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UNITARY ANALOGUES OF A GENERALIZED

NUMBER-THEORETIC SUM

Traiwat Intarawong and Boonrod Yuttanan

Abstract. In this paper, we investigate the sums of the elements in the

finite set {xk : 1 ≤ x ≤ n
m
, gcdu(x, n) = 1}, where k, m and n are positive

integers and gcdu(x, n) is the unitary greatest common divisor of x and

n. Moreover, for some cases of k and m, we can give the explicit formulae
for the sums involving some well-known arithmetic functions.

1. Introduction

For a finite set X of positive integers, let
∑
X denote the sum of all elements

in X. For positive integers k,m and n, define the set

(1.1) Rmk (n) =
{
xk : 1 ≤ x ≤ n

m
, gcd(x, n) = 1

}
and let

Smk (n) =
∑

Rmk (n).

The formula for the case m = 1 and k = 1 can be found in [2] and the formula
for the case m = 1 and k = 2 can be found in [1, 7]. For the cases m = 1 and
2 with any positive integer k, the explicit formulae for Smk (n) were given in [4]
by N. R. Kanasri, P. Pornsurat, and Y. Tongron. Later in [5], N. R. Kanasri
and Y. Tongron proved in general that for n > m,

(1.2) Smk (n) =
∑
d|n

µ(d)dkgk

(⌊ n

dm

⌋)
,

where ⌊x⌋ is the largest integer less than or equal to x, gk(n) = 1k+2k+· · ·+nk
and gk(0) = 0.

In this paper, we work on unitary analogues of the set in (1.1), that is, the
classical greatest common divisor is replaced by the unitary greatest common
divisor. Next, we will define some terminologies involving unitary analogues.
A divisor d of n is called a unitary divisor of n if gcd(d, nd ) = 1, denoted by
d ∥ n. This was defined by E. Cohen [3] in 1960. Let a, b be integers with
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b > 0. The divisor of a which is the largest unitary divisor of b is called the
unitary greatest common divisor of a and b [3], denoted by gcdu(a, b), i.e.,

gcdu(a, b) = max{d : d | a, and d ∥ b}.

It is clear that if b is a square-free integer, then gcdu(a, b) = gcd(a, b). There
are several interesting arithmetic functions defined via a unitary divisor, for
example, the unitary Euler’s totient function,

ϕ̄(n) =
∑
x≤n

gcdu(x,n)=1

1,

and the unitary Möbius function,

µ̄(n) = (−1)ω(n),

where ω(n) is the number of distinct prime factors of n with ω(1) = 0. A uni-
tary analogue of the Möbius inversion formula [3] states that for an arithmetic
functions f ,

(1.3) F (n) =
∑
d∥n

f(d) ⇐⇒ f(n) =
∑
d∥n

µ̄(d)F (n/d).

Moreover, both ϕ̄ and µ̄ are multiplicative, in other words, if gcd(n,m) = 1,
then

ϕ̄(mn) = ϕ̄(m)ϕ̄(n) and µ̄(mn) = µ̄(m)µ̄(n).

We also have [8]

ϕ̄(n) = n

k∏
i=1

(
1− 1

paii

)
,

where n = pa11 p
a2
2 · · · pakk is the prime factorization and we have [3]∑

d∥n

µ̄(d) = I(n),

where I(1) = 1 and I(n) = 0 for all positive integers n ≥ 2. For positive
integers k,m and n, define the following finite sets of positive integers

Rumk (n) = {xk : 1 ≤ x ≤ n

m
, gcdu(x, n) = 1}

and we let

Sumk (n) =
∑

Rumk (n).

For our convenience, write Ruk(n) and Suk(n) for Ru
1
k(n) and Su

1
k(n), respec-

tively. In the next section, we establish the formulae for Sumk (n).
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2. Main results

Lemma 2.1 ([3]). If f is a multiplicative function and F is defined by

F (n) =
∑
d∥n

f(d),

then F is also multiplicative.

Theorem 2.2. Let n = pa11 p
a2
2 · · · pakk be the prime factorization of the integer

n > 1. If f is a multiplicative function that is not identically zero, then∑
d∥n

µ̄(d)f(d) =

k∏
i=1

(1− f(paii )) .

Proof. Since f is multiplicative, we have f(1) = 1.
By Lemma 2.1, the function F defined by F (n) =

∑
d∥n µ̄(d)f(d) is multi-

plicative; hence, F (n) is the product of the values F (paii ).
Consider ∑

d∥n

µ̄(d)f(d) =

k∏
i=1

∑
d∥pai

i

µ̄(d)f(d)

=

k∏
i=1

(µ̄(1)f(1) + µ̄(paii )f(paii ))

=

k∏
i=1

(1− f(paii )).
□

Let n = pa11 p
a2
2 · · · pakk be the prime factorization of the integer n > 1. For a

positive integer m, we define ψ̄m(n) =
∏k
i=1(1− pmaii ) and ψ̄m(1) = 1.

Note that if m = 1, we write ψ̄ instead ψ̄1.

Corollary 2.3. For any positive integers n and m, we have∑
d∥n

µ̄(d)dm = ψ̄m(n),

∑
d∥n

µ̄(d)

d
=
ϕ̄(n)

n
,

∑
d∥n

µ̄(d) = I(n).

Proof. The results follow immediately from Theorem 2.2. □

Another proof of Corollary 2.3 can be found in [6].
Next, we establish the formula for Sumk (n) in the following theorem.
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Theorem 2.4. Let k,m, and n be positive integers with n ≥ m. Then

Sumk (n) =
∑
d∥n

µ̄(d)dkgk

(⌊ n

dm

⌋)
.

Proof. For a positive divisor d of n, define

Bumd = {xk : 1 ≤ x ≤ n

m
, gcdu(x, n) = d}.

It is clear that⋃
d∥n

Bumd =

{
1k, 2k, . . . ,

⌊ n
m

⌋k}
and Bumd1 ∩Bu

m
d2 = ∅ for d1 ̸= d2,

which imply that

(2.1) gk

(⌊ n
m

⌋)
=

⌊n/m⌋∑
i=1

ik =
∑
d∥n

∑
Bukd.

Next, we show that

(2.2) Bumd = dkRumk

(n
d

)
.

If xk ∈ Bumd , then 1 ≤ x ≤ n/m and gcdu(x, n) = d, so 1 ≤ x/d ≤ n/dm
and gcdu(x/d, n/d) = 1. Consequently, (x/d)k ∈ Rumk (n/d) and so xk ∈
dkRumk (n/d). On the other hand, if yk ∈ Rumk (n/d), then 1 ≤ y ≤ n/dm and
gcdu(y, n/d) = 1. It follows that d ≤ dy ≤ n/m and gcdu(dy, n) = d. This
shows that (dy)k ∈ Bumd and the desired result follows.

For d ∥ n, we obtain by using (2.2) that∑
Bumd = dk

∑
Rumk

(n
d

)
= dkSumk

(n
d

)
.

It follows by (2.1) that

gk

(⌊ n
m

⌋)
=

∑
d∥n

dkSumk

(n
d

)
=

∑
d∥n

(n
d

)k
Sumk (d).

By unitary analogue of the Möbius inversion formula with f(n) = Sumk (n)/nk

and F (n) = gk(⌊n/m⌋)/nk, we get

Sumk (n)

nk
=

∑
d∥n

µ̄(d)
dk

nk
gk

(⌊ n

dm

⌋)
.

After multiplying by nk, we get the desired result. □
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To establish the explicit formulae for Suk(n) where k = 1, 2, 3, we utilize
the well known fact of gk(n) as follows:

g1(n) =
n(n+ 1)

2
, g2(n) =

n(n+ 1)(2n+ 1)

6
, g3(n) =

n2(n+ 1)2

4
.

Corollary 2.5. We have

Su1(n) =
n

2

(
ϕ̄(n) + I(n)

)
,

Su2(n) =
n2

3
ϕ̄(n) +

n2

2
I(n) +

n

6
ψ̄(n),

Su3(n) =
n3

4
ϕ̄(n) +

n3

2
I(n) +

n2

4
ψ̄(n).

Proof. By using Theorem 2.4 to calculate Suk(n) where k = 1, 2, 3, we get

Su1(n) =
∑
d∥n

µ̄(d)dg1

(n
d

)
=

∑
d∥n

µ̄(d)d
( n
2d

)(n
d
+ 1

)
=
n2

2

∑
d∥n

µ̄(d)

d
+
n

2

∑
d∥n

µ̄(d)

=
n

2
ϕ̄(n) +

n

2
I(n),

Su2(n) =
∑
d∥n

µ̄(d)d2g2

(n
d

)
=

∑
d∥n

µ̄(d)d2
( n
6d

)(n
d
+ 1

)(
2n

d
+ 1

)

=
n3

3

∑
d∥n

µ̄(d)

d
+
n2

2

∑
d∥n

µ̄(d) +
n

6

∑
d∥n

µ̄(d)d

=
n3

3
ϕ̄(n) +

n2

2
I(n) +

n

6
ψ̄(n),

Su3(n) =
∑
d∥n

d3µ̄(d)g3

(n
d

)
=

∑
d∥n

d3µ̄(d)
( n
2d

)2 (n
d
+ 1

)2

=
n4

4

∑
d∥n

µ̄(d)

d
+
n3

2

∑
d∥n

µ̄(d) +
n2

4

∑
d∥n

µ̄(d)d

=
n3

4
ϕ̄(n) +

n3

2
I(n) +

n2

4
ψ̄(n). □
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Theorem 2.6. Let a, k and n be positive integers. If pb ∥ n, where p is prime
and a ≤ b, then

Sup
a

k (n) =
∑

d∥(n/pb)

µ̄(d)dk
(
gk

(
n

pad

)
− pbkgk

(⌊
n

pa+bd

⌋))
.

Proof. Let n = pbt, where p ∤ t.
By Theorem 2.4, we have

Sup
a

k (n) =
∑
d∥n

µ̄(d)dkgk

(⌊
n

dpa

⌋)

=
∑
d∥n
d|t

µ̄(d)dkgk

(⌊
pb−at

d

⌋)
+

∑
d∥n
d∤t

µ̄(d)dkgk

(⌊
pb−at

d

⌋)

=
∑
d∥t

µ̄(d)dkgk

(
pb−at

d

)
+

∑
d∥n
d∤t

µ̄(d)dkgk

(⌊
pb−at

d

⌋)
.

For d ∥ n, it is clearly that d ∤ t if and only if pb ∥ d, that is, d = pbe for some
positive integer e with p ∤ e. Then∑

d∥n
d∤t

µ̄(d)dkgk

(⌊
pb−at

d

⌋)
=

∑
d∥n
pb∥d

µ̄(d)dkgk

(⌊
pb−at

d

⌋)

=
∑

pbe∥pbt

µ̄(pbe)(pbe)kgk

(⌊
pb−at

pbe

⌋)

= −pbk
∑
e∥t

µ̄(e)ekgk

(⌊
t

pae

⌋)
.

Finally, we get

Sup
a

k (n) =
∑
d∥t

µ̄(d)dkgk

(
pb−at

d

)
− pbk

∑
d∥t

µ̄(d)dkgk

(⌊
t

pad

⌋)

=
∑
d∥t

µ̄(d)dk
(
gk

(
pb−at

d

)
− pbkgk

(⌊
t

pad

⌋))

=
∑

d∥(n/pb)

µ̄(d)dk
(
gk

(
n

pad

)
− pbkgk

(⌊
n

pa+bd

⌋))
.

□

Next, we will calculate Su2k(n), where k = 1, 2, 3. First, we use Theorem 2.4
and Theorem 2.6 to calculate general form of Su2k(n) by consider two cases as
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follows:
Case 1: n is odd. This implies that for any divisor d of n, n

d is odd and⌊
n
2d

⌋
=

⌊
n/d
2

⌋
= n/d−1

2 . From Theorem 2.4, we have

Su2k(n) =
∑
d∥n

µ̄(d)dkgk

(⌊ n
2d

⌋)
=

∑
d∥n

µ̄(d)dkgk

(
n/d− 1

2

)
.

Case 2: n is even. There is a positive integer b such that 2b ∥ n. This implies
that for any divisor d of n/2b, n

2bd
is odd and⌊ n

2b+1d

⌋
=

⌊
n/2bd

2

⌋
=
n/2bd− 1

2
.

From Theorem 2.6 with a = 1 and p = 2, we have

Su2k(n) =
∑

d∥(n/2b)

µ̄(d)dk
(
gk

( n
2d

)
− 2bkgk

(
n/2bd− 1

2

))
.

Let p be a prime number and let n,m be positive integers such that pa ∥ n
for some integer a. Then we can write n = pat for some positive integer t such
that p ∤ t and we obtain

ϕ̄

(
n

pa

)
= ϕ̄(t) =

ϕ̄(pa)ϕ̄(t)

pa − 1
=

ϕ̄(n)

pa − 1
,

ψ̄m

(
n

pa

)
= ψ̄m(t) =

ψ̄m(pa)ψ̄m(t)

1− pma
=

ψ̄m(n)

1− pma
.

Corollary 2.7. For n ≥ 2, we have

Su21(n) =

{
1
8

(
nϕ̄(n)− ψ̄(n)

)
if n is odd,

1
8

(
nϕ̄(n) + 2nI

(
n
2b

)
− 2bψ̄(n)

2b−1

)
if n is even,

Su22(n) =

{
1
24

(
n2ϕ̄(n)− nψ̄(n)

)
if n is odd,

1
24

(
n2ϕ̄(n) + 3n2I

(
n
2b

)
−
(

2b+2
2b−1

)
nψ̄(n)

)
if n is even,

Su23(n) =

{
1
64

(
n3ϕ̄(n)−2n2ψ̄(n)+ψ̄3(n)

)
if n is odd,

1
64

(
n3ϕ̄(n)+4n3I

(
n
2b

)
−
(

2b+1+4
2b−1

)
n2ψ̄(n)+

¯8bψ3(n)
8b−1

)
if n is even,

where b is a positive integer such that 2b ∥ n.

Proof. If n is odd, then by using Case 1, we have

Su21(n) =
∑
d∥n

µ̄(d)dg1

(
n/d− 1

2

)

=
∑
d∥n

µ̄(d)d

(
1

2

)(
n/d− 1

2

)(
n/d− 1

2
+ 1

)
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=
1

8

∑
d∥n

µ̄(d)

(
n2

d
− d

)

=
1

8

n2 ∑
d∥n

µ̄(d)

d
−
∑
d∥n

µ̄(d)d


=

1

8

(
nϕ̄(n)− ψ̄(n)

)
,

Su22(n) =
∑
d∥n

µ̄(d)d2g2

(
n/d− 1

2

)

=
∑
d∥n

µ̄(d)d2
(
1

6

)(
n/d− 1

2

)(
n/d− 1

2
+ 1

)(
2(n/d− 1)

2
+ 1

)

=
1

24

∑
d∥n

µ̄(d)

(
n3

d
− nd

)

=
1

24

n3 ∑
d∥n

µ̄(d)

d
− n

∑
d∥n

µ̄(d)d


=

1

24

(
n2ϕ̄(n)− nψ̄(n)

)
,

Su23(n) =
∑
d∥n

µ̄(d)d3g3

(
n/d− 1

2

)

=
∑
d∥n

µ̄(d)d3
(
1

4

)(
n/d− 1

2

)2 (
n/d− 1

2
+ 1

)2

=
1

64

∑
d∥n

µ̄(d)

(
n4

d
− 2n2d+ d3

)

=
1

64

n4 ∑
d∥n

µ̄(d)

d
− 2n2

∑
d∥n

µ̄(d)d+
∑
d∥n

µ̄(d)d3


=

1

64

(
n3ϕ̄(n)− 2n2ψ̄(n) + ψ̄3(n)

)
.

If n is even, then by using Case 2, we have

Su21(n) =
∑

d∥(n/2b)

µ̄(d)d

(
g1

( n
2d

)
− 2bg1

(
n/2bd− 1

2

))

=
∑

d∥(n/2b)

µ̄(d)d

(
1

8

(
n2

d2
+

2n

d

)
− 2b

8

(
n2

4bd2
− 1

))
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=
2b

8

(
(2b − 1)

( n
2b

)
ϕ̄
( n
2b

)
+

2n

2b
I
( n
2b

)
+ ψ̄

( n
2b

))
=

1

8

(
nϕ̄(n) + 2nI

( n
2b

)
− 2bψ̄(n)

2b − 1

)
,

Su22(n) =
∑

d∥(n/2b)

µ̄(d)d2
(
g2

( n
2d

)
− 4bg2

(
n/2bd− 1

2

))

=
∑

d∥(n/2b)

µ̄(d)d2
(

1

24

(
n3

d3
+

3n2

d2
+

2n

d

)
− 4b

24

(
n3

8bd3
− n

2bd

))

=
4b

24

(
(2b − 1)

( n
2b

)2

ϕ̄
( n
2b

)
+

3n2

4b
I
( n
2b

)
+(1 + 21−b)

( n
2b

)
ψ̄
( n
2b

))
=

1

24

(
n2ϕ̄(n) + 3n2I

( n
2b

)
−

(
2b + 2

2b − 1

)
nψ̄(n)

)
,

Su23(n) =
∑

d∥(n/2b)

µ̄(d)d3
(
g3

( n
2d

)
− 8bg3

(
n/2bd− 1

2

))

=
∑

d∥(n/2b)

µ̄(d)d3
(

1

64

(
n4

d4
+

4n3

d3
+

4n2

d2

)
− 8b

64

(
n4

16bd4
− 2n2

4bd2
+ 1

))

=
8b

64

(
(2b − 1)

( n
2b

)3

ϕ̄
( n
2b

)
+

4n3

8b
I
( n
2b

)
+(2 + 22−b)

( n
2b

)2

ψ̄
( n
2b

)
− ψ̄3

( n
2b

))
=

1

64

(
n3ϕ̄(n) + 4n3I

( n
2b

)
−

(
2b+1 + 4

2b − 1

)
n2ψ̄(n) +

8bψ̄3(n)

8b − 1

)
. □
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