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TIME PERIODIC SOLUTION FOR THE COMPRESSIBLE
MAGNETO-MICROPOLAR FLUIDS WITH EXTERNAL
FORCES IN R3

QINGFANG SHI AND XINLI ZHANG

ABSTRACT. In this paper, we consider the existence of time periodic so-
lutions for the compressible magneto-micropolar fluids in the whole space
R3. In particular, we first solve the problem in a sequence of bounded
domains by the topological degree theory. Then we obtain the existence
of time periodic solutions in R3 by a limiting process.

1. Introduction

This paper is concerned with the existence of time periodic solutions to the
following 3D magneto-micropolar for compressible fluids:

pt + div(pu) = 0,
(pu)s + div(pu @ u) + VP(p) = (u+ v)Au+ (p+ A —v)Vdivu
+2vV xw+ (Vx H) x H + pf,

(1) (pw)t + div(pu @ w) + dvw = ' Aw + (' + V)V divw
+2vV X u + pg,
H —Vx(uxH)=-Vx(cV x H),
divH = 0.

Here p(z,t) denotes the fluid density, u(z,t) = (u1,us,us)(x,t) denotes the
fluid velocity field, w(x,t) = (w1, ws,ws)(x,t) denotes the micro-rotational ve-
locity, and H(x,t) = (Hy, H2, Hs)(x,t) denotes the magnetic field. The pres-
sure P(p) = p7 is a smooth function with the specific heat ratio v > 1. The
parameters u, v, A, ¢/, X and o are constants denoting the viscosity coefficients
of the flows satisfying

v i, o>0, 2u+3X—4v >0, 2 +3)N >0.
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f = f(z,t) and g = g(z,t) are given external forces periodic in time. In what
follows, we always assume that f = f(z,¢) and g = g(z, t) satisfy the conditions

(2) f(x7t+T) = f(mat)’ g($7t+T) = g(a:,t),
f(.l?,t) = —f(—.]?,t), g(l‘,t) = _g(_xat)v

for some constant T > 0.

Let us first review some previous works about the model (1) and the related
models. In particular, when the magnetic field is absent (H = 0), then the
system (1) reduces to the compressible micropolar fluids system, introduced
by Eringen [7] in 1966. The existence of time periodic solutions in the whole
space R? was obtained by Tan-Xu [18] for some suitable smallness and structure
conditions on time periodic forces. On the other hand, when the micro-rotation
effects are neglected (w = 0), the magneto-micropolar system (1) reduces to
the compressible magnetohydrodynamic equations (MHD) (see for instance the
books [6,15]). For the time periodic solutions, Tan and Wang [19] studied the
existence, uniqueness and time-asymptotic stability of time periodic solutions
only when the space dimension n > 5, by using the time decay of the solution
operator generated by the linearized system. Later, Cai and Tan [4] established
the existence and uniqueness of periodic solutions for MHD system in an n-
dimensional periodic domain (n > 1). For the 3D case, based on the topological
degree theorem, Cai and Tan [5] showed the existence of time periodic solutions
to MHD system in the whole space.

When the magnetic field is absent (H = 0) and there is no micro-rotational
effects (w = 0), the compressible magneto-micropolar fluids (1) becomes the
classical compressible Navier-Stokes equations, which has been extensively in-
vestigated on the existence of time periodic solutions, we refer to [3,8,9,11-14,
20,21] and the references therein. More precisely, based on the energy method
and the spectral analysis for the optimal decay estimates on the linearized so-
lution operator, Ma-Ukai-Yang [14] showed that a time periodic solution exists
when the space dimension is greater than or equal to 5. Jin and Yang [12] stud-
ied the existence of periodic solutions in a periodic domain in R3. Later, Jin
and Yang [11] considered the existence of time periodic solutions to the whole
space R? through the topological degree theory. By the spectral properties, the
authors in [13] obtained a time periodic solution for sufficiently small and sym-
metry condition on the time periodic external force when the space dimension
is greater than or equal to 3. Later, without the symmetry condition on the
external force, Tsuda [20] also showed the existence of a time periodic solution
of the compressible Navier-Stokes equations on the whole space R™ (n > 3).

The full system (1) can be used to describe the motion of aggregates of small
solid ferromagnetic particles relative to viscous magnetic fluids under the action
of magnetic fields, such as water, hydrocarbon, ester, fluorocarbon, etc, which
is of great importance in practical and mathematical applications [2,10,16,17].
For multi-dimensional compressible magneto-micropolar equations, Amirat and
Hamdache [1] studied the global existence of weak solutions with finite energy.
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In [24], a blow-up criterion of strong solutions to 3D compressible viscous
magneto-micropolar fluids with initial vacuum has been established by Zhang.
Later, Wei-Guo-Li [22] studied the global existence and decay rates of smooth
solutions under the condition that the initial data are small perturbation of
some given constant state. Also see other research results for (1) in [23,25] and
the references therein. Recently, the authors in [26] concerned with the time
periodic solutions for compressible magnetic-micropolar fluids in a periodic
domain. In this paper, we will generalized the result in [26] to the three-
dimensional whole space.

Before stating our main results, we need to introduce some function spaces
that will be used later. Let LP, 1 < p < oo denote the usual LP spaces with
norm ||+ || z», and H* to denote the usual L2-Sobolev spaces with normal || || .
Further we put the t—anisotropic Sobolev spaces as

Wk (0, T)xR¥) ={u : D%u, DPu € LP((0,T)xR?) for any |o| < m, || < k},
endowed with the norm
_ a B
el = D> IDullze + Y IDfullre
la]<m |BI<k

For 0 < a < 1, denote C*% ((0,T) x R?) be the set of all functions u such that
|u]o,a < 0o, where
ula,g = [u]a,g +[lull=,
where []o, ¢ is the semi-norm defined by
u(z,t) —uly,s
fulag =  sup |u( 3 ( Ng
(@0)£(y9) ([T =y + [t —s])>

With the above notations in hand, we now define some solution spaces.

Definition. The function spaces of solutions in a bounded domain QF =
(—L, L) C R? and the whole space R? are given by

(n,u,w, H) € L*(0, T, L5(QL)) satisfies (a), (b), (c);
(ng, ug, wy, Hy) € L°°(0,T; L2(QF)) N L2(0, T; HY(QL));
Vn € L>®(0,T; H'(Q%)) N L2(0,T; HY(QY));

(Vu,Vw, VH) € L>=(0,T; H*(Q5)) N L2(0,T; H2(Q));

St =S (n,u,w, H)(,t)

and

(n,u,w, H) € L>=(0,T, L5(R?)) satisfies (c);

(ng, ug,wy, Hy) € L=(0,T; L2(R®)) N L2(0, T; HY(R?));

Vi e L0, T; H'(R®))) N L0, T; H'(R?)); )
(Vu,Vw,VH) € L>=(0,T; Hl(RB)) ﬂL2( T HQ( )),

S =4 nuw H)(z,1)

with
(a) (n,u,w, H) are time periodic functions with periodic boundary;
b) [or n(z,t)dz =0;
(¢) n(x,t) = n(—=x,t), u(z,t) = —u(—=x,t), w(z,t) = —w(—=x,t), H(x,t) =
—H(—z,1).
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The norm in ST or S is defined as

I(n, u, w, H)||I”
= sup ([[(n,u,w, H)||7s + [[(p, u,w, H)ill72 + |V (p, u,w, H)||71)
0<t<T

T
+/O (I w00, H)ell3 + IVl + 1V (w0, H)|[32) dt.

Moreover, we put
S5 = {(n,u,w, H) € S - |||(p,u,w, H)||| < 6}

The aim of this paper is to show that the problem (1) admits a time periodic
solution around the constant state (p,0,0,0) in R?, which has the same period
as the external forces. Let n = p — p. Then (1) can be reformulated as

n + pdivu = — div(nu),
(P +nyus + (P +n)(u-V)u+ P(p+n)Vn = (u+v)Au
(3) +p+A—v)Vdivu+ 20V xw+ (Vx H)x H+ (p+n)fr,
P+n)w+ @+n)(u-Vw+dvw = p/Aw + (i + N)Vdivw
+2vV xu+ (p+n)gr,
H —0cAH=Vx (ux H), divH =0.

Our main result in this paper is stated as follows.

Theorem 1.1. Suppose that the external forces (f, g)(x,t) € L2((0,T; L5 (R?))
AW, ((0,T) x R3)) and satisfy the conditions (2). If

T
[ (10912 190l ) de + 17 )0 < 67
0

for some small constant §* > 0, then there is a constant §g > 0 such that the
system (3) admits a time periodic solution (n,u,w, H) € S,.

Now we outline the main ideas used in proving our main results. Firstly, in
the same spirit as [11], we introduce a regularized system (4) and a completely
continuous operator. Then by elaborate calculations, a series of uniform esti-
mates on the regularized problem is obtained. Thus, the existence of a time
periodic solution in a sequence of bounded domains follows by the topological
degree theory. Compared with the work for the Navier-Stokes system [11], the
magneto-micropolar fluids are more difficult to deal with because of the strong
nonlinearities and interactions among the physical quantities. Finally, letting
the sequence tend to the original unbounded domain R3, we obtain the desired
time periodic solution to the original compressible magneto-micropolar fluids
under some smallness and structure conditions on the external forces. Here,
some Sobolev imbedding estimates with coefficients independent of the domain
play an important role in passing the limit of the approximate solutions in the
last section.
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The rest of this paper is organized as follows. In Section 2, we prove the
existence of time-periodic solutions for the regularized problem (4) in a bounded
domain by the topological degree theory. The proof of the main theorem will
be studied in Section 3.

2. Existence of periodic solutions in a bounded domain
This section is concerned with the following regularized problem:

nt + pdivu — eAn = — div(nu),

(P+n)u+ (p+n)(u-V)u+ P'(p+n)Vn = (n+v)Au

+(p+A—v)Vdivu+ 2oV xw+ (VX H)x H+ (p+n)fr,

(4) P+n)w+ @+n)(u-Vw+dvw = p'Aw + (1 + N)Vdivw
+2vV x u+ (p+n)gr,

H —0cAH=Vx(uxH), divH =0,

/ ndx =0,
QL

where f1, g1 are sufficiently smooth time periodic functions and odd functions
on the space variable x with periodic boundary, satisfying

(frogr) — (f.g) in L2(0,T;L%(R®) N W, ((0,T) x R?),

and

T
2 4 2
[ (102002 )+ 12900 oy )+ 1092 By oy

L8 (oL

T
< [ (DI g g + 1CE D)) 4 10 1y

Our goal of this section is to prove the existence of time periodic solutions
for the regularized problem (4), that is,

Proposition 2.1. Suppose that the external forces (fr,gr)(x,t) € L*(0,T;
L3 (QF)) nW (0, T) x QF). If

T
|05 gM R g + 10 gDl dt + 1 g0 < 6°
0
for some small constant 6* > 0, then the problem (4) admits a solution (np,ur,
wr,Hr) € S(SLU, where & is a small constant independent of L and €.

For later use, we state some basic inequalities.

Lemma 2.2 ([11]). Assume that Q@ C RY is a bounded domain, and O is
locally Lipschitz continuous. If u|laq = 0 (or fQ udx = 0), then for any 1 <
pP<N,1<q<p' =L,

(/ |u|qu)1/q < C(N,p,q)|mesQ|%_z%*(/ |Vu\pdx)1/p.
Q Q
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In particular, if ¢ = p* = NN—ZJ, then

([ 1" a0)'"” < o) [ [9ul? do)"

Lemma 2.3 ([11]). Assume that Q C R® is a bounded domain, and O is
locally Lipschitz continuous. If ulgg =0 (or fQ udx = 0), then
1/2 1/2
lullzs < Cllull 2Vl
1/4 3/4
lullze < Cllull ' [ VullZs",
lull < ClIVullgr,

where C is independent of Q. Moreover, the above inequalities also hold in R>
if u(z) = 0 as |z| = oo.

In the following, we are devoted to proving Proposition 2.1 by the topological
degree theory. To make the presentation easy to follow, we divide this section
into several subsections and the first one is to introduce a completely continuous
operator P to problem (5).

2.1. Construction of an operator P
For any 7 € [0, 1], we define an operator
P SEx[0,1] — St
((p,v,w,B),7) = (n,u,w, H)

with § being suitably small. Here (n,u,w, H) is the solution of the following
problem:
ne + pdivu —eAn = G1(p,v, 1),
(P+T1p)us — (p+v)Au— (p+ X —v)Vdivu
P

P
+p(p)(p+ Tp)vn = GQ(pa’vaa T) + T(p+ Tp)fLa
(5) P+ 1p)wr — ' Aw — (' + N )V divw + dvw = Gs(p,v,w,T)

+7(p+7p)9L,
H; — 0cAH = G4(v,B,7), divH =0,

/ ndx =0,
QL

Gi(p,v,7) = —7div(pv),
Ga(p,v,w0,7)=21vV xw —71(p+7p)(v - V)v

with

+(p+71p) (P,(p) - P;E[)Jr+77;;p)) Vp+7(V x B) X B,

7
Gs(p,v,w,7) =21vV xv— (p+7p)(v-V)w, Ga(v,B,7)=7V X (vx B).
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Remark 2.4. The condition fQL ndxr = 0 is given to ensure the uniqueness of
solutions. In fact, notice that % fQL ndx =0, if (n,u,w, H) is a solution for
the problem (5), then (n + ¢, u,w, H) is also a solution with any constant c.

Now we show that the operator P is completely continuous. For this purpose,
we first give the following lemma which implies that P is well-defined.

Lemma 2.5. If§ is sufficiently small, then for any (p,v,w, B) € Sk, 7 € [0,1],
the problem (5) admits a unique time periodic solution (n,u,w, H) € S*.

Proof. By Lemma 2.2, we have

(6) ol < ClIVpllm < Co.
Choosing § suitable small gives that
1 1 2
— < = <=
2p " p+Tp TP
Define the operator
eA —pdiv 0 0
Py BV N HFAT VG g 0 0
A = g s + P ™ + ! /! A, 4
0 0 AN st o
TP+ P TP+ P T+ p
0 0 0 oA

and set U = (n,u,w,H), W = (p,v,0,B), G(W) = (Gl,%,%,(ﬁ),
F=(0,7fL,791,0), then the system (5) can be written as
U, = AU + G(W) + F.

Investigate the corresponding homogenous linear system U, = AU of (5),
that is consider the following initial value problem in Q% with periodic bound-
ary

ny + pdivu —eAn =0,
A— P'(p
—M+V,Au—u+ 7VVdivu+ ,(p)vnz()’
'rpn/Lp /Tf)'_J/r\/D 4P
(7) wi— L Aw-E T Vdivw + ——w =0,
TP+ P TP+ D TP+
H,—cAH =0, divH =0,
(n,u,w, H)(z,0) = (no, uo,wo, Ho),

where ng(x) is an even function with [, nodz = 0, and ug(z), wo(z), Ho(x) are
odd functions. It is not difficult to prove that this properties remain unchanged
for the solution of the problem (7).

Multiplying the second equation in (7) by u, and then integrating it over QF
we obtain

1d A —
Ld [ s+ / (quu /Hy|divu|2> de
2dt Jor L \7p+p TP+ P
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, Po)

— Vnudz
p QL
< mnwnmuwumnunm
mnvmmnwniz,

where C is a constant independent of QF. By (6), for sufficiently small §, we
see that

KtV 2, ptA—v 2 P'(p)
8 \Y% _ d \Y% d
® [ (St S v+ S0 V) do
1d ,
- dx < 0.
t3a ), e =0

Similarly, multiplying the third equation in (7) by w, and integrating it over
OF we deduced that

1d
(9) /QL <|V 12 + 3 \dlvw|2—|——| | >dz+2dt lw|?dz < 0.
Then multiplying the first and the forth equations in (7) by ( Py and H,
respectively, we have
1d P'(0), 1 2
10 H|*)d
w 55 [ (B ) o

Pp P'(p
+/ ( Ep) ivu+e 7(2/)) |Vn|? + J|VH|2> dx = 0.
QL P P

Thus it follows from (8)—(10) that

d P'(p P'(p
w = ( (2”)|n|2+|u2+w|2+|H2> de + 2 7(2”)/ Vnl? da
QL P P QL

2
+2/ o|VH|? dx + j/ (p+v)|[Vul* + (p+ X —v)| divul?
QL 3p Jar

+i/ [Vw? + (1 + X)) | divw|® + 4v|w|?) dz < 0.

Moreover, multiplying the second equation of (7) by (¢ + v)Au + (g + X —
v)V divu, and integrating it over QF, we arrive at

l1d
2dt
1
+/QL o ((p+v)Au+ (,qu/\*l/)VdiVU)Qde
P'(p)
Vi

(12) . (e + )| Vul* + (p+ A — v)| divul?) dz

—(2u+ M) VnVdivudz = 0.

QL
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Multiplying the third equations by u'Aw + (1’ + X))V divw, and integrating it
to obtain

Ld
2dt Jor

1 , . 2
— (WA "+ N YWVd d
+ [ = e+ (4 XV dive) da

(13) (1 |Vw]® + (¢ + X)| divw|?) dz

dv / 2 / / : 2
+ Vw|® + + AY)|di dx
| s 96l + -+ )] divl)

4TV
= ————Vp(i/Vw + (i + X)) divw)wdz
/QL (p+17p)? ( ( ) )
TV
< C—— 2 Vol Vel r2]lwl| s
(P —7llpllL<)?

< ClIVollm IVwlz: < C6[Vw]Z..

Applying V to the first equation and the fourth equation of (7), and multiplying

the resultant identities by (2u + ) P%(f) Vn and V H, respectively, we obtain

1d P'(p
(14) f—/ (2u—+X) 7(2p) |Vn|? + |VH|? ) dx
2dt QL 1%
;i
+/ (2u + A)mVnV div udx
QL p
P'(p
+ / (5(2u + ) 7(2p) |An|? + U|AH|2) dx = 0.
Qr P
Combining (12)—(14), we derive
1d
(15) S [ () Vul + (e + X = v)[divul® + 4| Vw|?
2dt Jor

P'(p
+( + N divw* + |[VH|? + (2u + \) ) |Vn|2> da

72

1
—|—/ = p+v)Au+ (n+ X —v)Vdivu)?de
[ ) bu( )V diva)

1
—|—/ — W AW+ (1 + NV divw)?de
[ V)V

dv ,U'/ 2 / / : 2
—|V A)|d d
+/QLp+Tp<2| wl*+ (@' + X)) divw| x
P'(p)

+a/ AH de + 2(2u + 2) 2 / A2 da < 0,
Qk P QL

By the Poincaré inequality, (11) and (15), we can get

d
%H(nauﬂ'daH)(t)HHl + Cgll(n7u7w7H)(t)HH1 <0,
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which means that

n,u,w, z, H! > No, Uo, Wo, 110 Hlei .
II( H)(z, t)|lm < |I( Ho)|[re™ "

Next, by Duhamel’s principle, the solution to the system (5) can be written in
a mild form as

U(t) = / =8 (G(W)(s) + F(s)) ds.

—o0
Moreover, U(t) satisfies that
t

[0l < [ (G + F(s) [ ds

—0Q0

g/ eI (GW)(s) + F(s)) | ds

—0Q0
1
2

<C. </O I(G(W)(S)JrF(S))II?pdS) ,

where we have used the time periodic property of W and F, also we have
t+T

Ut +T) = / U T (G(W)(s) + F(s)) ds

— 00

/ - U= C=TNA ( QW) (s = T) + F(s — T)) ds

=[ et=I% (G(W)(5) + F(s)) ds = U(t),

which means that (n,u,w, H) € L>(0,T; H'(2F)) is a time periodic solution
of (5) with time period 7.
Assume that the problem (5) has two solutions Uy = (ny,uy,wq, Hy) and
Us = (ng, u2,ws, He) for some (p,v,w, B) € S(;L. Then we have
(Uy —Us)y = AUy — Us).

Letn=n1—no, ¥ = U1 — Uz, W = w1 — wg,ﬁ = H, — Hy. Then we easily
check from (8)—(11) that

2 ! m L~ ~ .~
%/ / (e + )|Vl + (p+ X —v)|dival> + ¢/ |Va|* + (& + )| div©]?
0o Jar

g P'(p) -~
+4v|@|?) dzdt + 2/ / (52|Vﬁ|2 + 0|VH|2) dzdt < 0.
0o JorL p

By the Poincaré inequality, we have (n1 — no,u; — ug,w; — wo, H — Ha) =
(0,0,0,0) which implies Uy = Us.

On the other hand, by the classical theory of the parabolic equation, the
system (5) admits a unique time periodic solution (n,u,w, H) € S* if Gy, G2+
T(p+7p) fr, Gs+7(B+7p)gr, Ga € Wy ' ((0,T) xQF). Then when (p,v,@, B) €
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S (SL, (n,u,w, H) is in a sub-space of S* and is the unique solution of the problem

(5).

In addition, if (n(z,t), u(x,t), w(z,t), H(z,t)) is the periodic solution of (5),
then (n(—z,t), —u(—=z,t), —w(—=z,t), —H(—x,t)) is also the periodic solution of
(5). By the uniqueness, we easily obtain that (n(z,t), u(x,t),w(z,t), H(z,t)) =
(n(—z,t), —u(—=x,t), —w(—x,t), —H(—x,t)). This completes the proof of this
lemma. (]

Similar to the proof of Lemma 2.4 and Lemma 2.5 in [26], we have that the
operator P is completely continuous.

Lemma 2.6. If § is sufficiently small, then the operator P is compact and
continuous.

2.2. Energy estimates

With the above preparations in hand, we now turn to give a series of uniform
estimates on the solutions to the following system:

ny + pdivu — eAn = —7 div(nu),

B+ m)uy — (p+v)Au— (p+ A —v)Vdivu+ P'(p+7m)Vn
=2V xw—71(mn+p)(u-Vu+7(Vx H)x H+71(p+m™)fL,
P+m)ws — p'Aw — (' + N)Vdivw + dvw

=2V xu—7(p+m™)(u-Vw+ 70+ )91,

H,—0cAH =7V x (ux H), divH =0,

/ ndx = 0.
QL

Similar to the proof of uniqueness in Lemma 2.5, we can show that n = u =
w = H = 0 when 7 = 0. Thus, in the following, we only investigate the case
when 7 € (0,1].

Lemma 2.7. Assume that 7 € (0,1]. If (n,u,w,H) € S is a solution to the
system (16) and |n| < &, then it holds that

(16)

d _ 2, 2 2 - 2
(17) i Jor <(p+7’n)(u +w )+72<7_1)P(p+7n)+H >dx
[Vl Ve o+ [P e Vs
oL (v—1) Jar

+2/ (4 + M) divel® + (1 + A — )| divl® + o| VH[?) do
QL

< Cre(||VulallAul 2 + [IVwllz2 | AwllL2) + Cllf2]? s + Crllgrl? .
where C' is a constant independent of L and €.

Proof. Multiplying the second equation of (16) by u, then integrating it over
QF, and combining the periodic boundary conditions, we have

1 d
(18) 3 / (p+ Tn)au%lx + / (p+v)|[Vul? + (p+ A —v)|divul?) dz
oL oL
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+ / P'(p+m)Vn - udr + / 7(p + ™n)uVu - udz
or Q

L

= 271// curlw~udx—|—/ 7(V x H) x H-udx—i—/ 7(p+ ™) frude.
Qr Qr QL

It follows from the first equation of (16) that

(19) /QL 7(p+ ™)uVu - udx = / T(p+ ™m)uV <UQ> dx

QL ?
__T / [TVnu + (p + ™) divu] - ude
2 Jor
_T / nelde — = | Anuda.
2 QL 2 QL

From (18) and (19) it follows
1d
2dt Jor

+ / P'(p+1n)Vn - udz
QL

(20) (P + mn)u’dx + / (p+v)|[Vul? + (p+ A = v)|divul?) do

QL

2
=7 [/ Y Andz + 21// curlw - udzx + / (p+ Tn)fLudac]
QL 2 QL QL
1
— 7/ (H'VuH + -V (H?) - u)dz.
Similarly, multiplying the third equation of (16) by w, then integrating it

over QI and combining the first equation of (16) and the periodic boundary
conditions, we can deduce that

1d
21) —— [ (p+mn)w?dx + / (1 |Vwl* + (1 + X)|divw]? + 4vw?) dz
2 dt QL QL
S Anw?dx + 27'1// curlu - wdx + / 7(p+ ™n)grwdx.
2 QL QL QL

Multiplying the first equation of (16) by P’(p + 7n), then integrating it over
Q% we obtain

1d
(22) f—/ P(ﬁ—i—Tn)dx—i—sT/ P"(p+ )| Vn|*dz
T QL QL

= Tﬁ/ P"(p+m0)Vn - udx + 72 / P"(p+ n)Vn - nudz
QL OL

=7(y—1) /QL P'(p+m™)Vn - udz.

Multiplying the fourth equation of (16) by H, then integrating it over QF, we
get

1d
2dt Jor

(23) H2dx+0/ |VH|2d:r:T/ VX (ux H)-Hdz
QL QL
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1
= T/ (H'VuH + 5V(H2) -u)dz.
QL

Combining (20)—(23), we can arrive at
1i/ (p+ n)(u2+w2)+#P(’+ n) + H? | dx
2dt Jou \ T -1 T
+ / (1 |Vw* + (1 + XN)|divw|? + 4vw?) d
Qr

+ / ((p+ )| Vul* + (p+ X —v)|divu]* + 0| VH|?) dz
QL

4+ / P"(p+ )| Vn|*dz
v—1Jqw
- = V(u2+w2)Vnd:17+4TV/ curl u - wdzx
2 Jor o
b1 [ @ )it g do
QL
€ 1" (— 2 2 2
<o—— | P'(p+mn)|Vnl[ide + Crellul|e | Vullzs
2(y—1) Jar

+ Cte||w|3s | Vw3 4+ Tv|| V|32 + 41| w3,
+CTlfLll s llulle + Crligell, o llwllzo

&
2(vy—-1)
+ C7e||Vw|| 32| Aw| 2 + Tv[|Vul 72 + 47v[|w| 72 +CT||fL||2Lg

IA

/ P(p+ 70)[Vnlde + Crel| V.|| Aul| 12
QL

2 w
+Orlgl? g + BIvulds + Vel
This implies the estimate (17) immediately.

Lemma 2.8. Under the assumptions in Lemma 2.7, we have

(24) /QL [(p+m)(u§+w§) +HE} dx+%/m ((n+v)|Vul?

d
+(,u+)\fu)|divu|2)dx+%/ (o| VH| + 1/ |[Vwl]?
QL

+ (1 + N)|divw]? + dvw? — %P(ﬁ + 7n) div u)dx

< O|[Vullfs + C7|[Vw(Z: + 2| An||2: + CT(|Vnl|72 | VZul2,
+ C7||V2ull 12| Vullz2 + O Vul 2. [ Vwllzn + CrllfLz:
+C7llgelie + CTIIVH | 12 [VH[ 72 + CT(|[Vul 30 [ VH |71,

where C' is a constant independent of L and €.
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Proof. Multiplying the first equation of (16) by P’(p+7n) div u, and integrating
it over QF, one has

(25) / P'(p+ mn)n; div udz + / (5 + ™) P'(p + )| div u|>dz
Qr or

—e [ P(p+7n)Andivudr
QL

= —T/ P'(p+mn)Vn - udivudz.
QL

Moreover, multiplying the last three equation of (16) by u;, w; and H;, respec-
tively, then integrating them over QF, we can deduce that

(26) /QL [ﬁ—i— ™) ((u? + w?) + Hf] dx + %% » ((u + 1) |Vu?

1d
+(u+ A —v)|divul?) dz + 3% (1 |Vw]® + (1 + X)| divw]?
QL

1
+dvw® + o|VH|?) dz — / —P(p+ ™) div udz
QL T
= 2TV/ curlw - updr — / T(p+ 1) (u - Vu) - ude
Qr Qr
—|—T/ (Vx H) x H-utdx—i—/ T(p+ ™) frudz
Qr QL
+ 271// curlu - wpdx — / 7(p+ ™) (u - Vw) - widz
Qr Qr

—|—/ T7(p+ T™n)grwidx + T V x (ux H) - Hidx.
QL QL

In light of (25)—(26), we see that

1d
| @+ mid +ut) + Hde+ 55 [ (ur IVl
QL 2dt QL

1d
+(p+ A —v)|divul?) dz + - — (1 |Vl + (1 + N)| divw]?
2dt Jor

2
+4vw? + o|VH|> — ZP(p + mn) div u) dx
T

= 'y/ P(ﬁ+7n)|divu\2dzf€/ P'(p+ mm)Andiv udz
QL QL

+ 7/ P'(p+m)Vn - udivudz + 2Tz// curlw - ugdz
or Qr

- / T(p+mn)(u- Vu) - updr + QTV/ curlu - widx
Qr Qr

—/ T(ﬁ—l—Tn)(u'Vw)-wtdx—i—/ T(p+ ™) frudx
QL QL
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—|—/ T(P+ ™)grwede + T V X (ux H) - Hidx
Qr QL

+7'/ (Vx H)x H - ugdx
QL
< Clldivul[Z. + Cel| Anl|p2]| div ul| 2 + CT(|Vnl| g2 [[ul s || div ul| 1o
1
+ 5/ (p+ ) (uf +wi)dz + Ot llulZe [ VulZs + C7|lul|Zs ]| Vw2
QL
+ OVl + CT|[Vwl[i + C7l frll72 + Cllgellz

+CT||VH|Ls [ H o + CTIIVH[L2|ul Lo

1
+ C7||Vul 32| H| 3~ + f/ Hidax
2 Jor
1 1
< 7/ (P4 ™) (u? + w?)dx + 7/ H}dx + C||Vul|22 + €%||An|2,
2 QL 2 QL
+ OVl [ V2ullfz + C7l|V2ul L2 | Vul|Z2 + CT(|Vul| L2 || Vel 7
+C7l[Vw|[2: + C7llfLlZ: + CTllgrlz:
+C7||V2H|| 12| VH |22 + C7(|[Vull3n [V H [
Hence, the estimate (24) follows from the above inequality immediately. (I

Lemma 2.9. Under the assumptions in Lemma 2.7, one has

1d P'(p
(Cr 4 R—— <p(|Vu|2+|Vw2)+VH2+(p)|Vn|2) dx
2dt Jor
1
+f/ (u\Au|2+o\AH\2)dx+/ (1 + A= )|V divl
2 QL QL

/ Pl —
+ %\Aw|2 + (W + NV divw|2)dx + 5&/ |An|*dx
p Qr
< C7||Vall7:[V?nll 2 + CTl|VnlFn w2 + Ol Va3 [ VullZ2
+O7|[Vnlip wellZ: + CTl|VullF [IVwll7e + O VH | 7 IV H |72
+ O Vul 3 [VH|F + CrllfLlZ2 + CTllgelizs,
where C' is a constant independent of L and €.

Proof. Applying V to the first equation of (16), and taking the L? inner product
with Vn, we get

1d
2dt Jor

- 7/ V div(nu)Vndx
QL

|Vn|2dx+/ ﬁVanivuders/ |An|?dx
QL QL

1
_ T/ (2|Vn|2 divu + VnVuVn + nVnV div u) dx.
QL
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Multiplying the second, the third and the forth equation of (16) by Au, Aw
and AH, respectively, and then integrating them over Q, one has

1d

—— [ (a(Vu]® + |[Vw|*) + |VH|?) da:—i—/ ((n+ v)|Aul?

th QL QL

+(p+ A —v)|Vdivul?) da:+/ (1| Aw]® + (1" + X)|V divew|?
QL

+4v|Vw|® + 0| AH|?) dx
= P/(ﬁ)/ VnAudx + 7'/ nus Audx —l—/ P'(p + ™)VnAudx
QL QL QL

- / P'(p)VnAudz + 7'/ P+ ) (u- Vu) - Audx
or or

- 27'1// (curlw)Audx — ’7'/ (V x H) x H-Audz
Qr oL

—T/ (ﬁ—i—Tn)fLAudm—i—T/ nwiAwdx
Qr Q

L

— 27'1// (curl u) Awdx — 7'/ (P + ™) grAudz
Qr QL

+T/ (p+mn)(u-Vw) - Awdz — 7 V x(ux H)-AHdx.
QL QL

Combing the above two estimates gives that

1d P'(p
- — p(|Vul* + |[Vw|?) + |[VH|* + @Wnﬁ da
2dt QL P

i
+6Pf(p)/ |An|2dx
P QL

+ (p+v)|Aul + (p+ A — v)|Vdivu]* + o|AH|?) dz

L

+ (1 Aw]® + (1" + N)|V divw]? + 4v|Vw|?) dx

P 1
= — L7'/ (2|Vn|2divu+VnVan—i—nVanivu) dx
QL

S— 55—

I

nugAudx + / (P'(p+mn) — P'(p))VnAudx
QL

QL

7
J
+ 7'/ (p+m)(u-Vu) - Audx — 271// (curlw)Audx
QL
/ (Vx H)x H-Audz —7'/ (p+ ) frAudx
Q Qr

+ 7'/ nwiAwdz — 27‘1// (curl w)Awdzx — ’7'/ (p + ™) gL Audx
Qr Qr QL
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+T/ P+ m™)(u-Vw) - Awde — 7 V x(ux H)-AHdx
QL QL
< C7[|Vnl| 2 [|Vnl sl| Aull L2 + CTI[Vnl g fJue]| 2 || Au] 2

+ O7||Vul g |Vl 2 | Aul 2 + 40| V|72 + 7v]|Aul|72
+ C7|[VH || [VH|| 2| Aul[ 2 + CT[| fLl| 2 [ Aul| 2
+ C7(|Vn| m lwe || 22 [[Aw|[ 22 + C7llgr || L2 || Aul| 2
+ C7|[Vull g || Vwl| 2 [| Aw|[ 2
+ C7||Vul| g1 |[VH| 2 |AH || 2 + CT||VH | g2 | Vul| 12 [| AH || 2
< O7||Vnl3:V2nll L2 + CT|VnlFn w72 + O Vul 3 [ Vul 72
+O7|| V| llwel 72 + CT||Vullfn Vo7 + CTIVH| 7 [V HI| .
+ C7|Vull3n [IVH | + CTllfoll72 + Crllgpllie + 47v|Vw| 7

7 ' o
+7v)|AulZ: + 5IIAUIIiz + 5||Awlliz + §|\AHIIiz-

Thus we have (27).

Lemma 2.10. Under the assumptions in Lemma 2.7, one has

(28)

1d P(p
—— (ﬁ(|Vdivu|2)—|—|Vdivw|2)—|—|AH|2—|—&|A7¢|2
2dt QL P

1d DP'(p
+D1(p+ mn)(uf + wy)) daH—f—/ 717(p)nf+D1Ht2 dx
2dt QL 14

>\7
+D1/ <“|vut|2+“”|divut|2>dx
ar \ 4 2

li
+ Dl/ (’;|th|2 + (1 + N)| divew|* + ;|VHt2> dx
QL

g

—4—7/ |VAH|2dx+4l// (IVdivw|® + |V curlw|®) dz
2 QL QL

+ %/ (p+N[Adivul® + (o + v)| curl Aul?) da
QL

+ /QL (' + N)|Adivw]? + ¢/ | curl Aw|?)) da
+6@/ (IVAnf + Dy [V 2)de
P Qr
< C7llnl[Z2Vnllz + Clnellz2llul 22 + CTling| 7z lwell 22
+ O7llue|| 221Vl Fr + OTlInel|72 | Vull 72 V2ul 72
+ O[22 [ Vul| 72| V2wl 22 + CTlluel| 72l Vel 3
+ O7llwel| 72 VullF + CTl| Hell7= [ VH| 31
+ CT|[ Hel[72 [Vl B+ O lluel[72 |V H 32

603
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+ OVl [ Vuel 22 + Ol Vnl3n [VulZ: |Vl 3

+ OVl [Vl 2 Vol F + CTlIVulfp || Aul 2

+ Cl[Vullip [ Vwlif + ([ Va3 [V 2.

+ OVl uel 22 + CTlVa| g llwdl|2

+CT|VH |3 |AH |22 + CT||Vull3p [VH |3 + CTl[Vu 2

+C7([V2wl[Z2 + Cyy7llnellze + Cou 7 Vol + mlValF +m2llue] 22

+ipllwillze + Cpatllfrellze + Coatllgrelza

+C7(|fLllzs + CTIV fLllZe + C7llgrlzs + CTlIVaLlZe,
where C, Dy, n1, n2, Cy,, Cy, are constants independent of L and . Moreover,
M, © = 1,2 can be chosen to be arbitrarily small, and Cy,, i = 1,2 is constant
depending on n;, 1 =1, 2.
Proof. Applying 0; to (16), and then taking the L? inner product with @nt,
uy, wy, Hy, respectively, we have from integrations by parts that

1d ") o, 2 2 2) P'(p)
-2 —n; + (p+m™)(u; +wy) + H, dac—l—a/ —
53 L (B2t 4 g a2 o)+ 1 =

+/ ((/L+V)\Vut|2+(,u+)\71/)|divut|2)dx+/ o|VH,|*dx
Qr QL

\Vn,|2dx

+ / (1 |V * 4+ (1 + X[ dive|® + dv|w|?) da
QL

P'(p 1
= —T@/ <|nt|2divu+Vn~ntut+nnt divut> dx
p QL \2
- f/ ne(u2 + w?)dz +/ (P'(p+ ) — P'(5))ny div upda
2 QL QL

+ 47'1// wy curl ugde — 72 / nguVu - ugdr — 7'/ (p+ ™) uVu - upde
QL QL QL
— T/ (B + ™) uVuy - updx — 72 / nsuVw - widx
QL QL
. 7'/ (p+m™m)uVw - wpdx — 7'/ (p+ ™)uVw; - wdz
QL QL

+T/ (Vth)xH-utdx—i—T/ (V x H) x Hy - updx
QL Q

L

+7 V X (uy x H) - Hidx + 7 V x (u x Hy) - Hydx
oL QL

+ T/L(Tnthut + (P + ) freus)de + T/L(Tntngt + (P + mn)gr,wi)dx
Q Q

< Crllne|[Za |l div ull gz + C7llnel| 2| Vo g2 | Ve | 2

+ Ol L2 [ Vol g | div || L2 4+ C7lInel| L2 luel| Lo [| Ve | 22
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+ O7llngl| L2 |lwl Lo Vet | 2 + T ([ Vuel| 72 + 4w 72)
+ O7llngl| 2 |Vl 2| V20l 2] Vg ]| 22 + Ol | 2 |Vl g [ Ve 2
+ O7llngl| 2 |Vl L2 [ V20| L2 | Veor || 2 + Ol 2 |Vl 1 [ Ve 2
+ C7||Vul| g1 | Vwr|| L2 lwell 2 + CTIV Hyl| 2 |V H| g [ ue || 2
+ C7(|frellzzluelle + OT(|[ Vel o2 | VH | g [ He || 2
+ CT|VH| 2 [Vul i [ Hell 22 + CTllgrellpe [|odll r2
+ C1lmullez [Vuell 2l follze + CTlnellpz [Vwillzz gz |l s

< Crlnill7e |l divul gz + C7llnl[7: 1 Vnlin + Crlndlze llud?
+ O7llngl| 2 llwil 72 + OTllnel[72 [ Vul 221 V2ul 72 + Crlluel|7: [ Va7
+ C7llngl| 21Vl 32 V20l 2 + OTllugl|72 | Vollin + O Va3 [lwell7
+ CT|VH| 2 |*[[uel 2 + CTIVH | F: [ Hiel[ 72 + O (V|| 71 || He |12
+ Ol frell e uell 2 + Crllnal 221 175 + CTllgrellze lwell 2

ﬁ| pw+A—v
2 2

g
+ gHVHtlliz +Arvfwllie + v Vu|7s,

!/
+ OrllnellZz lgzllis + 51 Vuellze + [ divue]|Z + %IIthlliz

which implies that

14 [ (PO
2dt Jor

P(p 1
+5/ f(p)|Vnt|2d$+f/ (1| Vue)® + (4 A = v)| div ug|?
QL 14 2 QL

(29)

02 4 (54 o)l +w2) + H) dz

+i [V +2(1 + X)) divwy|* + o|VH,[?) do

< O7|nellfz |l divull gz + C7llngl[72 1V nll7n + C7llngl| 7z w2
+ C7llnll 7z lwil 72 + O llul| 72 Vullzn + Crllng 721Vl 72 (Va7 2
+ O7 |7 |Vl 22l V2wl[F2 + OTllug]| 72 Vel l7
+ C7(|Vul 3 will7z + CTIVH|| 22 |ue]| 72 + CTI|VH | 3 || He 7 2
+ C7(|Vul 3 | Hell 22 + C7ll frellez llusllze + Crlnell 22l foll s
+C7llgrellze willze + Crlnel2llgzl7-

On the other hand, applying the operator A to the first equation of (16),
and taking the L? inner product with An, it is easy to see that

1d

30 -
(30) 2dt Jor

|An|2dﬂc+ﬁ/ AdivuAndm—i—a/ |V An|?dz
oL oL

1
= —7'/ <2|An|2divu+VnAuAn+2V2nVUAn
QL
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+ nAdivulAn + 2VnV div uAn) dx.

Multiply the second equation of (16) by VA div u, and integrate it over QF, it
holds that

(31) 22

— |Vdivu\2dx+(2u+>\)/ |A div u|*da
2dt QL QL

= P'(p) AnAdivudr + 7 / ndivu A div udz
QL QL

+7 Vnu A div udz + 7'/ P"(p+ ™)|Vn|*A div udz
or or

+ / (P'(p+7mn)—P'(p))AnAdiv udx—QTV/ div(curlw)A div udz
QL QL

+7 [ div((p+7n)(u-V)u)Adivude— [ div((VxH)xH)Adivudz
QL QL

-7 div((p + ™) fr)A divu dx.
Qr

Similarly, multiply the third equation of (16) by VA divw, and integrate it over
QL we can also obtain

pd

92y E
(32) 2dt Jor

\Vdivw|2dx—|—(2u’+/\’)/ |A divw|?dz
QL
+4v/ |V divwl|?dzx

QL

=T / ndivw;Adivwdr + 7 VnwiA div wdz
QL QL

- 21/7’/ div(curlu)A div wderT/ div ((p+7n)(u - V)w)A divwdz
QL QL

,7—/ div((p + ™) gr)Adivw dz.
QL

Applying A to the forth equation of (16), and taking the L? inner product with
AH, we have

(33) %% /Q |AH|*dz + /Q o|VAHPdr = —1 . VV x (ux H)VAHdz.
Putting (30)—(33) together, we deduce
1d (P’(p)
2dt Jor

| An)? 4 p(|V divul? + |V divw]?) + |AH|2) dx
4
P'(p
+ (2M+A)/ |A divul*dz + ¢ (p)/ |V An|?dz
Qr QL

+(2,/+X)/ \Adivw|2d:c+4y/ \Vdivw|2+/ o|VAH|*dx
QL QL QL
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P(p 1
_ PP / (5 |An|? divu + VnAuAn + 2V*nVuAn + nA div ulAn
or

p

+2VnV divulAn)de + 7 / ndivuAdivudr + 7 Vnu A div udz
QL QL

+T/QL P”(ﬁ+7n)lvnl2Adivudx+/QL(P’(p+m) — P'(p))AnA div udx
+ 72 /QL Vn'uVuAdivudz:+T/§2L(ﬁ+7'n)|Vu|2Adivudz
+T/QL(ﬁ+Tn)uAuAdivud;p+72 /QL Vn - uVwA divwdz
+T/QL(ﬁ+Tn)VquA divuderT/QL (P + ™) uAwA div udx

+ 7 / ndivwAdivwdr + 7 Vnw A divwdx
QL QL

—/ div(V x H) x H)Adivudz — T VV X (u x H)VAHdx
Qr Qr

—T/ div((ﬁ+7n)fL)Adivudx—T/ div((p + mn)gr)A divwdx
oL Q

L

< O7|An|22 || Vull 2 + C7||Vn| g || An| 22| V| g
+ C7||Vn|lgi||An|| 2| A divul|| gz + C7]|Val g div we|| g2 || A div ul| 2
+ OV g1 |V | 2 |A div ul| 2 + C7[|[ Va7 ]| A div ul| 2
+ C7||Vul[Za[|A div a2 + CT(Vnl g [|Vul| 2 |Vl g |A div w2
+ C7lIVul g |Aul[ 2 |A div ul| 2 + OVl g [ Vul| 2] Ve | g1 | A div wl| 2
+ C7||Vullm [ Aw| 2 [|[A divw|[ 2 + CT[|[Vul a1 [ V| g [[A divw| 12
+ C7||Vnl g [ Veor|| 22 | A divew| L2 + O || VH|74 ]| A div ul| 2
+ C7||VH| g2 [[AH| 2 [|A div ul g2 + CT||VH || g || Aul| 2 [ VAH]|| 2
+ C7|Vullm [VH| g [VAH | 2 + +C7|AH|| 12| Vul| g1 |[VAH || 2
+ C7|Vnllg | fol 2 |A divul[g2 + C7| div fL|[ 2| A div u] 22
+ C7l|Vnll g lgelics A divul 2 + C7f| div gp|[ 2 || A divu| 2

< C7l|ValF [Vul gz + CT(|Valfnl|An|Z: + CT( Va3 | Va7
+ CO7(| V| 2 |V?nl|72 + C7l| V| 2]| Aull72 + OV [| Aul 2
+ O7|| V|3 [Vl 72l Va3 + CTl[Val 3 [Vl 3
+C7[Va|3 [Vl 22 Vo7 + OVl Ve[
+O7||VH| 12| V2 H |72 + CT|AH|[7:[VH| 72 + C7(|[Vul 5. [V H| 7
+ OVl Fa [l f2ll7s + Clldiv fo |72 + CT([ValF lgcll7s
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+ C7||divgp|2s + pl|Adivu|?. + 4/ |Adivw| 2 + %HVAHH%z.

Hence, the above estimate implies that

1d P'(p
(34) ~— ﬂmnﬁ +p(|Vdivul? + |Vdivw|?) + |AH|? | dx

2 dt QL 14

P'(p
+(p+ )\)/ |A divu|?dz + 5&/ |V An|*dx
Qr P Qr

+(//+X)/ |Adivw|2da;+4u/ |Vdivw\2+/ %|VAH|2dx
QL QL QL

< O Va3 [Vull = + CT|Vallip [An|2e + CT([Valfn || Va7
+ C7|[Vullipl|Aullzs + CTIIVallin [Vull 2 [ Vull3
+ O Vullip Vel + CrlIVal [ Vul . Vel
+ O Vi [Verl|2s + CTI| AH |7V H |3
+ C|[Vullip IVH 3 + CTValgs | follis + Ol div fo]|7
+Cr|[Valinllgels + Crll divgr|z..
Applying the operator curl to the second and the third of (16), we arrive at
(35) curl((p + mn)ut) — (u + v) curl Au
+7ewrl (p+ 7n)(u- V)u) — reurl((V x H) x H)
= 27vcurl(curlw) + 7 curl((p + 7n) f1.)
and
(36)  curl((p + Tn)w;) — 1 curl Aw + 4v curlw + 7 curl (5 + ™) (u - V)w)
= 27rv curl(curlu) + 7 curl((p + 7n)gr).

Multiplying (35) and (36) by curl Au and curl Aw, respectively, and integrating
them over QF, we get

37 (n+v) /QL | curl Au|? —l—u'/QL | curl Aw|? +4V/QL |V curl w|?dz
< ClIVurlie + ClIVweliz + CrlVallip luclZ> + CTlVul s || Aul
+C7|[V2wl[Zz + Ol Vnllip [VullL: [ Vulf + CTIIVH|F IV H 17,
+CT||VH| L2 [V2HI[Z2 + CTl|Vallinllwe |72 + CTlIV2ullZ
+ O Vul 3 [ Volipn + CTl[Valin Vul 2. Vw3,
+CT|Vnlipllfelzs + CTIV fLllze + CTValZa llgclzs
+C7[[Vgrllz-.

Finally, multiplying (29) by a suitably large constant Dy, and combining it
with (34), (37), we obtain (28) immediately. O
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Now, we give the uniform estimates for n;, Vng, Vn and An. The proof is
similar to [11], we omit it here for brevity.

Lemma 2.11. Under the assumptions in Lemma 2.7, one has
(38) / 2dx + 5— \Vn|2da
QL
< C|ldivulZ: + CTHanleHVUqul + OVl 3 | Vul 2e,

d
(39) / |Vnt|2dx+5—/ Andz
QL dt QL
< CVdivulZz + CT|| Va3 [ Vulli,

(40) / |Vn|2da
QL
< O(llull7e + [|Au]l 72 + [V divull72)
+ C7[|VullZa[Vulf + CT|VH| 22| AH] 22 + Ol fLl[,

(41) / |An|?dx
QL
< C(IVuellze + A divul2) + CT|Va|3n [ Va7
+ C7[|Vullfp [Au|Z: + CT[Vnll3n Va2 [Vl 3
+CT(|VH |} [|AH |22 + C7|| Vol + C7l fillzs + CT|IV fLlZe,
where C' is a constant independent of L and €.

Lemma 2.12. Under the assumptions in Lemma 2.7, one has
Dy d P(p
(42) 727/ ﬁ(|Vdivu\2)+\Vdivw|2)+|AH|2+@\An|2 da
2 dt QL P

J _
+D2/ ntzdang—/ |Vn|2dx+8/ ([Vue|® + [V |?)dz
QL dt QL 2 QL

d 1d
—I—Pl(ﬁ)% QLAndlvudx—i—ia/ ((n+ v)|Aul?

+(p+ A —v)|Vdivu]? + @/ |Aw? + (1 + X) |V divw|? + 4v|Vw|?) dz

+ Do / (p+v)|Adivul® + (& + X)|Adivw]* + 4|V divw|?
QL

o
+;|VAH|2)dx+5D2Pp(p)/ IV An|2dz
QL

< C7|Vallip IVl gz + CTlIVallfp [ An||7e + CTIValfn [ V|7
+ OVl Vwdli: + CrlIVallin [ VullZ: | Vel
+ C7|| Vi IVull L2 [IVullZ + CT Vo | AullZ
+ C7||Vullip Vol + CTllAn] | uellZ
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where C, Do are constants independent of L and € and Dy can be chosen to be
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+ Crl|An|Ls lwellZs + CTIIVallfn I VullZ + Ol divulg.
+C7||V2ulZ: + CT|V2wlLe + CT|VH |3 | AH |12

+ C||Vullip IVHG + CT fill7sIVnll + CT[VFL]Z:
+C7llgLl sVl + CTlVgrllzs,

suitably large.

Proof. Multiplying the second and third equation of (16) by Awu; and Aw,

respectively, we have from integrations by parts that

IN

This together with (34) and (38), by choosing D5 appropriately large, we obtain

/ (ﬁ+7n)(|Vut|2—|— |th|2) dxr
QL

+-— [ ((w+v)|Auf + (p+ X —v)|Vdivul?) de
2dt Jou
+ 4 P'(p)Andivudz
dt Jor
1
+§% (W 1Aw® + (1 + V)|V divw]? + 4v|Vw]?) dz
QL

z/ (uf—i—w?)Andm—T/ P"(p+ )| Vn|* div usdz

2 QL QL

+P’(ﬁ)/ ntAdivudx—/ (P'(p+7n) — P'(p))Andivudz
Qr Qr

— 7'/ V((p+mn)(u- V)u)Vud + 27v V curl wVudz
QL QL

+7 V((V x H) x H)Vudz + T/ V(B + ™) fr)Vurdx
QL QL

+ 27V V curluVwdzr — 7'/ V((p+mn)(u- V)w)Vwdz
oL Qr

+7 V((p+ m™)gL)Vwidx
QL

E(IIVUtHiz +IVwellz2) + CrlAn|Ls el + CTllAn]| s w72

+ O Vol [ AnlZe + Cllnl| 2 |A divull 2 + C7[Val[3n [ Vull2: [ Va7
+ O Vol [Vulf2llAwlZ: + Crl[Vulf | AullL: + C7l[Vulli | Aw].

+ C7||[VH |} |AH| 22 4+ CT]|Vw||32 4+ Ol Va3 || fo s
+ C7||V2ull72 + CT|IV fLlZ2 + OVl llgLlizs + CTlIVgLllZe

(42) immediately.
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2.3. Proof of Proposition 2.1

Now, we are ready to prove the existence of time periodic solutions of Propo-
sition 2.1. The proof is a combination of the estimates obtained above and the
topological degree theory.

Proof of Proposition 2.1. In order to solve the problem (4), we first solve the
equation

(43) U-PU1) =0, U= (nuwH)eSE
By the topological degree theory, we have to choose §y; > 0 such that
(44) (I —P(,7))(0Bs,(0)) £0, Vre][0,1],

where Bj, (0) is the ball of radius dy centered at the origin in ST.

When 6§ is sufficiently small, then we have ||n||~ < C||Vn|/g < 2. For
suitably large D3 and Dy, considering the linear combination DsDy4 x (17) +
Dy x (24) + D3Dy x (27) + Dy x (28) + Dy x (38) + (39) + (40) + (41), and
integrating from 0 to T', we can deduce that

DyDy [T
34 1 / / (1| Vul® + (p+ X —v)|divul® + 20| VH|?
0 Jor

(45)

4
+(p+ A= v)|Vdivu]* + @/ |Aw* + (1 + X)|V divw|?) dzdt

DsD, (T DDy (T
+ =2 4// 20| AH? dedt + — 4// (| Ve ?
4 0 JQrL 4 0 JQrL

. 2 D1D4 T / 2
+2(p + A — v)|div uy|?) dedt + 1 (1| Vewy|
0 Jor

/ 2 / / : 2 D3 D, g 2
+1/ |Vl + (0 + X)| divw]?) dedt + (plAu]
0 Jar

D T
+2(p" + N)| divew |* + 20| VH,|?) dxdt+74// ((p+N)|A divul?
0 JQL

+2(p+ v)| curl Aul® + 20| VAH|? + 4y | cwr]l Aw|?) dadt

T
—|—D4// (W + XA divw|? + 4v (|V divw|? + |V curlw|?)) dadt
0 Jar
Dy (T _ 2 2 4 2 2 2
4+ == (p(uf + wi) + H; )dxdt + (D4nt—|—\Vnt| +|Vn|
4 0 JQL oJor
2 P'@p [ 2 2
+|An|?) dzdt + 6D4iﬁ (IVAn|* + D1 |Vn|*)dzdt
0 Jar

T
< C7 sup IIVnH?m/ (IVallzn + IVullz + ol
0<t<T 0

+llnelZe + lluel 3 dt + CTOSIET{IIVUIlél + Vel + lluelz2}
<
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T T
: / (IVulZn [Vl 2+ llwe|22)dt+Cr sup [l 2 / 14|22t
o 0<t<T 0
T
+Cr sup {||Vuld +Vell ) / (InelZ2 + [[Vnll2)dt
o<t<T 0
T T
L Cr sup ||Vn||iz/ IV2ulZadt + Cr sup [[VH|E: / e |22t
o<t<T 0 o<t<T 0
T
L Cr sup {IVald + llnelde) / (el + [Jorl|22)dt
o<t<T 0

T
+C7 sup {||VH |7 +||VUH12LII}/ (IVH 3 + [1Hl 7))t
0<t<T 0

T
+OT/O (170 9282+ 90l + 11z 923+ (e gn) 2 ¢ ) dt

T
< i ( / (172 90 g + 120 92) 0 ) dt + 11(Fro 1) W)

+ 027'58‘ + 03758.
Thus there exists a time t* € (0,T) such that

(46) -/QL (uf + [Vue]® + | divug|* + wf + |V |? + | dive|?

+n; + [Vl + H7) (x,t*)dx+/ (IVH* + |Vul®
QL
+|divul® + |Auf® + [V divu® + |Adivul?) (z,t*)de

—|—/ (| curl Aul® + [Vw|* + [divw|® + [Aw|* + |V curl w|?
QL

+|V divw|?) (z,t*)dx +/ (JAdivw|? + | curl Aw|?
QL
+|VH? + |[AH|? + |Vn|* + |An]?) (z,t*)dx

+ g/ (1Vnel? + [V ARP) (2, ) do
QL

<ar [ (1) g + 1ol d
+ Ol (f2, 92) Iy + Cordg + Caréy.
Combining (27), (29) and (42) yields
P'(p)

d
(47) £/ (PVul® +[Vwl) + [VH + —=(IVaf + [nef*)
QL

d
+(ﬁ+m)(lut|2+thIQ))der%/ (1He? + (1 +v)| Auf?
QL
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+(p+ A —v)|Vdivu]® + @/ [Aw]* + (1 + X)|V divw|?) dz

d
dy— Vwl?d
gy [ 10

P(p
+ Dz%/ (p(IVdiqu + |V divef?) + |AHP + p(p)A"F) d”“
QL

d d
+ — 2P’(ﬁ)Andivudaﬁ+5D2—/ |Vn|2dx
dt Jo dt Jopr

< C([Vulln + luelFz + 1V2wl72) + Crllng 22| div ul g
+ C7|| V|3 IVull gz + CTlinel|gs + CTlluel|7s + Crllwell 72
+ O7||Hy||42 + CT||Vnli + C7||Vuld: + Cr|| Vw4
+ O VH |30 + Crllngl| 72 uel 22 + Crllnel| 22l |17 2
+ C7l|An||72 udl 72 + CTl|An|| 72 w72
+ C7I V|3 V|72 + CT(| Vo3 Vw7
+ CO7lnel| 22l Val 3 + Crllnell72 [ Vull7. V2wl 72
+ C7|| V| 3 IVl 321Vl Fn + Ol ValFn ([ Vul 3
+ Ol frllFn + Crllfrell72 + Ol frllzs
+C7llgrllin + C7llgrlzz + Crllgrzs-

Notice that

) o
Qp'(p)/ Andivuds < 3/ \Vu|2dx+27(p)/ |An[dz
QL 2 QL 2 QL

with Dy is suitably large. By (45) and (46), we integrate (47) from t* to ¢ for
any t* <t <t*+ T to get

(48) sup / (IVul® + |Vw|® + [VH|* + |Vn|* + |n.?
0<t<T JQL

el + ol + H ) (x,t)da:—i—/ (¥ dival® + |V dive|?
QL

+|Aul® + [Aw|? + |AH? + |An|?) (z,t)dx

IA

/ (IVul]® + |Vw|® + [VH|* + |Vn|* + |n,?
QL

—Hut|2 + |wt|2 + |Ht|2) (z,t%)dx —|—/ (|V divu|2 + |Vdivw|2
QL

+|Aul® + [Aw]? + |AH? + |An|?) (z,t*)dz

T
+C/ (IVullz + luellze + 1V2wl[72)dt
0
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T
Lo swp [Vl / Va2 dt
o<t<T 0

T
L or sw [Vl / IVwllZ dt
o<t<T 0

+ C7 sup ||VH||§{1/ |V H |3 dt
0<t<T QL

+C7 sup ||Ut||%2/ [u||Z2dt + O sup ||°Jt||2L2/ [ els
0<t<T QL 0<t<T QL

T
+Cr sup [Hlfs [ |Hilfadt+ O sup s [ ol de
0<t<T QL 0<t<T 0

2

T
+07_sup {nels + 1 9nln) ( / |Vu%{2dt)
o<t<T 0
T
7 sup (lonlts + [AnlEs) [ (lule + rl3e) de
o<t<T 0
T
1 sup ([Vully + 9wl ) [ (nals + [Vnl) de
o<t<T 0
T
1 sup [Vl [ (IVals + [Vurl3 + [Vl 3)de
o<t<T 0
T
+ Ol ulfyg + Crllanlgs + 7 [ (el + aw i) ae
T
< Cor [ (1) g + 1190 )t
0

+ Cull(fz gL)H?;VZ},l + Cs703 + Co1dg + Cr785.

By (45) and (48), it holds that
sup / (IVul]® + |Vw|® + [VH|* + |Vn|* + n}
0<t<T JQL

+uf +wp + HY) (z,t)dz + sup / (IVdivul® + [V divw|?
o<t<T Jar

T
AR + |Aw + |AH]? + |An]?) (a:,t)da:+/ (1Vul?
0 QL
+|divul® + |[VH[* + |[Vw|* + |divw|? + |Aul?) (z, t)dzdt

T
—|—/ / (IVdivul> + [AH]? + |Awl® + [V divw|?
o Jaor

T
+|Adivul?) (z, t)dzdt —|—/ / (| curl Aul? 4+ |Adivw]? + | curl Awl|?
0o Jar
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T
+HIVAHP +u} + w}) (z,t)dzdt + / / (H? + |Vug)? + | div ug|?
0 QL
+ |Vwi|® + |VH|? + | divew |* + n2)(x, t)dzdt

T
+/ / (IVne® + |Vn|? + |An|? + e|[VAn|? + |V |?) (2, t)dzdt
0 QL

T
<Gyt (A (1912 g + 1 (frsgr) | ) dt + ||(fL,gL)II§V21,1>
+ 657'58 + 667-53 + 677'58.

Thus, when dg and fOT (||(fL,gL)

suitably small, we obtain

o (L, gL)l3p ) dt +1(£r. 1)

Hig ?2[/1’1 are
2

T
49)  [l(nuw, )P+ / / (IVn? + [V An[?)dadt
0 QL

T
< Cy7 (/0 (IFLs )1 o + (s gr) ) dt + ||(fL,9L)||§V21,1>
+ 527'58 + 6737'561 + 647’58
1
< 5637
where we have used the fact that ||(n,u,w, H)||rs < ||V(n,u,w, H)||g2. There-
fore (44) holds. By P(-,0) = 0, we have
deg (I —P(-,1), Bs,(0),0)=deg (I — P(-,0), Bs,(0),0)=deg (I, Bs,(0),0)=1,
which implies that problem (4) has a solution (n, u,w, H) with ||| (n, u,w, H)||| <
dg. This completes the proof of Proposition 2.1.
3. Existence of time periodic solutions in R3

This section is concerned with the existence of a strong small periodic solu-
tion in the whole space R3.

Proof of Theorem 1.1. Let (np,ur,wr, Hr) be the solution of the regularized
problem (16). By Sobolev imbedding theorem, we have (np,ur,wr,Hp) €
C*5((0,T) x QF) and

[nL7uL7wL7HL]a’% S C(SU.

Let e — 0, and then L — oo, for any fixed [ > 0, there exists a subsequence
{(nns ns Wi, Hi) Yoo—y and {(n,u,w, H)} € S} , such that

(M s U Wy Him ) — (n,u, w, H) uniformly in Q,
(N> U s Wrns Him ) — (n,u,w, H) strongly in L2((0,7), L5(QY)),
(Vs Vi, Vo, VH ) — (Vn, Vu, Vw, VH) weakly-* in L>((0,T), H' (")),
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(n’mtaumtawmn H’mt) — (’I’Lt7ut,Wt, Ht) Weakly—* in LOO((())T)’ LZ(Ql)),
Vi, — Vn  weakly in L2((0,T), H*(QY),
(Vttn, Vo, VH,) = (Vu, Vw, VH) weakly in L2((0,T), H*(Q')),
(n’mtaumtaw’mh Hmt) — (nt,Ut,Wt, Ht) Weakly in LQ((07T)7 Hl(Ql))

Furthermore, by (47), for any small constant £, we get

’

+ / (AR +|Aul? +|Aw|* +|AH|? +|Vdivu|* + | Vdivw|?) (z, t+&)dx
QL

/ (V2 +|Vul2 +|Vw|? +IVH | +ni4u? + w? + HE) (z,t+€) da
QL

— / (V2 4+ | Vul> +| V> +[VH|? +n? +u? +w? + H?) (z, t)da
QL

_/ (AP 4+ AuP+ | Aw+| AH 2+ [Vdival?+|Vdive|?) (z, ) dz| di
QL
< Cl¢l,

where C' is independent of L. By the Arzela-Ascoli theorem, one can check
easily that

(M ts Umgs Wmes Himg) = (ng, ug, wy, Hy) strongly in L2((0,T), L*(QY));
Vi, — Vn strongly in L2((0,T), L*(QY));
(Vg Vo, VHy,) — (Vu, Vw, VH) strongly in L2((0,T), H*(QY)).
Hence we take a sequence L,, with L,, — +00 as m — +oo, and let
{(nips s Wi H )}

be the convergent function sequence in QFF | and {(nFFl ufH WEHL HEFL)Y be

? m

a subsequence of {(n¥  uk Wk HEF)} which converges in QL +1(k = 1,2,...,
m,...). Repeating the argument as
1 oL
(ny,ul,wi, H) (nd,uy,ws, Hy) --- (nh ul wl H) converges in Q1
2 02 2 g2y 2 2 2 12 2 2 2 72
(n7,uf,wi, Hy) (n3,us,ws, Hy) (ne,, us,, wo, HS) converges in 72

We get a Cantor diagonal subsequence {(n7,u wi H™)} which goes to

{(n,u,w, H)} in QF with any L > 0. Then we obtain the {(n,u,w, H)} € Ss,
is the solution of (1) in R? by the arbitrariness of L > 0. O
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