û

λĝkl(Γ̂j
kl − Γ̊k

jl)

= ĝkl(∂k∂lû
λ − Γ̊k

jl∇j û
λ)

which is a strictly hyperbolic equation. Since

Γ̂k
ij =

∂yα

∂xj

∂yβ

∂xi

∂xk

∂yγ
Γγ
αβ +

∂xk

∂yα
∂2yα

∂xj∂xi
,

the initial value problem (16) can be becomes

(20)

{
∂2yα

∂t2 = ĝjl
(
Γβ
αγ

∂yγ

∂xi
∂yβ

∂xj + ∂2yα

∂xj∂xl − Γ̊k
jl

∂yα

∂xk

)
,

yα(x, 0) = xα, ∂
∂ty

α(x, 0) = yα1 (x).

Equation (20) is a strictly parabolic system. The theory of parabolic equations
implies that the system (20) has a unique smooth solution for a short time
since the manifold M is compact. At the same time, we have

∂

∂t
ĝij(x, t) = ĝkl

∂2ĝij
∂xk∂xl

(x, t)− 2ρĝij ĝ
pq ĝkl

∂2ĝkl
∂xp∂xq

(x, t)(21)
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+ 2ρĝij ĝ
pq ĝkl

∂2ĝql
∂xp∂xk

(x, t) + ĥij(x, t)

+ 2τ∇iu∇ju+ F (Dy,DtDy) +G(g,Dxg),

and

(22)
∂

∂t
Ĥijk(x, t) = ĝrs

∂2Ĥijk

∂xr∂xs
(x, t) + lower order terms,

where Dxg = (
∂gij
∂xk ), i, j, k = 1, 2, . . . , n. From [3, 5], for ρ < 1

2(n−1) the

equations (21) and (22) are strictly parabolic systems. Since the manifold M is
compact, then by the standard theory of parabolic equation the systems (21)
and (22) have a unique smooth solution for a short time. From the solution
of (21) and (22) we can obtain a solution of the GHGF system (9). Now, we
show the uniqueness of the solution.

For any two solutions g
(1)
ij (x, t) and g

(2)
ij (x, t) of the GHGF system (9) with

the same initial data, we solve the initial value problem (20) and find two

families ϕ
(1)
t and ϕ

(2)
t of diffeomorphisms of M . Therefore we get two so-

lutions, ĝ
(1)
ij (x, t) = (ϕ

(1)
t )∗g

(1)
ij (x, t) and ĝ

(2)
ij (x, t) = (ϕ

(2)
t )∗g

(2)
ij (x, t), to the

modified evolution equation (21) with same initial data ĝij(x, 0) = gij(x).
The uniqueness result for the strictly parabolic equation (21) implies that

ĝ
(1)
ij (x, t) = ĝ

(2)
ij (x, t) and then by system (20) and the standard uniqueness

result of PDE system, the corresponding solutions ϕ
(1)
t and ϕ

(2)
t of (20) must

agree. Consequently the metrics g
(1)
ij (x, t) and g

(2)
ij (x, t) must agree also. There-

fore we have showed the uniqueness for the solution of the GHGF system
(9). □

3. Evolution equations of curvature tensor along the GHGF system

In the following, we applying the techniques and ideas to deal with the
evolution equation under the Ricci flow by Brendle (see [6]) and the evolution
equation along the hyperbolic geometric flow by W. R. Dai and et al. (see [7])
to find the evolution formula for some geometric objects of (M, g) under the
GHGF system.

Theorem 3.1. Under the GHGF system, the evolution of the Riemannian
curvature tensor Rijkl of (M, g) is as follows:

∂2

∂t2
Rijkl(23)

= ∆Rijkl + 2gpq

( ∂

∂t
Γp
il ·

∂

∂t
Γq
jk − ∂

∂t
Γp
jl ·

∂

∂t
Γq
ik

)
− gpq(RpjklRqi +RipklRqj −RijqkRpl +RijqlRpk + 2RilqjRkp)

+ 2(Bijkl −Bijlk −Biljk +Bikjl)

− ρ [∇i∇kRgjl −∇i∇lRgjk −∇j∇kRgil +∇j∇lRgik] + 2ρRRijkl
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+ τ

[
∂2(∇kϕ∇jϕ)

∂xi∂xl
− ∂2(∇jϕ∇lϕ)

∂xi∂xk
− ∂2(∇kϕ∇iϕ)

∂xj∂xl
− ∂2(∇iϕ∇lϕ)

∂xj∂xk

]
+

[
∂2hkj

∂xi∂xl
− ∂2hjl

∂xi∂xk
− ∂2hki

∂xj∂xl
+

∂2hil

∂xj∂xk

]
.

Here Bijkl = gprgqsRpiqjRrksl and ∆ is the Laplacian with respect to the metric
g(t).

Proof. The second order evolution of the Christoffel symbol of the evolving

metric g that is Γq
jl =

1
2g

qm
(∂gmj

∂xl + ∂gml

∂xj − ∂gjl
∂xm

)
, satisfies the evolution equation

∂2

∂t2
Γq
jl

=
1

2

∂2gqm

∂t2

(∂gmj

∂xl
+

∂gml

∂xj
− ∂gjl

∂xm

)
+

∂gqm

∂t

(∂2gmj

∂xl∂t
+

∂2gml

∂xj∂t
− ∂2gjl

∂xm∂t

)
+

1

2
gqm

( ∂

∂xl
(
∂2gmj

∂t2
) +

∂

∂xj
(
∂2gml

∂t2
)− ∂

∂xm
(
∂2gjl
∂t2

)
)
.

In local coordinate we have Rk
ijl =

∂Γk
jl

∂xi − ∂Γk
il

∂xj + Γk
ipΓ

p
jl − Γk

jpΓ
p
il and the Rie-

mannian curvature tensor of (M, g) is Rijkl = gpkR
p
ijl, hence with a double

differentiation respect to t we infer

∂2

∂t2
Rijkl = gqk

[
∂

∂xi
(
∂2Γq

jl

∂t2
)− ∂

∂xj
(
∂2Γq

il

∂t2
) +

∂2

∂t2
(Γq

ipΓ
p
jl − Γh

jpΓ
p
il)

]
(24)

+ 2
∂gqk
∂t

[
∂

∂xi
(
∂Γq

jl

∂t
)− ∂

∂xj
(
∂Γq

il

∂t
) +

∂

∂t
(Γq

ipΓ
p
jl − Γq

jpΓ
p
il)

]

+Rq
ijl

∂2gqk
∂t2

.

For a fixed point p ∈ M , we suppose the normal coordinates {x1, . . . , xn}
around point p on M . At this point, we have

∂gij
∂xk (p) = 0, Γk

ij(p) = 0, and

∂2

∂t2
Rijkl =

1

2

[
∂2

∂xi∂xl
(
∂2gkj
∂t2

) +
∂2

∂xi∂xj
(
∂2gkl
∂t2

)− ∂2

∂xi∂xk
(
∂2gjl
∂t2

)

]
(25)

− 1

2

[
∂2

∂xj∂xl
(
∂2gkj
∂t2

) +
∂2

∂xj∂xi
(
∂2gkl
∂t2

)− ∂2

∂xj∂xk
(
∂2gil
∂t2

)

]
− gpm

∂2gkp
∂xi∂t

(∂2gmj

∂xl∂t
+

∂2gml

∂xj∂t
− ∂2gjl

∂xm∂t

)
+ gpm

∂2gkp
∂xj∂t

(∂2gmi

∂xl∂t
+

∂2gml

∂xi∂t
− ∂2gil

∂xm∂t

)
+ 2gqk

( ∂

∂t
Γq
ip ·

∂

∂t
Γp
jl −

∂

∂t
Γq
jp ·

∂

∂t
Γp
il

)
.
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Plugging ∂2

∂t2 g = −2Ric+ 2ρRg + 2τ∇u⊗∇u+ h into (25) we conclude

∂2

∂t2
Rijkl =

1

2

∂2

∂xi∂xl

(
− 2Rkj + 2ρRgkj + 2τ∇ku∇ju+ hkj

)
(26)

− 1

2

∂2

∂xi∂xk

(
− 2Rjl + 2ρRgjl + 2τ∇ju∇lu+ hjl

)
− 1

2

∂2

∂xj∂xl

(
− 2Rki + 2ρRgki + 2τ∇ku∇iu+ hki

)
+

1

2

∂2

∂xj∂xk

(
− 2Ril + 2ρRgil + 2τ∇iu∇lu+ hil

)
+

1

2

∂2

∂xi∂xj

(
− 2Rkl + 2ρRgkl + 2τ∇ku∇lu+ hkl

)
− 1

2

∂2

∂xj∂xi

(
− 2Rkl + 2ρRgkl + 2τ∇ku∇lu+ hkl

)
− gpm

∂2gkp
∂xi∂t

(∂2gmj

∂xl∂t
+

∂2gml

∂xj∂t
− ∂2gjl

∂xm∂t

)
+ gpm

∂2gkp
∂xj∂t

(∂2gmi

∂xl∂t
+

∂2gml

∂xi∂t
− ∂2gil

∂xm∂t

)
+ 2gqk

( ∂

∂t
Γq
ip ·

∂

∂t
Γp
jl −

∂

∂t
Γq
jp ·

∂

∂t
Γp
il

)
.

On the other hand, for a given symmetric (0, 2)-tensor v we have

(27)
∂2

∂xi∂xl
vjk = ∇i∇lvjk −Rjp∇iΓ

p
lk − vkp∇iΓ

p
lj .

Also, the following identity holds.

− gpm
∂2gkp
∂xi∂t

(∂2gmj

∂xl∂t
+

∂2gml

∂xj∂t
− ∂2gjl

∂xm∂t

)
(28)

+ gpm
∂2gkp
∂xj∂t

(∂2gmi

∂xl∂t
+

∂2gml

∂xi∂t
− ∂2gil

∂xm∂t

)
+ 2gqk

( ∂

∂t
Γq
ip ·

∂

∂t
Γp
jl −

∂

∂t
Γq
jp ·

∂

∂t
Γp
il

)
= 2gpq

( ∂

∂t
Γp
il ·

∂

∂t
Γq
jk − ∂

∂t
Γp
jl ·

∂

∂t
Γq
ik

)
.

Hence

∂2vkj
∂xi∂xl

− ∂2vjl
∂xi∂xk

− ∂2vki
∂xj∂xl

+
∂2vil

∂xj∂xk
+

∂2vkl
∂xi∂xj

+
∂2vkl
∂xj∂xi

(29)

= ∇i∇lvkj −∇i∇kvjl −∇j∇lvki +∇j∇kvil

− gpq
(
Rijqkvpl +Rijqlvpk + 2Rilqjvkp

)
.

Therefore, using (29) and inserting (27) and (28) into (26) we deduce

∂2

∂t2
Rijkl
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= −∇i∇lRjk +∇i∇kRjl +∇j∇lRki −∇j∇kRil

− gpq(−RijqkRpl +RijqlRkp + 2RilqjRkp)

+ 2gpq

( ∂

∂t
Γp
il ·

∂

∂t
Γq
jk − ∂

∂t
Γp
jl ·

∂

∂t
Γq
ik

)
+ ρ

[
∂2R

∂xi∂xl
gkj −

∂2R

∂xi∂xk
gjl −

∂2R

∂xj∂xl
gki +

∂2R

∂xj∂xk
gil

]
+ ρ

[
∂2gkj
∂xi∂xl

R− ∂2gjl
∂xi∂xk

R− ∂2gki
∂xj∂xl

R+
∂2gil

∂xj∂xk
R

]
+ τ

[
∂2(∇ku∇ju)

∂xi∂xl
− ∂2(∇ju∇lu)

∂xi∂xk
− ∂2(∇ku∇iu)

∂xj∂xl
− ∂2(∇iu∇lu)

∂xj∂xk

]
+

[
∂2hkj

∂xi∂xl
− ∂2hjl

∂xi∂xk
− ∂2hki

∂xj∂xl
+

∂2hil

∂xj∂xk

]
and equivalently

∂2

∂t2
Rijkl

= ∆Rijkl + 2(Bijkl −Bijlk −Biljk +Bikjl)

− gpq(RpjklRqi +RipklRqj −RijqkRpl +RijqlRpk + 2RilqjRkp)

+ 2gpq

( ∂

∂t
Γp
il ·

∂

∂t
Γq
jk − ∂

∂t
Γp
jl ·

∂

∂t
Γq
ik

)
− ρ [∇i∇kRgjl −∇i∇lRgjk −∇j∇kRgil +∇j∇lRgik] + 2ρRRijkl

+ τ

[
∂2(∇kϕ∇jϕ)

∂xi∂xl
− ∂2(∇jϕ∇lϕ)

∂xi∂xk
− ∂2(∇kϕ∇iϕ)

∂xj∂xl
− ∂2(∇iϕ∇lϕ)

∂xj∂xk

]
+

[
∂2hkj

∂xi∂xl
− ∂2hjl

∂xi∂xk
− ∂2hki

∂xj∂xl
+

∂2hil

∂xj∂xk

]
,

where Bijkl = gprgqsRpiqjRrksl, so the proof of the theorem is complete. □

Theorem 3.2. Under the GHGF system, the Ricci curvature tensor of (M, g)
satisfies the evolution equation

∂2

∂t2
Rij(30)

= ∆Rij − (n− 2)ρ∇i∇jR− ρ∆Rgij − 2gpqRpiRqj − 2gklgpqRilqjRkp

+ 2gklgpq

( ∂

∂t
Γp
il ·

∂

∂t
Γq
jk − ∂

∂t
Γp
jl ·

∂

∂t
Γq
ik

)
− 2gkpglq

∂gpq
∂t

∂Rikjl

∂t

− gkpglq(2ρRgpq + hpq + 2τ∇pu∇qu)Rikjl + 2gkpgrqgsl
∂gpq
∂t

∂grs
∂t

Rikjl

+ τgkl
[
∂2(∇ku∇ju)

∂xi∂xl
− ∂2(∇ju∇lu)

∂xi∂xk
− ∂2(∇ku∇iu)

∂xj∂xl
− ∂2(∇iu∇lu)

∂xj∂xk

]
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+ gkl
[
∂2hkj

∂xi∂xl
− ∂2hjl

∂xi∂xk
− ∂2hki

∂xj∂xl
+

∂2hil

∂xj∂xk

]
.

Proof. For a fixed point p ∈ M , we choose a normal coordinate system at point
p as {x1, . . . , xn}. At this point, we have

∂2

∂t2
Rij =

∂2

∂t2
(gklRikjl) = gkl

∂2

∂t2
Rikjl + 2

∂gkl

∂t

∂Rikjl

∂t
+Rikjl

∂2gkl

∂t2
.

The equations

∂gkl

∂t
= −gkpglq

∂gpq
∂t

and
∂2gkl

∂t2
= −gkpglq

∂2gpq
∂t2

+ 2gkpgrqgsl
∂gpq
∂t

∂grs
∂t

imply that

∂2

∂t2
Rij = gkl

∂2

∂t2
Rikjl − 2gkpglq

∂gpq
∂t

∂Rikjl

∂t
− gkpglq

∂2gpq
∂t2

Rikjl(31)

+ 2gkpgrqgsl
∂gpq
∂t

∂grs
∂t

Rikjl.

Substituting (23) and (9) into (31) we obtain

∂2

∂t2
Rij(32)

= ∆Rij + 2gkl(Bijkl −Bijlk −Biljk +Bikjl)

− gklgpq(RpjklRqi +RipklRqj −RijqkRpl +RijqlRpk + 2RilqjRkp)

+ 2gklgpq

( ∂

∂t
Γp
il ·

∂

∂t
Γq
jk − ∂

∂t
Γp
jl ·

∂

∂t
Γq
ik

)
− (n− 2)ρ∇i∇jR− ρ∆Rgij − 2gkpglq

∂gpq
∂t

∂Rikjl

∂t

− gkpglq(−2Rpq + 2ρRgpq + hpq + 2τ∇pu∇qu)Rikjl

+ 2gkpgrqgsl
∂gpq
∂t

∂grs
∂t

Rikjl

+ τgkl
[
∂2(∇ku∇ju)

∂xi∂xl
− ∂2(∇ju∇lu)

∂xi∂xk
− ∂2(∇ku∇iu)

∂xj∂xl
− ∂2(∇iu∇lu)

∂xj∂xk

]
+ gkl

[
∂2hkj

∂xi∂xl
− ∂2hjl

∂xi∂xk
− ∂2hki

∂xj∂xl
+

∂2hil

∂xj∂xk

]
,

where

2gkl(Bijkl −Bijlk −Biljk +Bikjl) = 2gkl(Bikjl − 2Biklj) + 2gprgqsRpiqjRrs

and

gklgpq(RpjklRqi +RipklRqj −RijqkRpl +RijqlRpk + 2RilqjRkp)

= 2gpqRpiRqj + 2gklgpqRilqjRkp.

Since gkl(Bikjl − 2Biklj) = 0, the proof of the theorem is complete by plugging
the last equations in (32). □
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Since R = gijRij we get

∂2

∂t2
R =

∂2

∂t2
(gijRij) = gij

∂2Rij

∂t2
+ 2

∂gij

∂t

∂Rij

∂t
+Rij

∂2gij

∂t2
.

Inserting (9) and (30) in the above equation we obtain the following corollary.

Corollary 3.3. Under the GHGF system, the scalar curvature of (M, g) sat-
isfies the evolution equation

∂2

∂t2
R

= (1− 2(n− 1)ρ)∆R+ 2|Ric|2 − 4ρR2 − 2hijRij − 4τgkpglq∇pu∇quRkl

+ 2gijgklgpq

( ∂

∂t
Γp
il ·

∂

∂t
Γq
kj −

∂

∂t
Γp
kl ·

∂

∂t
Γq
ij

)
− 2gijgkpglq

∂gpq
∂t

∂Rikjl

∂t
+ 4gkpgrqgsl

∂gpq
∂t

∂grs
∂t

Rkl − 2gipgjq
∂gpq
∂t

∂Rij

∂t

+ τgijgkl
[
∂2(∇ku∇ju)

∂xi∂xl
− ∂2(∇ju∇lu)

∂xi∂xk
− ∂2(∇ku∇iu)

∂xj∂xl
− ∂2(∇iu∇lu)

∂xj∂xk

]
+ gijgkl

[
∂2hkj

∂xi∂xl
− ∂2hjl

∂xi∂xk
− ∂2hki

∂xj∂xl
+

∂2hil

∂xj∂xk

]
.
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