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ON SHARP GENERAL COEFFICIENT ESTIMATES FOR

ϑ-SPIRALLIKE FUNCTIONS

Şahsene Altinkaya and Tuğba Yavuz

Abstract. This paper attempts to investigate a new subfamily

ST ϑ,σ (α, β, γ, µ) of spirallike functions endowed with Mittag-Leffler and
Wright functions. The paper further investigates sharp coefficient bounds

for functions that belong to this class.

1. Introduction

We consider the Mittag-Leffler function

Eα(z) =

∞∑
n=0

zn

Γ(αn+ 1)

and its generalization [14]

Eα,β(z) =

∞∑
n=0

zn

Γ(αn+ β)
, (α, β, z ∈ C, ℜ(α) > 0,ℜ(β) > 0)

where Γ indicates the Gamma function. Since then, the generalization of the
function has been studied by different ways [3, 5, 6, 12].

The Wright function Wα,β(z) is expressed via a power series

Wα,β(z) =

∞∑
n=0

zn

Γ(αn+ β)n!
(α > −1, β, z ∈ C).

We know that the series is absolutely convergent. If α = −1, then the series
is absolutely convergent in the open unit disc E = {z ∈ C : |z| < 1}. If α >
−1, Wα,β is an entire function [15]. For more detailed features of the Wright
function, we can refer to the series of papers [4, 8–11].

Recently, Bansal and Mehrez [2] defined the function

Tα,β(γ; z) =

∞∑
n=0

zn

Γ(αn+ β) [γn! + (1− γ)]
, (0 ≤ γ ≤ 1)
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that is, we can examine both Mittag-Leffler and Wright function

Tα,β(0; z) = Eα,β(z),

Tα,β(1; z) = Wα,β(z).

Let A denote the family of functions f(z) = z +
∑∞

n=2 anz
n analytic in E

with the normalization f(0) = 0 = f ′(0)−1. Further, stand by S the subfamily
of A involving univalent functions.

For analytic functions f1 and f2 in E , we ensure that f1 is subordinate to
f2, expressed by f1 ≺ f2, for a Schwarz function

Λ(z) =

∞∑
n=1

κnz
n (Λ (0) = 0, |Λ (z)| < 1) ,

analytic in E such that f1 (z) = f2 (Λ (z)) (z ∈ E). Further, the convolution is
stated by

f1(z) ∗ f2(z) = z +

∞∑
n=2

anbnz
n = (f1 ∗ f2)(z) (z ∈ E),

where f1(z) = z +
∑∞

n=2 anz
n and f2(z) = z +

∑∞
n=2 bnz

n.
Since the function Tα,β(γ; z) is not a member of A, it must be normalized

by [1]

Tα,β,γ(z) = Γ(β)zTα,β(γ; z)

= z +
∑∞

n=2
Γ(β)

Γ(α(n−1)+β)[γ(n−1)!+(1−γ)]z
n.

Throughout the paper, we consider the case real-valued α, β with α > 0, β > 0
and z ∈ E .

Now, for f ∈ A, we arrive

Tα,β,γf(z) = Tα,β,γ(z) ∗ f(z)

= z +

∞∑
n=2

Γ(β)an
Γ(α(n− 1) + β) [γ(n− 1)! + (1− γ)]

zn.

For −∞ < t < ∞ and ϑ ∈
(
−π

2 ,
π
2

)
, the logarithmic ϑ-spiral curve is

expressed by w = w0 exp(−e−iϑt), where w0 is a nonzero complex number. We
must mention here that 0-spirals are radial half-lines. An analytic univalent
function f is asserted ϑ-spirallike if its range is ϑ-spirallike. The family of ϑ-
spirallike functions is indicated by Sϑ. We can explain it analytically that a

function f ∈ A belongs to the family Sϑ if and only if ℜ
(
eiϑ zf ′(z)

f(z)

)
> 0 [13].

Libera [7] used this approach to ϑ-spirallike functions of order σ, asserted by
Sϑ(σ) and satisfies

ℜ
(
eiϑ

zf ′(z)

f(z)

)
> σ cosϑ.
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Clearly, Sϑ(σ) ⊂ Sϑ. Further, the general coefficient bounds for functions in
Sϑ(σ) was proved:

|an| ≤
n−2∏
j=0

(∣∣2 (1− σ) e−iβ cosβ + j
∣∣

j + 1

)
(n ∈ N\ {1} ; N := {1, 2, 3, . . .}) .

This result is sharp.

Definition. A function f ∈ A belongs to the family ST ϑ,σ (α, β, γ, µ) if

ℜ
(
eiϑ

z (Tα,β,γf(z))′

µz (Tα,β,γf(z))′ + (1− µ) Tα,β,γf(z)

)
> σ cosϑ,

where |ϑ| < π
2 , 0 ≤ µ < 1, 0 ≤ σ < 1, 0 ≤ γ ≤ 1 and z ∈ E .

2. Main results

In this part, we aim to arrive coefficient conditions and sharp bounds for
functions in ST ϑ,σ (α, β, γ, µ).

Theorem 2.1. Assume Tα,β,γf(z) ̸= 0 for z ∈ E \ {0}. Then, f is in
ST ϑ,σ (α, β, γ, µ) if and only if

∞∑
n=2

Γ(β)[(n−1)(1+e2iϑ)(1−σµ+i(1−µ) tanϑ)+2(1−σ)e2iϑ−(n−1)(1−e2iϑ)(1−σ)µ]anz
n

Γ(α(n−1)+β)[γ(n−1)!+(1−γ)] ̸= 0.

Proof. Let us put

I(z) = Tα,β,γf(z) = z +

∞∑
n=2

Knz
n, z ∈ E ,

where Kn = Γ(β)an

Γ(α(n−1)+β)[γ(n−1)!+(1−γ)] with K1 = 1. Now, consider the func-

tion

p(z) =

eiϑ secϑ

(
zI ′(z)

µzI ′(z) + (1− µ) I(z)

)
− i tanϑ− σ

1− σ

is analytic, p(0) = 1 and ℜp(z) > 0, then f ∈ ST ϑ,σ (α, β, γ, µ) if and only if

p(z) ̸= 1− e2iϑ

1 + e2iϑ

or, equivalently

eiϑ secϑzI ′(z)− (σ + i tanϑ)(µzI ′(z) + (1− µ) I(z))

(1− σ)(µzI ′(z) + (1− µ) I(z))
̸= 1− e2iϑ

1 + e2iϑ
.

Now, from the series expansion of I(z), we arrive∑∞
n=1 [(n− 1)(1− σµ+ i(1− µ) tanϑ) + (1− σ)]Knz

n

(1− σ)
∑∞

n=1(1 + (n− 1)µ)Knzn
̸= 1− e2iϑ

1 + e2iϑ
,
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which yields for z ̸= 0
∞∑

n=2

[
(n− 1)(1 + e2iϑ)(1− σµ+ i(1− µ) tanϑ)

+2(1− σ)e2iϑ − (n− 1)(1− e2iϑ)(1− σ)µ
]
Knz

n ̸= 0. □

Theorem 2.2. Assume Tα,β,γf(z) ̸= 0 for z ∈ E \ {0}. If f is in ST ϑ,σ(α, β,
γ, µ), then

(1) |an| ≤ Γ(α(n−1)+β)[γ(n−1)!+(1−γ)]

Γ(β)(n−1)!(1−µ)n−1

n−2∏
j=0

∣∣j(1− µ) + 2(1− σ)eiϑ cosϑ(1 + µj)
∣∣,

where n ∈ N \ {0} with a1 = 1. This result is sharp.

Proof. Since f ∈ ST ϑ,σ (α, β, γ, µ), we can use a Schwarz function Λ(z) such
that

eiϑ secϑ

(
z (Tα,β,γf(z))′

µz (Tα,β,γf(z))′ + (1− µ) Tα,β,γf(z)

)
− i tanϑ=

1 + (1− 2σ)Λ(z)

1− Λ(z)
.

If we put the function I(z), we find

∞∑
n=1

[
neiϑ secϑ− (1 + i tanϑ)(1 + (n− 1)µ)

]
Knz

n

=

( ∞∑
n=1

[
neiϑ secϑ+ (1− 2σ − i tanϑ)(1 + (n− 1)µ)

]
Knz

n

)
Λ(z).

Now, for n ∈ N, we can write
m∑

n=1

[
neiϑ secϑ− (1 + i tanϑ)(1 + (n− 1)µ)

]
Knz

n +

∞∑
n=m+1

bnz
n(2)

=

(
m−1∑
n=1

[
neiϑ secϑ+ (1− 2σ − i tanϑ)(1 + (n− 1)µ)

]
Knz

n

)
Λ(z).

For m = 2, 3, . . ., the LHS of (2) is convergent in E . Since |Λ(z)| < 1, it is
appealing to use Parseval’s Theorem to get

m−1∑
n=1

∣∣neiϑ secϑ+ (1− 2σ − i tanϑ)(1 + (n− 1)µ)
∣∣2 |Kn|2

≥
m∑

n=2

∣∣neiϑ secϑ− (1 + i tanϑ)(1 + (n− 1)µ)
∣∣2 |Kn|2

or
m−1∑
n=1

4(1− σ)(1 + (n− 1)µ) (n− σ(1 + (n− 1)µ) |Kn|2(3)
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≥ (m− 1)2(1− µ)2

cos2 ϑ
|Km|2 ,

where K1 = 1. Now, we claim that

(4) |Kn| ≤
1

(n− 1)! (1− µ)
n−1

n−2∏
j=0

∣∣j(1− µ) + 2(1− σ)eiϑ cosϑ(1 + µj)
∣∣ .

For n = 2, we find from (3)

|K2| ≤
2(1− σ) cosϑ

(1− µ)
,

which is equivalent to (4). The equation (4) is found for larger n from (3) by
the principle of the mathematical induction.

Fix n, n ≥ 3 and for k = 2, 3, . . . , n−1, assume the equation (1) holds. From
(3), we arrive

(5) |Kn|2 ≤ 4(1− σ) cos2 ϑ

(n− 1)2 (1− µ)
2

{
1− σ +

n−1∑
k=2

K(k, j, σ)

}
,

where

K(k, j, σ)

=
(1 + (k − 1)µ)(k − σ(k − 1)µ)

((k − 1)! (1− µ)
k−1

)2

k−2∏
j=0

∣∣j(1− µ) + 2(1− σ)eiϑ cosϑ(1 + µj)
∣∣2 .

Now, we must indicate that the square of RHS of (4) is equal to RHS of (5),
that is,

k−2∏
j=0

∣∣j(1− µ) + 2(1− σ)eiϑ cosϑ(1 + µj)
∣∣2

((n− 1)! (1− µ)
n−1

)2
(6)

=
4(1− σ) cos2 ϑ

(n− 1)2 (1− µ)
2

{
1− σ +

n−1∑
k=2

K(k, j, σ)

}
for n = 3, 4, . . .. After further calculations, we indicate that (6) is true for n = 3
and prove the claim. Assume the equation (6) is valid for all k, 3 < k ≤ (n−1).
From (2) and (5), we find

|Kn|2 ≤ 4(1− σ) cos2 ϑ

(n− 1)2 (1− µ)
2

{
1− σ +

n−2∑
k=2

K(k, j, σ) +K(n− 1, j, σ)

}

≤ 4(1− σ) cos2 ϑ

(n− 1)2 (1− µ)
2

×

{
1− σ +

n−2∑
k=2

(1 + (k − 1)µ)(k − σ(k − 1)µ)

((k − 1)! (1− µ)
k−1

)2
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×
k−2∏
j=0

∣∣j(1− µ) + 2(1− σ)eiϑ cosϑ(1 + µj)
∣∣2

+
(1 + (n− 2)µ)(n− 1− σ(n− 2)µ)

((n− 2)! (1− µ)
n−2

)2

×
n−3∏
j=0

∣∣j(1− µ) + 2(1− σ)eiϑ cosϑ(1 + µj)
∣∣2

=

∏n−3
j=0

∣∣j(1− µ) + 2(1− σ)eiϑ cosϑ(1 + µj)
∣∣2

((n− 2)! (1− µ)
n−2

)2{
(n− 2)2

(n− 1)2
+

4(1− σ) cos2 ϑ(1 + (n− 2)µ)(n− 1− σ(n− 2)µ)

(n− 1)2 (1− µ)
2

}

=

∏n−3
j=0

∣∣j(1− µ) + 2(1− σ)eiϑ cosϑ(1 + µj)
∣∣2

((n− 1)! (1− µ)
n−1

)2

×
{
(n− 2)2 (1− µ)

2

+4(1− σ) cos2 ϑ(1 + (n− 2)µ)(n− 1− σ(n− 2)µ)
}
,

|Kn| ≤
1

((n− 1)! (1− µ)
n−1

)2

n−2∏
j=0

∣∣j(1− µ) + 2(1− σ)eiϑ cosϑ(1 + µj)
∣∣2 .

Since

Kn =
Γ(β)

Γ(α(n− 1) + β) [γ(n− 1)! + (1− γ)]
an (K1 = 1),

we obtain the desired result.
To show the estimate is sharp, we consider following equality

Tα,β,γf(z) =
z

(1 +Kz)
2(σ−1)e−iϑ cosϑ

K

where K = (1− µ)− 2µ(1− σ)e−iϑ cosϑ. □

3. Concluding remarks

In the organized paper, we establish a new family ST ϑ,σ (α, β, γ, µ) of spi-
rallike functions. We derive sharp estimates for functions in this family.

Remark 3.1. If we put γ = 0, we get the function Eα,β(z) and establish the
following subfamily.
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A function f ∈ A is in Eϑ,σ (α, β, µ) if

ℜ
(
eiϑ

z (Eα,β,γf(z))′

µz (Eα,β,γf(z))′ + (1− µ) Eα,β,γf(z)

)
> σ cosϑ,

(|ϑ| < π
2 , 0 ≤ σ < 1, 0 ≤ µ < 1, z ∈ E)

where Eα,βf(z) = z +
∑∞

n=2
Γ(β)an

Γ(α(n−1)+β)z
n.

Remark 3.2. If we put γ = 1, we get the Wright function Wα,β(z) and establish
the following subfamily.

A function f ∈ A is in Wϑ,σ (α, β, µ) if

ℜ
(
eiϑ

z (Wα,β,γf(z))
′

µz (Wα,β,γf(z))
′
+ (1− µ)Wα,β,γf(z)

)
> σ cosϑ,

(|ϑ| < π
2 , 0 ≤ σ < 1, 0 ≤ µ < 1, z ∈ E)

where Wα,βf(z) = z +
∑∞

n=2
Γ(β)an

Γ(α(n−1)+β)(n−1)!z
n.

The related outcomes of Remarks 3.1 and 3.2 are left, inviting scope for
further research.

Finally, the approach presented here can be applied to introduce new sub-
families of spirallike functions involving various special functions.
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