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RESULTS ASSOCIATED WITH THE SCHWARZ LEMMA

ON THE BOUNDARY

Bülent Nafi Örnek

Abstract. In this paper, some estimations will be given for the analytic

functions belonging to the class R (α). In these estimations, an upper
bound and a lower bound will be determined for the first coefficient of

the expansion of the analytic function h(z) and the modulus of the angu-

lar derivative of the function
zh′(z)
h(z)

, respectively. Also, the relationship

between the coefficients of the analytical function h(z) and the derivative

mentioned above will be shown.

1. Introduction

Let A denote the class of functions h(z) = z +
∑∞

p=2 dpz
p that are analytic

in D. Also, let R (α) be the subclass of A consisting of all functions h(z)
satisfying

(1.1)

∞∑
p=2

{(p− 1) + |(a− b)α− b (p− 1)|} |dp| ≤ (a− b) |α| ,

where −1 ≤ b < a ≤ 1 and 0 ̸= α ∈ C. In this paper, we study some of the
properties of the classes R (α). Namely, an upper bound will be found for the

modulus of d2 = h′′(0)
2! , which is one of the coefficients forming the analytic

function h(z) belonging to this class.
Let h ∈ R (α) and consider the following function

(1.2) r(z) =

zh′(z)
h(z) − 1

b
(

zh′(z)
h(z) − 1

)
− (a− b)α

.

Here, r(z) is an analytic function in D and r(0) = 0. Now, let us show that
|r(z)| < 1 in D. At this step, we will consider the difference between the
modules of the numerator and the denominator of r(z) in (1.2). So, we take

|zh′(z)− h(z)| − |b (zh′(z)− h(z))− (a− b)αh(z)|

Received September 24, 2021; Revised June 2, 2022; Accepted August 17, 2022.
2020 Mathematics Subject Classification. Primary 30C80.
Key words and phrases. Analytic function, Schwarz lemma on the boundary, angular

limit.

©2023 Korean Mathematical Society

389



390 B. N. ÖRNEK

=

∣∣∣∣∣z
(
1 +

∞∑
p=2

pdpz
p−1

)
−

(
z +

∞∑
p=2

dpz
p

)∣∣∣∣∣
−

∣∣∣∣∣b
(
z

(
1 +

∞∑
p=2

pdpz
p−1

)
−

(
z +

∞∑
p=2

dpz
p

))
− (a− b)α

(
z +

∞∑
p=2

dpz
p

)∣∣∣∣∣
=

∣∣∣∣∣
∞∑
p=2

(p− 1) dpz
p

∣∣∣∣∣−
∣∣∣∣∣(a− b)α

(
z +

∞∑
p=2

dpz
p

)
− b

∞∑
p=2

(p− 1) dpz
p

∣∣∣∣∣
≤

∞∑
p=2

{(p− 1) + |(a− b)α− b (p− 1)|} |dp| |z|p − (a− b) |α| |z| .

If we pass to limit in the last expression as |z| → 1−, we take

|zh′(z)− h(z)| − |b (zh′(z)− h(z))− (a− b)αh(z)|

≤
∞∑
p=2

{(p− 1) + |(a− b)α− b (p− 1)|} |dp| − (a− b) |α| .

Also, since
∑∞

p=2 {(p− 1) + |(a− b)α− b (p− 1)|} |dp| ≤ (a− b) |α|, we obtain

|zh′(z)− h(z)| − |b (zh′(z)− h(z))− (a− b)αh(z)| ≤ 0

and

|r(z)| < 1.

Therefore, the function r(z) satisfies the conditions of the Schwarz lemma
([6], p. 329). That is, r(z) is an analytic function in D, r(0) = 0 and |r(z)| < 1
for z ∈ D. From the Schwarz lemma, we obtain

r(z) =

zh′(z)
h(z) − 1

b
(

zh′(z)
h(z) − 1

)
− (a− b)α

=
d2z +

(
2d3 − d22

)
z2 + · · ·

b (d2z + (2d3 − d22) z
2 + · · · )− (a− b)α

and
r(z)

z
=

d2 +
(
2d3 − d22

)
z + · · ·

b (d2z + (2d3 − d22) z
2 + · · · )− (a− b)α

.

If we pass to limit in the last expression as |z| → 0, we have

|r′(0)| =
∣∣∣∣ d2
(a− b)α

∣∣∣∣ ≤ 1

and

|d2| ≤ (a− b) |α| .
We thus obtain the following lemma.

Lemma 1.1. If h ∈ R (α), then we have the inequality

(1.3) |d2| ≤ (a− b) |α| .
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At this point, we will investigate the following function assuming that zeros
of h(z)− z are different from zero,

ϕ(z) =
r(z)

n∏
i=1

z−ai

1−aiz

.

Since ϕ(z) satisfies the conditions of the Schwarz lemma, we obtain

ϕ(z) =

zh′(z)
h(z) − 1

b
(

zh′(z)
h(z) − 1

)
− (a− b)α

1
n∏

i=1

z−ai

1−aiz

=
d2z +

(
2d3 − d22

)
z2 + · · ·

b (d2z + (2d3 − d22) z
2 + · · · )− (a− b)α

1
n∏

i=1

z−ai

1−aiz

,

ϕ(z)

z
=

d2 +
(
2d3 − d22

)
z + · · ·

b (d2z + (2d3 − d22) z
2 + · · · )− (a− b)α

1
n∏

i=1

z−ai

1−aiz

,

|ϕ′(0)| = |d2|

(a− b) |α|
n∏

i=1

|ai|
≤ 1

and

|d2| ≤ (a− b) |α|
n∏

i=1

|ai| .

We thus obtain the following lemma.

Lemma 1.2. Let h ∈ R (α) and a1, a2, . . . , an be zeros of the function h(z)−z
in D that are different from zero. Then we have the inequality

|d2| ≤ (a− b) |α|
n∏

i=1

|ai| .

Schwarz lemma is a hot topic and it is possible to encounter several studies
in the literature. The majority of these studies consider the boundary version
of Schwarz lemma, which actually corresponds to the estimation of the modulus
of the derivative of the function from below at some boundary point of the unit
disc. The boundary version of Schwarz lemma is defined as follows [12,14]:

Lemma 1.3. If m(z) extends continuously to some boundary point ς ∈ ∂D =
{z : |z| = 1} with |ς| = 1, and if |m(ς)| = 1 and m′(ς) exists, then

(1.4) |m′(ς)| ≥ 2

1 + |m′(0)|
and

(1.5) |m′(ς)| ≥ 1.
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Moreover, the equality in (1.4) holds if and only if

m(z) = z
z − a

1− az

for some a ∈ (−1, 0]. Also, the equality in (1.5) holds if and only if m(z) = zeiθ.

Inequality (1.5) is frequently encountered in literature as it has important
applications in the geometric theory of functions and also, its generalizations
are still popular in mathematics community [1–5,7–12].

The following lemma, known as the Julia-Wolff lemma, is needed in the
sequel (see, [13]).

Lemma 1.4 (Julia-Wolff lemma). Let m be an analytic function in D, m(0) =
0 and m(D) ⊂ D. If, in addition, the function m has an angular limit m(ς) at
ς ∈ ∂D, |m(ς)| = 1, then the angular derivative m′(ς) exists and 1 ≤ |m′(ς)| ≤
∞.

Corollary 1.5. The analytic function m has a finite angular derivative m′(ς)
if and only if m′ has the finite angular limit m′(ς) at ς ∈ ∂D.

2. Main results

In this section, we discuss different versions of the boundary Schwarz lemma
for R (α) class.

Theorem 2.1. Let h ∈ R (α). Assume that, for 1 ∈ ∂D, h has an angular

limit h(1) at the point 1, h′(1) =
(
1− a−b

1−bα
)
h(1). Then we have the inequality

(2.1)

∣∣∣∣∣
(
zh′(z)

h(z)

)′

z=1

∣∣∣∣∣ ≥ a− b

(1− b)
2 |α| .

The inequality (2.1) is sharp for b = −1 with extremal functions h(z) =
z

(1+z)(1+a)α .

Proof. Let

r(z) =
p(z)− 1

b (p(z)− 1)− (a− b)α
, p(z) =

zh′(z)

h(z)
.

For h′(1) =
(
1− a−b

1−bα
)
h(1), we have

r(1) =
p(1)− 1

b (p(1)− 1)− (a− b)α
=

a−b
b−1α

ba−b
b−1α− (a− b)α

= 1.

Also, with the simple calculations, we take

r′(z) =
− (a− b)αp′(z)

(b (p(z)− 1)− (a− b)α)
2 .
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Therefore, from (1.5), we obtain

1 ≤ |r′(1)| =

∣∣∣∣∣ − (a− b)αp′(1)

(b (p(1)− 1)− (a− b)α)
2

∣∣∣∣∣
=

(1− b)
2 |p′(1)|

(a− b) |α|
and

|p′(1)| ≥ (a− b) |α|
(1− b)

2 .

Now, weak-sharpness of an inequality (2.1) can be given as follows:
Let

h(z) =
z

(1 + z)
(1+a)α

.

By taking lnh(z) and differentiating it, p(z) = zh′(z)
h(z) = 1− (a+1)αz

1+z and p′(z) =

− (1+a)α

(1+z)2
. So, p(1) = h′(1)

h(1) = 1− (a+1)α
2 and (p′(z)) |z=1 = − (a+1)α

4 . □

The inequality (2.1) can be strengthened from below by taking into account,

d2 = h′′(0)
2! , the first coefficient of the expansion of the function h(z) = z+d2z

2+
· · · .

Theorem 2.2. Under the same assumptions as in Theorem 2.1, we have

(2.2)

∣∣∣∣∣
(
zh′(z)

h(z)

)′

z=1

∣∣∣∣∣ ≥ 4 (a− b) |α|2

2 (a− b) |α|+ |h′′(0)|
.

Proof. From the expression of r(z) and from (1.4), we obtain

2

1 + |r′(0)|
≤ |r′(1)| = (1− b)

2 |p′(1)|
(a− b) |α|

.

Since

|r′(0)| =
∣∣∣∣ d2
(a− b)α

∣∣∣∣ ,
we take

2

1 +
∣∣∣ d2

(a−b)α

∣∣∣ ≤ (1− b)
2 |p′(1)|

(a− b) |α|
,

and

|p′(1)| ≥ 2 (a− b) |α|2

(a− b) |α|+ |d2|
.

□

The inequality (2.2) can be strengthened as below by taking into account

d3 = h′′′(0)
3! which is the coefficient in the expansion of the function h(z) =

z + d2z
2 + d3z

3 + · · · .
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Theorem 2.3. Let h ∈ R (α). Assume that, for 1 ∈ ∂D, h has an angular

limit h(1) at the point 1, h′(1) =
(
1− a−b

1−bα
)
h(1). Then we have the inequality∣∣∣∣∣

(
zh′(z)

h(z)

)′

z=1

∣∣∣∣∣(2.3)

≥ (a− b) |α|
(1− b)

2

(
1 +

2 ((a− b) |α| − |d2|)2

(a− b)
2 |α|2 − |d2|2 + |(2d3 − d22) (a− b)α+ bd22|

)
.

Proof. Let r(z) be the same as in the proof of Theorem 2.1 and t(z) = z. By
the maximum principle, for each z ∈ D, we have the inequality |r(z)| ≤ |t(z)|.
So,

u(z) =
r(z)

t(z)
=

1

z

(
p(z)− 1

b (p(z)− 1)− (a− b)α

)
=

1

z

(
d2z +

(
2d3 − d22

)
z2 + · · ·

b (d2z + (2d3 − d22) z
2 + · · · )− (a− b)α

)

=
d2 +

(
2d3 − d22

)
z + · · ·

b (d2z + (2d3 − d22) z
2 + · · · )− (a− b)α

is an analytic function in D and |u(z)| ≤ 1 for z ∈ D. In particular, we have

(2.4) |u(0)| = |d2|
(a− b) |α|

≤ 1

and

|u′(0)| =
∣∣(2d3 − d22

)
(a− b)α+ bd22

∣∣
(a− b)

2 |α|2
.

The auxiliary function

s(z) =
u(z)− u(0)

1− u(0)u(z)

is analytic in D, s(0) = 0, |s(z)| < 1 for |z| < 1 and |s(1)| = 1 for 1 ∈ ∂D.
From (1.4), we obtain

2

1 + |s′(0)|
≤ |s′(1)| = 1− |u(0)|2∣∣∣1− u(0)u(1)

∣∣∣2 |u′(1)|

≤ 1 + |u(0)|
1− |u(0)|

{|r′(1)| − |t′(1)|}

=
(a− b) |α|+ |d2|
(a− b) |α| − |d2|

(
(1− b)

2 |p′(1)|
(a− b) |α|

− 1

)
.

Since

s′(z) =
1− |u(0)|2(

1− u(0)u(z)
)2u′(z)
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and

|s′(0)| = |u′(0)|
1− |u(0)|2

=

|(2d3−d2
2)(a−b)α+bd2

2|
(a−b)2|α|2

1−
(

|d2|
(a−b)|α|

)2 =

∣∣(2d3 − d22
)
(a− b)α+ bd22

∣∣
(a− b)

2 |α|2 − |d2|2
,

we obtain

2

1 +
|(2d3−d2

2)(a−b)α+bd2
2|

(a−b)2|α|2−|d2|2

≤ (a− b) |α|+ |d2|
(a− b) |α| − |d2|

(
(1− b)

2 |p′(1)|
(a− b) |α|

− 1

)
,

2 ((a− b) |α| − |d2|)2

(a− b)
2 |α|2 − |d2|2 + |(2d3 − d22) (a− b)α+ bd22|

≤ (1− b)
2 |p′(1)|

(a− b) |α|
− 1

and

|p′(1)| ≥ (a− b) |α|
(1− b)

2

(
1 +

2 ((a− b) |α| − |d2|)2

(a− b)
2 |α|2 − |d2|2 + |(2d3 − d22) (a− b)α+ bd22|

)
.

□

If h(z) − z has zeros different from z = 0, taking into account these zeros,
the inequality (2.3) can be strengthened in another way. This is given by the
following theorem.

Theorem 2.4. Let h ∈ R (α) and a1, a2, . . . , an be zeros of the function h(z)−z
in D that are different from zero. Assume that, for 1 ∈ ∂D, h has an angular

limit h(1) at the point 1, h′(1) =
(
1− a−b

1−bα
)
h(1). Then we have the inequality∣∣∣∣∣

(
zh′(z)

h(z)

)′

z=1

∣∣∣∣∣ ≥ (a− b) |α|
(1− b)

2

(
1 +

n∑
i=1

1− |ai|2

|1− ai|2
(2.5)

+
2

(
(a− b) |α|

n∏
i=1

|ai| − |d2|
)2

(
(a− b) |α|

n∏
i=1

|ai|
)2

− |d2|2 +
n∏

i=1

|ai|
∣∣∣∣(2d3 − d22) (a− b)α+ bd22 + (a− b)αd2

n∑
i=1

1−|ai|2
ai

∣∣∣∣

 .

Proof. Let r(z) be as in (1.2) and a1, a2, . . . , an be zeros of the function h(z)−z
in D that are different from zero. Also, consider the function

B(z) = z

n∏
i=1

z − ai
1− aiz

.

By the maximum principle for each z ∈ D, we have

|r(z)| ≤ |B(z)| .
Consider the function

ϑ(z) =
r(z)

B(z)
=

(
p(z)− 1

b (p(z)− 1)− (a− b)α

)
1

z
n∏

i=1

z−ai

1−aiz
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=
d2z +

(
2d3 − d22

)
z2 + · · ·

b (d2z + (2d3 − d22) z
2 + · · · )− (a− b)α

1

z
n∏

i=1

z−ai

1−aiz

=
d2 +

(
2d3 − d22

)
z + · · ·

b (d2z + (2d3 − d22) z
2 + · · · )− (a− b)α

1
n∏

i=1

z−ai

1−aiz

.

The function ϑ(z) is analytic in D and |ϑ(z)| < 1 for |z| < 1. In particular, we
have

|ϑ(0)| = |d2|

(a− b) |α|
n∏

i=1

|ai|

and

|ϑ′(0)| =

∣∣∣∣(2d3 − d22
)
(a− b)α+ bd22 + (a− b)αd2

n∑
i=1

1−|ai|2
ai

∣∣∣∣
(a− b)

2 |α|2
n∏

i=1

|ai|
.

The composite function

ψ(z) =
ϑ(z)− ϑ(0)

1− ϑ(0)ϑ(z)

is analytic in D, |ψ(z)| < 1 for |z| < 1 and ψ(0) = 0. For 1 ∈ ∂D and

h′(1) =
(
1− a−b

1−bα
)
h(1), we take |ψ(1)| = 1.

From (1.4), we obtain

2

1 + |ψ′(0)|
≤ |ψ′(1)| = 1− |ϑ(0)|2∣∣∣1− ϑ(0)ϑ(1)

∣∣∣ |ϑ′(1)|
≤ 1 + |ϑ(0)|

1− |ϑ(0)|
(|r′(1)| − |B′(1)|)

=

(a− b) |α|
n∏

i=1

|ai|+ |d2|

(a− b) |α|
n∏

i=1

|ai| − |d2|
(|r′(1)| − |B′(1)|) .

It can be seen that

|ψ′(0)| = |ϑ′(0)|
1− |ϑ(0)|2
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and

|ψ′(0)| =

∣∣∣∣(2d3−d2
2)(a−b)α+bd2

2+(a−b)αd2

n∑
i=1

1−|ai|2
ai

∣∣∣∣
(a−b)2|α|2

n∏
i=1

|ai|

1−

 |d2|

(a−b)|α|
n∏

i=1
|ai|

2

=

n∏
i=1

|ai|

∣∣∣∣(2d3 − d22
)
(a− b)α+ bd22 + (a− b)αd2

n∑
i=1

1−|ai|2
ai

∣∣∣∣((
(a− b) |α|

n∏
i=1

|ai|
)2

− |d2|2
) .

Also, we have

|B′(1)| = 1 +

n∑
i=1

1− |ai|2

|1− ai|2
, 1 ∈ ∂U.

Therefore, we obtain

2

1+
n∏

i=1
|ai|

∣∣∣∣∣(2d3−d22)(a−b)α+bd22+(a−b)αd2
n∑

i=1

1−|ai|2
ai

∣∣∣∣∣((
(a−b)|α|

n∏
i=1

|ai|
)2

−|d2|2
)

≤
(a−b)|α|

n∏
i=1

|ai|+|d2|

(a−b)|α|
n∏

i=1
|ai|−|d2|

(
(1− b)

2 |p′(1)|
(a− b) |α|

− 1−
n∑

i=1

1− |ai|2

|1− ai|2

)
,

2

(
(a−b)|α|

n∏
i=1

|ai|−|d2|
)2

(
(a−b)|α|

n∏
i=1

|ai|
)2

−|d2|2+
n∏

i=1
|ai|
∣∣∣∣(2d3−d2

2)(a−b)α+bd2
2+(a−b)αd2

n∑
i=1

1−|ai|2
ai

∣∣∣∣
≤ (1− b)

2 |p′(1)|
(a− b) |α|

− 1−
n∑

i=1

1− |ai|2

|1− ai|2
,

and so, we get inequality (2.5). □

If h(z)− z has no zeros different from z = 0 in Theorem 2.3, the inequality
(2.3) can be further strengthened. This is given by the following theorem.

Theorem 2.5. Let h ∈ R (α), h(z) − z has no zeros in D except z = 0 and
d2 > 0. Assume that, for 1 ∈ ∂D, h has an angular limit h(1) at the point 1,

h′(1) =
(
1− a−b

1−bα
)
h(1). Then we have the inequality∣∣∣∣∣

(
zh′(z)

h(z)

)′

z=1

∣∣∣∣∣(2.6)

≥ (a− b) |α|
(1− b)

2

(
1−

2(a−b)|α|d2 ln2( d2
(a−b)|α| )

2(a−b)|α|d2 ln( d2
(a−b)|α| )−|(2d3−d2

2)(a−b)α+bd2
2|

)
.
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Proof. Let d2 > 0 in the expression of the function h(z). Having in mind the
inequality (2.4) and the function h(z) − z has no zeros in D except z = 0, we
denote by lnu(z) the analytic branch of the logarithm normed by the condition

lnu(0) = ln

(
d2

(a− b) |α|

)
< 0.

The auxiliary function

Θ(z) =
lnu(z)− lnu(0)

lnu(z) + lnu(0)

is analytic in the unit disc D, |Θ(z)| < 1, Θ(0) = 0 and |Θ(1)| = 1 for 1 ∈ ∂D.
From (1.4), we obtain

2

1 + |Θ′(0)|
≤ |Θ′(1)| = |2 lnu(0)|

|lnu(1) + lnu(0)|2

∣∣∣∣u′(1)u(1)

∣∣∣∣
=

−2 lnu(0)

ln2 u(0) + arg2 u(1)
{|r′(1)| − 1} .

Replacing arg2 u(1) by zero, then

1

1−
|(2d3−d22)(a−b)α+bd22|

(a−b)2|α|2
2d2

(a−b)|α| ln(
d2

(a−b)|α| )

≤ −1

ln
(

d2

(a−b)|α|

) { (1− b)
2 |p′(1)|

(a− b) |α|
− 1

}

and

1−
2 (a− b) |α| d2 ln2

(
d2

(a−b)|α|

)
2 (a− b) |α| d2 ln

(
d2

(a−b)|α|

)
− |(2d3 − d22) (a− b)α+ bd22|

≤ (1− b)
2 |p′(1)|

(a− b) |α|
.

Thus, we obtain the inequality (2.6). □

The following theorem shows the relationship between the coefficients d2 =
h′′(0)
2! and d3 = h′′′(0)

3! in the Maclaurin expansion of the function h(z) = z +

d2z
2 + d3z

3 + · · · .

Theorem 2.6. Let h ∈ R (α), h(z) − z has no zeros in D except z = 0 and
d2 > 0. Then we have the inequality∣∣(2d3 − d22

)
(a− b)α+ bd22

∣∣ ≤ 2 (a− b)

∣∣∣∣αd2 ln( d2
(a− b) |α|

)∣∣∣∣ .
Proof. The function Θ(z) we have expressed in Theorem 2.5 satisfies the con-
ditions for the Schwarz lemma. Thus, if we apply the Schwarz lemma to the
function Θ(z), we obtain

1 ≥ |Θ′(0)| = |2 lnu(0)|
|lnu(0) + lnu(0)|2

∣∣∣∣u′(0)u(0)

∣∣∣∣
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=
−1

2 lnu(0)

∣∣∣∣u′(0)u(0)

∣∣∣∣
= −

|(2d3−d2
2)(a−b)α+bd2

2|
(a−b)2|α|2

2d2

(a−b)|α| ln
(

d2

(a−b)|α|

)
and ∣∣(2d3 − d22

)
(a− b)α+ bd22

∣∣ ≤ 2 (a− b)

∣∣∣∣αd2 ln( d2
(a− b) |α|

)∣∣∣∣ . □
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Department of Computer Engineering

Amasya University
Merkez-Amasya 05100, Türkiye

Email address: nafiornek@gmail.com, nafi.ornek@amasya.edu.tr


