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TWO-SIDED ESTIMATES FOR TRANSITION
PROBABILITIES OF SYMMETRIC MARKOV CHAINS
ON 74

ZHI-HE CHEN

ABSTRACT. In this paper, we are mainly concerned with two-sided es-
timates for transition probabilities of symmetric Markov chains on Z¢,
whose one-step transition probability is comparable to |z — y|~9¢;(|z —
y))~1 with ¢; being a positive regularly varying function on [1, c0) with
index o € [2,00). For upper bounds, we directly apply the comparison
idea and the Davies method, which considerably improves the existing
arguments in the literature; while for lower bounds the relation with the
corresponding continuous time symmetric Markov chains are fully used.
In particular, our results answer one open question mentioned in the pa-
per by Murugan and Saloff-Coste (2015).

1. Introduction

Recently symmetric Markov chains with infinite range jumps have been re-
ceived a lot of interest. In particular, two-sided estimates for transition proba-
bilities of a-stable-like symmetric Markov chains on Z?, whose one-step tran-
sition probability is comparable to |z — y|79~* with a € (0,2), were first
established in [4]. Since then, there have been substantially excellent works on
the extensions of [4]. One direction is to consider the corresponding results for
continuous time symmetric jump processes; for example, see [7] for symmet-
ric a-stable-like processes on d-sets with a € (0,2) and [8-10] for the mixture
of symmetric stable-like processes on metric measure spaces. The other di-
rection is devoted to establishing explicit estimates for transition probabilities
of various discrete time Markov chains in different settings; for example, see
[15] for symmetric a-stable-like processes on graphs and [13] for symmetric
subordinated Markov chains on Z<.
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Among them, two-sided estimates for transition probabilities were presented
in [15] for discrete time Markov chains on a uniformly discrete metric measure
space whose one-step transition probability is comparable to

(V(d(z,y)¢(d(z,y))) ",

where d(z,y) is the distance for the underlying space, ¢ is a positive contin-
uous regularly varying function with index « € (0,2), and r — V(r) is the
homogeneous volume growth function.

The following question was put forward in [15, (A), page 727]:

What happens if a > 27 Even in the simplest setting of Z. or R, no sharp two-
sided time-space estimates are available for the iterated kernel h, when o > 2
(especially, when a = 21).
Some comments are further highlighted in [15, page 727] to show that the
question above is very difficult to obtain. The purpose of this paper is to
address this question for symmetric Markov chains on Z¢ completely.

Below we first describe the assumptions and the setting of our paper, and
then present the main result. Two concrete examples closely related to the
question above are provided to illustrate the power of our main result.

1.1. Assumptions

[13 2

Throughout this paper, we use “:=" as a way of definition, which is read as
“is defined by”. The symbol | - | denotes the Euclidean norm, and B(z,r) :=
{y e Z: |z —y| < r} for any x € Z? and r > 0. For two real numbers a and
b, a A'b := min{a,b}. For functions f and g, the notation f =< g means that
there exist constants ¢, cq,c3,cq > 0 such that ¢; f(car) < g(r) < esf(eqr),
and the notation f ~ g means that there exist constants c¢1,ce > 0 such that
e f(r) < g(r) < ea ().

Let J(z,y) be a symmetric function on Z¢ x Z such that J(x,y) = J(y, )
for all 2,y € Z? and that there exists a constant C; > 1 so that for all
x,y € Z% with x # y,

C;l < Cy
|z —ylip;(|z — yl) ~ |z —yldoi(lz —yl)

Here ¢; : [1,00) — [1,00) is a non-decreasing function such that ¢,(1) = 1 and
that there are constants co > ¢y > 0and as > a1 > 2sothat forall R>1r > 1,

Ry _ ¢(R) Ry
1.2 — <2< —) .
(1.2) Cl(r) _¢j(7“)_62(r>
Below we extend ¢; to R, := [0,00) by setting ¢;(r) = r3/2 for all r € [0, 1].

In particular, ¢; is increasing on R4 with ¢;(0) = 0. Correspondingly, we can
define

(1.3) Ge(r) == ),
lo 5mds

(1.1) < J(z,y)

2
r > 0.
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The definition of ¢, is taken from [1, (1.10)]. Actually, as indicated by [1], ¢;
is the scaling function of the transition kernel, and ¢. will play a role in the
scaling function for the process. Note that, by (2.2) and Lemma 2.2 below,
2¢;(r) > ¢(r) for all » > 0, and

lim %;(r) =
r—00 (1)
Throughout the paper, the following Assumption (H) is imposed on the
scaling functions ¢; and ¢. in force.

(H) For any v > 0, there exist constants | € (0,1) and C > 0 such that for
allr>1,

(1.4) /Olrexp {7%}%d8§0m,

where
o na(25),

Remark 1.1. Since

[ el sme e [ s

(1.4) is satisfied, when for any v > 0 there exist [ € (0,1) and A > 0 such that
for all r > 1 with ir > M (r),

br s s M(r)2
(1.5) /Mm P {”Mm} 56 & = A5y

1.2. Main result

Now, we consider a symmetric Markov chain (X,,),>0 on 74 with a one-step
transition probability given by

J(2,9)
(1.6 ) = 5
where J(z,y) is given above and satisfies (1.1). We are interested in two-sided
estimates for the transition probabilities p, (z,y) := P*(X,, = y) of the process
(Xn)n>0, where P* is denoted by the probability of the process (X,,)n>0 with
Xo = x. According to the Chapman-Kolmogorov equations, for any 1 <k <n
and z,y € Z4,

Pa(e,y) = Y (@, 2)pn—i(2,9),
2€74

where po(z,y) = 05(y) and p1(z,y) = p(z,y).
The main result of the paper is as follows.
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Theorem 1.2. Suppose that (1.1), (1.2) and Assumption (H) hold. Then
there are constants c1,co > 0 such that for all x,y € Z¢ and n > 1,

(L7)  pa(z,y)
[¢;1(n)]_d7 n > cl(bC(‘x_y')?

< oo { -2 (o —al) < 0 < cogulle —a

R (D n < con.(|z —yl),

where Go(r) = gu(r)/r, 671 (r) = inf{s > 0: gu(s) > 1}, G73(r) = inf{s > 0
¢c(s) =1} and

n*(T):’f"¢c< 47;5.( ) :¢c( Z )10g4¢j(T)7 rz 1
log d)c”(:)) log (;;’((TT)) be(r)
Remark 1.3. We make three comments on Theorem 1.2 and its proof.

(i) Theorem 1.2 is analogous to [1, Theorems 1.2 and 1.4], where sharp two-
sided estimates of the transition densities (heat kernel) for symmetric jump
processes on R? whose weak scaling index is not necessarily strictly less than
2 (that is, jump processes in [1] may be allowed to have light tails of jumping
kernels with any polynomial decay at infinity) were established. The readers
can refer to [2,11] for further study on two-sided heat kernel estimates and their
stabilities properties for symmetric non-local Dirichlet forms of pure jump type
on metric measure space.

(ii) As done in [4,15], in order to prove the upper bounds of transition
probabilities stated in Theorem 1.2 for discrete time Markov chain (X,,)n>0 we
will partly make use of heat kernel estimates for the continuous time Markov
chain (Y3):>0 associated with (X, ),>0; see the end of Section 2 for the definition
and properties of (Y;);>0. Instead of directly apply the results in [1], in the
present paper we will prove upper bounds of transition probabilities for (¥;);>0
via the so-called Davies method. We mention that the argument in [1] is based
on some self-improving arguments starting from rough estimates for the exit
time of the process (Y:)i>0. As we see below, the Davies method adopt here
considerably simplifies the proofs in [1], and the approach should be interesting
and useful of its own.

(iil) For lower bounds of transition probabilities in Theorem 1.2, the common
method in the literature is to establish parabolic Harnack inequalities for the
Markov chain (X,)n>0, whose proof is lengthy; see [4,15]. However, here
we directly use the probabilistic relation between the processes (X,),>0 and
(Y2)t>0, which immediately yields near-diagonal lower bounds for transition
probabilities of (X,,),>0; see Proposition 4.3.

1.3. Two examples

In this part, we take two examples which indicate that the function ¢;(r) =
rB for r > 1 with B > 2 satisfies Assumption (H). Therefore, Theorem 1.2
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applies. In particular, this answers the question in [15, (A), page 727] affir-
matively for symmetric Markov chains on Z¢ with this special scale function
¢;(r) =P for all r > 1 with 8 > 2.

Example 1.4. Suppose that ¢; satisfies (1.2) with oy > 2. Then, ¢.(r) ~ r?
for r > 1. In particular, ¢.(r) ~ r, ¢_1(r) ~ r, and so for all r > 1 large

enough,

=r o 4¢j(r)~ror_1
M(r) = /lgd)c(r) ~r(logr)™",

thanks to (1.2).
In order to verify Assumption (H), we only need to consider r > 1 large
enough. First, define

Fi(s) = exp {7 MS(T)

with v,Cy > 0 and 0 < # < 1. We will claim that there are [,Cy > 0 and
0 € (0,1 A (a1 —2)) such that for all » > 1 large enough with Ir > 1 and for all
s € [M(r),lr], F1(s) < Fy(s). Indeed, set H(s) := Fs(s) — Fi(s). By choosing
Cp > 0 large enough, we find that for all r > 1,

H(M(r)) = Fo(M(r)) — Fi(M(r)) = Co(e + M(r))? — e’ > Coe’ — € > 0.

} , Fy(s)= C’o(e+s)9, s € [M(r),lr]

On the other hand, for all » > 1 large enough with i > 1 and for all s €
[M(r),ir],

! _ / _ -1 Y S
H'(s) = Fy(s) — F{(s) = 0Co(e + 5)"" — M(r) P {’VM(T)}

ciylogr cins
77" i
r
> 0Co(e + 1) 1971971 —ciylogr - rar 7L

> 0Cq(e +5)771 —

where in the first inequality we used M (r) ~ r(logr)~! for r > 1 large enough
and ¢; > 0 is independent of r. Then, for fixed 8 € (0,1 A (a7 — 2)), we
can choose | = 0/(2c17) so that H'(s) > 0 for all » > [~! large enough and
s € [M(r),lr]. Hence, with the choices of Cy and I above, we can obtain that
Fi(s) < Fy(s) for all » > I71 large enough and s € [M(r),lr]. Therefore, due
to 0 € (0,1 A (ag —2)), for all » > [~ large enough,

Ir 400
/ exp -y i Lds < Co(e+s)? L ds :=C < o0,
M(r) M(r) ) se=t =y ol

which, along with the fact ¢;(r) > c,r® for all » > 1 with some constant
¢ > 0 (due to (1.2) again), yields that (1.5) is satisfied for all » > 1 large
enough, and so Assumption (H) holds true.

Thus, according to Theorem 1.2, the associated transition probabilities
pn(x,y) satisfy the following estimates: there are constants cs,cs > 0 such
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that for all z,y € Z¢ and n > 1,

n=4/2, n> cplr—yl?,
p— 2 —
pulz,y)={ n~¥?exp {—%}, cslz—y?log  t(1+|z—y|) < n < eplz—yl|?,

EETRR =R n < esle—yl*log ™ (1+]z—yl).

Example 1.5. Suppose that ¢;(r) = 72 for all r > 1. Then, for all r > 1
large enough, ¢.(r) ~ %, be(r) ~ fogy and #-1(r) ~ rlogr; moreover, for

all » > 1 large enough,

M(r)®
Ge(M(r))

~ logr.

r)=r 0 4¢j(r)~ro ogr) !
M(r) = /lg(bc(r) (loglogr) ™",

For any v > 0,1 € (0,1) and r > 1 large enough,

w0 i it

< c1exp {cyyl log log r}l(log log )

< c1l(log )" (loglog ),

where ¢1, ¢y are independent of . Then, by taking | = 1/(2(cey V 1)) in the
inequality above, we know that (1.5) is also true for all r > [~! large enough.
Hence, Assumption (H) is satisfied for this example.

Therefore, according to Theorem 1.2, the associated transition probabilities
pn(z,y) satisfy the following estimates: there are constants c3, c4 > 0 such that
for all z,y € Z* and n > 1,

[nlog(1 + n)]=%/2, n > c3ni(jz —yl),
r— 2
po(zsy) = [nlog(1+n)] =2 exp {—m} , ans(lz—yl) <n
< ezni(|z —yl),
Wa n < cana(|z — yl),
where

ny(r) = r? log71(1 +7), mna(r)= r? log71(1 +7) log™* log(e + 7).

The rest of the paper is arranged as follows. In Section 2, we give prelimi-
naries on the scale functions ¢; and ¢. as well as some properties for J(z,y).
Section 3 and Section 4 are devoted to the proofs of upper bounds and lower
bounds for the transition probabilities p,,(z,y), respectively.
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2. Preliminaries

In this section, we present some preliminary results that will be frequently
used in the sequel. Recall that

be(r)

= T s a0 T 2 0

Jo %;(5) ds
Since ¢;(r) = r3/2 for all r € [0,1], we know that ¢.(r) = 1r%/2 for r € [0,1].
Then, by (1.2), there is a constant co > 1 such that for all R > r > 0,

R\*? _ ¢;(R) R\
2.1 = <L < =
2 W' (7) =% (F)
where ag > 2 is given in (1.2). On the other hand, because ¢; is non-decreasing
on [0, 00),

7,2 7,2

= T 3 < =7 S
o 5 48 o 5o ds
Furthermore, it is easy to see that for all 0 < r < R,
6o(R) _ B2/ [y s/9i(s)ds _ R?
(23) == By e S 72
Ge(r) 12/ [y s/¢i(s)ds T
With the aid of all the discussions above, we have the following statements

for ¢.(r) and ¢(r) = 6c(r)/r.

Lemma 2.1. Under (1.2), there are constants ca > ¢1 > 0 such that for all
0<r<R,

e o(3) =50 =)

(2.2) Pe(r) =2¢;(r), r=>0.

In particular, for all0 <1 < R,

R\Y/2  ¢.(R) R
2. — < = <co—
= IONES SOl
and there is a constant c3 > 0 such that for all 0 <1 < R,
(2.6) R/$:M(R) < csr/o; ' (r).

Proof. By (2.3), we only need to verify the first inequality in (2.4). For any
R>r>0,

/OR ok <R) [ e tusen (%) " | 5

where in the inequality we used (2.1). This along with the definition of ¢. can
yield the desired assertion. O

Next, we present two lemmas related to (1.2).
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Lemma 2.2. Under (1.2), it holds that
lim 9, (r) =
r—00 ¢e(7)

b)) 7> g,
¢c(r) 2 0 ¢j (S)
11 < () < eor®?, r>1
for some as > a3 > 2. It is easy to see that the desired assertion holds when
fooc s/p;(s)ds =

On the other hand, if fooo s/¢;(s)ds < oo, then there is a constant ¢z > 0
so that for all » > 1,
65(r) o 640

Gelr) = 02
We claim that lim,_,o ¢;(r)/r? = oo, and so the desired assertion holds as
well. If it is not true, then there is a constant ¢4 > 0 such that for all
¢i(r)/r < cyrforallr > 1, and so fooo s/¢;(s)ds = oo, which is a contradiction.
Next, we verify that lim, e ¢j(r)/r? = oco. Indeed, since floo s/gzbj s)ds =

Yoo Of2” 8/¢] )ds < oo, it follows from (1.2) that > >, 5 (2n) < oo and
s0

Proof. Note that

and, by (1.2),

) 22n
G
which along with (1.2) again yields that lim,_, r%/¢;(r) = 0; that is,
. ) 2 _
Tim 6;(r) /1 = ox.
The proof is complete. O

Lemma 2.3. Under (1.2), there is a constant ¢ > 0 such that for all r > 1,
AG0) 490,

T¢c( (r)) e(r)

where ¢.(r) = ¢.(r)/r, and M(r) is defined in Assumption (H).

log

Proof. For any r > 1, by the definition of M(r), we can write

4¢;(r) 46;(r) 46;(r)
1 — =1 —logl
o) e T 0l

Pe(r) 4¢;(r) 4¢;(r)
— 1 —logl .
G T Gur) T B )
So, it suffices to verify that there is a constant ¢y > 0 so that for any r > 1,

o), 400
% 0 (M(r)) = e(r)

= log

colog
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Indeed, according to the definition ¢.(r),

o JZZ)T» -l Miﬁ *los </0Mm /93(s / Jy srest )
<2loglog 456]((:)) + log </OT/10g2 s/¢;(s) // s/¢;(s >

4¢;(r)

de(r)

where in the first inequality we used the fact that M (r) < r/log2 (thanks to
20;(r) > ¢.(r) for all r > 1), and the last inequality follows from the scaling
property (2.1) of ¢;(r). Hence, we can obtain the desired assertion. O

<cy + 2loglog

The following lemma is a direct consequence of (1.1) on J(z,y).

Lemma 2.4. Under (1.1) and (1.2), there exist constants C1,Ca > 0 such that
for all x € Z¢ and r > 1,

Ch
(2.7) J(x,y) <
N 50
and
. —yf? e [ ——as.
25) 3 eI <G | e

Proof. According to (1.1) and (1.2),

1
>, Jww<Cr Y g

T
yeB(z,r)° yEB(x,r)¢

> 1
RO DD DR e T (P

n=12n-lrl|z—y|<2nr

Z )d < C2 i2—na1 < C3
@1 das e RN P RS

| /\

and

1 "o
—yl2J C At
Z |z —y|*J(z,y) < Cy Z |x—y|d*2¢j(|w—y|) < 04/0 ¢j(5) s

yEB(z,r) yEB(z,r)

The proof is completed. O

Recall that (X,,)n>0 is a symmetric Markov chain on 74 with one-step tran-
sition probability p(x,y) = p;'J(x,y), where

(2.9) po =y J(x,2).

z#x
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According to (1.1), there is a constant co > 1 such that for all z € Z¢, cal <
pz < co; that is, u(dz) = Y cza pad-(dz) is comparable with the counting
measure on Z?, where 6,(-) is the Dirac measure. For the proof of our main
result, we also need the corresponding continuous time Markov chain associated
with (X;,)n>0, which is defined by Y; := Xy ;) and N(t) is a standard Poisson
process independent of (X,,)n>0. For the details of the construction of the
process (Y;)¢>0, one can refer to [4, Section 2] or [15, Section 1]. Furthermore,
we can see that the infinitesimal generator of the process (Y;):>0 is given by

Ly f(x) = ;" Y (f(y) = f(2) T (z,).
y#£T

In particular, Ly is symmetric on L?(Z%; ) and, by (1.1) again, the corre-
sponding Dirichlet form (€, F) is given by

1
(2.10) Ef N =5 Y (f@)—fw) Iy, feF,

2
x,ycZa

F={feL*(Z%p): &}, f) < oo} = L*(Z% p).

Indeed, (&,F) is regular; e.g., see (the first statement in) [5, Theorem 3.2].
Denote the transition probability density with respect to u of (¥;):>0 by q(t, -, -).
It holds that

Pr(Y, =y) i et

. p pu(z,y), t>0, z,y€ zZe.
- !

q(t,x,y) =

n=0
3. Upper bounds for transition probabilities

In this section, we establish upper bounds for the transition probabilities
pn(z,y) of the Markov chain (X,,),>0. For this aim, we will study the upper
bounds for heat kernel ¢(¢, x,y) of the continuous time Markov chain (Y;)¢>o,
which consists of two steps. First, we apply the comparison idea and the Nash-
type inequality to obtain on-diagonal upper bounds for ¢(¢,z,y), and then
adopt the Davies method to derive off-diagonal upper bounds for ¢(t, z,y).
With the upper bounds of ¢(¢,z,y) at hand, we can present the corresponding
results for p,(x,y) by using the comparison idea as well as the A(«) condition
originated from [14].

3.1. On-diagonal upper bounds for q(¢,x,y)

To establish on-diagonal upper bounds for ¢(t, z,y), we will compare the
process (Y;)¢>o with a Lévy process (Z;);>0, which takes the value on Z% and
whose Lévy measure is given by

n(dz) = Z ééz(dm).

dd .
e (E)

We begin with the following lemma.
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Lemma 3.1. The Lévy process (Z;)i>0 has the transition density q%(t,z,y),
which satisfies that there is a constant Cq > 0 so that for all xz,y € Z% and
t >0,

(3'1) qz(t>x7y) < CO[(bc_l(t)]_d'

Proof. Let @7 (u) be the characteristic function of the process (Z;)¢>o. Since
(Zi)1>0 takes value on Z%, ©Z (u) is periodic with period 2. According to the
Lévy-Khintchine formula and the symmetry of the Lévy measure n(dz), for all
t>0,

Z = ex — — COS{(u, 2 ; u .

z€Z4
When |u| < 1/2,

1 1
Z (1 = cos{u, Z>)W > Z (1-— coS(u,@)W

z€7Z4 2€Z%:|z|<1/|u|

cos1 9 1
> 5 Z (u, 2)* =

dd .
2E€Z:|2|<1/|ul |2%¢;(|2])

cos1- |ul? 2 1
L R T L I e e

d i ’
ZEZd|Z\§1/|u\ |Z‘ ¢](|Z‘)

where the second inequality follows from the fact that 1 —cosr > %73 for all
|r| < 1. For any x € RY, let x = (21, %2,...,74). By the rotational invariance
property, without loss of generality we assume that u/|u| = e; := (1,0,0,...).
Then

2

st s 1 cos1 - |ul|? A
2 (1= conlu ANy 2 2 P

z€Z4 2€Z%:|z|<1/|ul

~cosl-|ul? 1
2 2 21972 (|2)

2€Z2%4:1<|2|<1/|u|

r 1
= c1uf? > e ;
where the last equality follows from the definition of the scale function ¢.(r).

When 1/2 < |u| < 7, without loss of generality we may and can assume that

lug | > 2—\1/3. Choosing zy = ey,
1 1

216, (2D) = Tzal"a;(Tza])

1 1
= 5,0 (1 B m) =

> (1 = cos(u, 2))

z€74

(1 — cos(u, 20))
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Hence, for all ¢t > 0,

1 .
Z _ (z—y,u) Z
q (t7z7y) - / € gpt ( / 'lL
2m) J{jui<ny ful<n}

t
<y / et dy —|— exp ( €2 ) du
(1/2<u|<n} {lul<1/2} Ge(1/|ul)

=1; +1L5.
Note that

Il S 05676315.

On the other hand,

I < ¢ / S exp( qxjijr)) ar= c?/ooo o [qs—lit/)}
. on+1 d
_ 6{/ / Jerewa [M]

¢! Z e~ 22" [p (/2774 < eros (1)) 7Y,

n=0

d

<
<5 =2
where the last inequality is a consequence of (2.4).

By (2.4) again, there is a constant cg > 0 so that e3¢ < cg[p, ()]~ for
all ¢ > 0. Combining with all the estimates above, we finish the proof. O

We now can obtain on-diagonal upper bounds for the transition densities of
(Y2)e>o-

Proposition 3.2. Suppose that (1.1) and (1.2) hold. Then the continuous
time Markov chain (Y3)i>0 has the transition density q(t,x,y), and there exists
a constant C1 > 0 such that for all x,y € Z* and t > 0,

(3.2) q(t,z,y) < Chlos ()]

Proof. Let j1 be the positive measure on Z< so that u({z}) = u, for all x € Z<,
where p, is given by (2.9). Let (&,F) (with F = L?(Z% 1)) be the Dirichlet
form on L?(Z% ) associated with the continuous time Markov chain (Y;);>0;
see (2.10). Denote by (£%,F%) the Dirichlet form corresponding to the Lévy
process (Z;);>0- It is easy to see that (€, ) is comparable with (£Z,F%) thanks
o (1.1), and (&,F) is a regular symmetric Dirichlet form on L2(Z4; p),

Set

¥(t) =il (7 >0,

We can see that the function r — 1/1(r) satisfies the doubling property; that
is, there is a constant ¢y > 0 such that for all r > 0, ¥(r)/¢(2r) < co.

With those two conclusions above at hand and Lemma 3.1, we can verify the
desired assertion. Indeed, according to [12, Proposition II.1] or [6, Theorem
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3.4 and Remark 3.5(i)], the following generalized Nash-type inequality holds
for (&,9):

(3.3) 0(1f113) < cr&(f, ), [ eF with [[fi =1,
where 0(r) = /¥~ 1(r). O
3.2. Off-diagonal upper bounds for q(¢,x,y)

Proposition 3.3. Suppose that (1.1), (1.2) and Assumption (H) hold. Then,
there exist positive constants co, c., C1 and Cy such that for all x,y € Z% and
t>1,

(3.4) q(t,z,y)
Caloz (1), t > code(lz —yl),
< e o o { -G n <0< aoe -l
cut 1<t <t

lz—y[4¢;(lx—yl)’

where t, = ci|T — y|de <ij_(1i|_”)
log S0

Proof. According to Proposition 3.2, we only need to verify the desired asser-
tion for the case that cop.(|z — y|) > ¢t with any fixed ¢g > 0 (small enough).
Since we are concerned on (3.4) for ¢t > 1, without loss of generality it suffices
to consider the case that both | — y| and ¢ are large enough, also thanks to
Proposition 3.2.

(i) We first claim that for any ¢, c. > 0 there are constants ¢, co > 0 such
that for all code(Jx — y|) >t > ta,

1 —d 02|£1C - ?J| t
¢ _ >
cl[¢c ( )] exp (5,1 (4) - ‘I —y|d¢j(\$ _y‘)7
c [z—y]
where
_ |z — gy

te =l —ylde | — 0y

49;(|z—y])

log 5 te—u)

Indeed, by (2.5) and (2.2), we can take c¢3 > 0 (which depends on ¢, only) such
that t, > to for all z,y € Z%, where

< czlz — y)
fo = lo = ylde | —5m—un
08 5. (la—y))

Then, for any copc(Jx —y|) >t >t

« = to
%m—y\ { %u—y| ez — )
exp—
|*\

Agi(jz —yl)’

Pe II y\
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which is equivalent to saying that

—1 d
st a1 0] Cslw —y\
[d)c ( )} ‘x —y|d ¢C |x—y| exp |$ y‘

 bellr—yl) o - \‘%(Ix — =
This yields the desired assertion, thanks to the fact that there are constants
¢4, c5 > 0 so that

—1t d t _ _
o) ol el V[ ale-y
2 —y|* ¢c(lz—yl)

o (p) )~ o (1) )

which in turn is due to cog.(|z —y|) > t.
(ii) For any K > 1, set Jx (z,y) = J(z,y)1{j2—y/<x} and

ex(ff) =5 Y 1@~ WPk )

z,yEZ?

Note that
(3.5) N ek =5 S @)~ fW)P )

< Y (F@P+ F@) ()

x,yeZd
lz—y|>K

< ol I3[0 (K,

where the last inequality follows from (2.7). In particular, this implies that
(Ex,T) is a regular symmetric Dirichlet form on L?(Z?, 11). Furthermore, de-
note by ¢ (¢, x,y) the heat kernel associated with (€, F). According to (3.5),
the Nash-type inequality (3.3) and [6, Theorem 1.2], there exists a constant
c7 > 0 such that

t
(b y) < erlo (O] exp {cﬁ - EK<2t,z,y>} Ly ezl t>0,
¢;(K)

where

Ti(p) (@)=Y _ (XD —1)2 Tk (2,y), Ax(9)*=ITk(©)looVITx(=9)lo
yeZd

and

Ex(t,z,y) = sup{|p(z) — o(y)| — tAx(p)? : ¢ has compact support}.
In the following, we fix I € (0,1) small enough, ¢g > 0 large enough, ¢t > 1
and z,y € Z¢ with |z — y| > max{cgp;1(t),I"1}. We take K = l|z —y|. In
particular, K > 1. Define ¢(z) := s(|Jx — y| — |z — #|)+, where s > 0 is chosen
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later. Using the facts that |et — 1% < t2e?!!l and |p(2) — p(w)| < sz — w|, as
well as (1.1), we find that

Pr(p)z) = Y (7979 —1)2Jk(z,w)
weB(z,K)

< Y (02) = e(w)PeP TR (2, w)
weB(z,K)

K
<s? Z |z — w|?e21F 7 T (2, w) < 6982/ e dpr.
weB (2, K) 0 o;(r)

The same estimate holds for 'k (—¢). Hence,

r

57 dr.

K
AK(QO)z S 0982/ 6237"
0

Then

5 (t,z,y) < cro[o (1)) Lexp { —|o(x) — @(y)| + 2cots? /K Q2T g
R o © 8w

K
< clo[qscl(t)]dexp{s'x—y' l—” il e d”

where in the first inequality we used the fact that ¢;(K) > ¢i1t when |z —y| >
csd; 1 (t) and K = l|z —y], thanks to the fact that 2¢;(r) > ¢.(r) for all r > 1.
Here we note that the constant cg is independent of [.

(iii) Recall that we set

|z —y|
13,0e—3D) | °
log 5 te=uD)

le = C*lx - y‘q;c

where ¢, > 0 is small that will be fixed in the next part. Suppose that t. <t <
coge(|z — y|), where g is small enough such that |z — y| > cgo. L (t) with the
constant cg (large) above. (This is guaranteed by (2.5).) Let s = W,

[z—yl|

where a € (0,1/2) is small enough and is chosen later. Then,

2cots r

2sr

_ 2cgt a /K exp 2ar T dr
|z —yl g1 (Imjyl) 0 s (ﬁ) ;(r)
Cloty a /K exp 2ar T ar

e mulart () o ot (py) ) 0
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|z -y a

< c12¢40c 1
4¢;(z—y) | ©
log 5 z=u) dc (C*¢c (4|¢]yylu>)>

log 2 e=un

|z — yl r
X exp / o7 | oo — dr
/ log 4;)1((” ;“)) ¢5(r)

dr

z—y
be <14q>(1|y|)) K log 4¢;(lz—yl)
< a ©8 Ge(z—yD r dc(Jz—yl) r
S C12Cx 3 exp
c13 lo—y] 0 ¢z Jo—yl ;(r)
08 Gez—uD

1
c c*—A < =
12 1 0%

IN

The first inequality above follows from (2.6); in the second inequality we used
a < 1/2; the third inequality is a consequence of (2.5), and ¢;3 depends on ¢,
only; in the last second inequality we used (1.4) by choosing ! small enough
and the constant A here is independent of a; and in the last inequality we take
a small enough. Therefore,

K(t,2,y) < ewolo; O] exp { S| — 1}

alr — y|

24 (551)

Let Jx:(z,y) = J(x,y) — Jx(v,y) = J(@,y)1{jz—y>k}- Then, it follows
from [3, Lemma 3.1(c)] and (1.1) that

< crolge ()] exp

a(t, 2, y) < a (@,y) + ] T (2,9)

- t
< croldg ()] Pexp § — _alx ity = ;
2¢El(ﬁ) |z —yl46;(jx — y])

which along with the assertion in part (i) yields that

C16|~’E—y|

(t,z,y) < cis5]ds (1)) Texp { —————
o e {C=)

(iv) Suppose that ¢t < t,, where t, = c.|z — y|o. (%) and ¢, is
Pe(lz—yl)

202 yhere

small enough that is fixed later. Now, we choose s =

e y\ log



TRANSITION PROBABILITIES OF SYMMETRIC MARKOV CHAINS 553

b =3+ 4d/3. For convenience, we set

49 (|x — yl))1 7

M= M(lz —y|) = |z —y| (log be(lz —yl)

and

(N — (g — -1
D= D(|jx —y|) = (log m> (log M) :

Then, taking ! small enough so that ib < 1/4,

2cgts T

2sr

d
=l o & )

C 20th il —yl) [ { 2br ¢j(|w—y)} r
— \x—y|2 log c;lt /0 exp \x—y| log C*_lt ¢j(7“) dr
2e9bt. | ¢l —yl) ¥ {%r Mx—y)} r
S o yP 8T o /0 PU—y T o [ ©
2eobcaipe (M), ¢i(jz —y)) ( 4¢j<|xy|>)1
— 1 - I
M2 ylee (M) \ %% Gu(z — )

K 2br ¢;(|z —yl) } r
log —29M% d
/ eXp{|x—y| T —vloe D) S 850
2cobey, o (M) [5 20 r r
=D e /0 eXp{DM}(bj(r) ar

¢c (1%) C1817 7 1
- < < —,
C17C« M2 \/(; exp{ M } j( ) dr 0178*14

Here, in the first inequality we used the facts that (b < 1/4 and the function

t = 17 log (¢ (|2 — y[)/ (e 1))

is increasing for large |x — y|; in the third inequality we used the facts that D is
bounded from below by a positive constant (thanks to Lemma 2.3) and ¢17, ¢18
are independent of ¢,; in the fourth inequality we used Assumption (H) and
the constant A can be independent of ¢, by taking [ small enough; and in the
last inequality we take c, small enough. Hence,

A

0" (ta,y) < eulor O] exp {~Tla —yl |

< ergle (1)) exp { g log W}

—¢ =114 # " c !
=l O () <o mam
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where the last inequality follows from Lemma 2.1 and the fact that
2d/3 b/2—1
dellz—yD)\*"* _ o0z =y \"
- 621 - .
t t
With the estimate above, we then can apply [3, Lemma 3.1(c)] and get that

CQQt
q(t,z,y) < .
2 =yl (lz —yl)

Therefore, the proof is complete. O

3.3. Upper bounds for p,(x,y)

Now, we can state the main statement about upper bounds for transition
functions of the discrete time Markov chain (X,,)n>0.

Theorem 3.4. Suppose that (1.1), (1.2) and Assumption (H) hold. Then,
there exist cy, ¢, C1 and Cy > 0 such that for all x,y € Z% and n > 1,

C~Yl [¢gl(n)]7d7 n = CO¢C(|m - y|)a
pa(@,y) < Cilos ! (n)] L exp {f(y'l)} ;e < < codelle = y)),
A T n <.,

where n, = |z — y|d, (w)

log Z ==
Proof. We first note that for any = € Z¢,
(36) mma) =3 p@mapza) > S plep(zw) > ap >0,
z€Z4 2€2%:|x—z|=1
where ag is independent of € Z%. On the other hand, there is a constant
co > 1 such that for any x,y € Z¢ with |z — y| > 2,
(3.7) p(x,y) < copa(w,y).
Indeed, for any z,y € Z<¢ with |z — y| > 2,

pa(w,y) = > pla,2)p(zy) > > p(x,2)p(z,y)

z€Z4 2€Z%:|z—z|=1

>aplry) Y, p,z) = epx,y),
2€7Z4:|z—x|=1
where in the second inequality we used (1.6) and (1.1).

Regarding po,(z,y) as the transition probabilities of the Markov chain
(X2n)n>0, the jumping kernel of the continuous time Markov chain (f/{g)tzo
corresponding to (X2, )n>0 is comparable with po(x,y) and satisfies (1.1) (pos-
sibly with different constants). Denote by (¢, z,y) the heat kernel of the
process (Yt)tzo- According to Proposition 3.3, ¢(t, z,y) enjoys the same upper
bounds as those for ¢(¢,x,y) that are stated in (3.4) (possibly with different
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constants). Furthermore, it follows from (3.6) and [14, Theorem 3.6] that there
exists a constant C'(ag) > 0 such that for all n > 1 and z,y € Z¢,
Don (III, y) < C(QO)Q(?’% T, y)

Therefore, the desired assertion holds for even n.
Clearly, the assertion holds with n = 1. Next, we consider the estimate for
pak+1(z,y) for any k > 1. When |z — y| < 4,

(3.8) Parir (@) = Y p(w, 2)par(z,y) < cslé; " (2k)]
z€Z
When |z — y| > 4, by (3.7),

poks1(®,y) = Y p(x, 2)par(2,y)
Z2€Z4

= Z p(x,z)pgk(z,y) + Z p(ZC,Z)ka(Z,y)

2€2%:|x—2z]>2 2€2%:|x—2z|<2

< <o Z p2(@, 2)par(z,9) +  sup  paw(z,y)
sezd 2€Z4%: |z —2|<2

= copar+2(z,y) + sup p2r(2,9),
ZE€Z%: |z —2z|<2

which along with (3.8) yields the desired assertion for odd n by adjusting the
constants involved if necessary. (I

Remark 3.5. According to Theorem 3.4, under (1.1), (1.2) and Assumption
(H), there exist c1,cy > 0 such that for all z,y € Z¢ and n > 1,

x c “1n)] %ex - 62|x—y\ n
pn( 7y)§ 1 <[¢c ( )] p{ é;l( n )}+ |x—y|d¢j(|x—y|)>’

|z—yl

4. Lower bounds for transition probabilities

In this section, we consider lower bounds for the transition probabilities
pn(x,y). The section is split into three parts.

4.1. On-diagonal lower bounds
For any B C Z9, set 75 := inf{n > 1: X,, ¢ B}.

Lemma 4.1. Suppose that (1.1), (1.2) and Assumption (H) hold. Then, there
exists a constant A > 1 such that for allm > 1 and x € Zd,

(4.1) P*(X,, € B(x, Ap, ' (n))¢) < 1/4.

Consequently,
Px(TB(x,A¢;l(n)) <n)<1/2.
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Proof. For fixed x € Z4 and n > 1, set r = A¢; ' (n) and B = B(x,r) for some
A > 0. Then, according to Theorem 3.4 and Remark 3.5,

P*(X,, € B°)
= > oy <D, D> palay)
yeB* i=12i-1p<|z—y|<2ir
> _ co|:c Y| n
<a (6 (n)] " Texp | — +
;2ilr<§y<2iT[ ot (|r_y|) [z—y|4¢;(|z—yl)
= Cl(Il + IQ)
Note that

0021 144(]5 ( )

Ilgfj > les

i=12i-1r<l|z—y|<2ir

:i > [ )
Pe 2L 1A¢ 2i-1A¢, ' (n)

el
et
Si_ o exp{ (211 Ag; <>>}
ot
{-es

2z 1A¢ (n)>
<z>c (211 A¢; 1 (n))]

4 exp
4 exp

26~ 1A¢‘1(n)

(2~ 1A¢ '(n)) }
1 (n))

(271 A) 3/2}

-2 ot e
<> Z [ @ exp

<o iwgwn)rd exp { s (271 4)/2} 27 )
< c5exp (—06A3/2> ,

where the second inequality follows from (2.6), in the second equality we used
b¢(1) = ¢e(r)r, and in the third inequality we used (2.4). Here, the constants
cs and cg are independent of A. Letting A large enough, we obtain that ¢;I; <
1/8. On the other hand,

REY D Gy @ As )

i=1 2i-1p<|z—y|<2ir

n
= TZ ; (21 A¢: L (n 072@ 20 1A¢ I(n))
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< cg Z(Qi—lA)—3/2 < CgA_3/2,
i=1

where in the third inequality we used the fact that 2¢;(r) > ¢.(r) for all r > 0,
the fourth inequality follows from (2.4) and the constant cg is independent of
A. Similarly, we can see that ¢;Io < 1/8 by taking A large enough. Thus, the
proof of (4.1) is complete.

Furthermore, according to (4.1) (by taking A larger if necessary) and the
strong Markov property,

P*(rp <n) =P* (15 <n, |Xon —2[ <7/2) + P* (75 < n, | Xon — x[ > 7/2)
<P? (1 <n,|Xop —z| <1r/2) + P* (| Xap — 2| >1/2)

1 1
< sup P?(Xop—m € B(z,7/2)°)+ - < —.
z€B(z,r/2)° 4 = 2
m<n
The proof is complete. (I

For any subset B C Z%, set p2(z,y) = P*(X,, =y, 75 > n) for any z,y € B;
and pZ(z,y) = 0 when z ¢ B or y ¢ B. It is clear that pZ(z,y) < p,(z,y) for
all z,y € Z% and n > 1.

Proposition 4.2. Suppose that (1.1), (1.2) and Assumption (H) hold. Then,
there exists Cy > 0 such that for all x € Z% and n > 1,

pan(,2) > Cileg ! (n)] 7.

Proof. Let A be the constant in Lemma 4.1. According to Lemma 4.1, for all
x€Zand n>1,

P (Tp (0 4051 (n)) S ) < 1/2.

Then, by the symmetry of p,(z,y) and the Cauchy-Schwarz inequality, for all
z€Zand n>1,

pon(®, ) = > pal@,9)paly,x) = Y pul,y)?

yezZ? yeZ*
B(z,A ;1 n
> ST R 2
yeB(w,Ap: ' (n))
2
1 B(z,A¢- Y (n
Z pn( é. ( ))(l',y)

Z -
2y B, Ads (n)
1

- ZyGB(r Aps(n)) HPQ:(TB(%I‘W;I(")) g n)]2
2

- [qb‘fW (1 = PUTpa851 ) < n)) > colpst(n)] 7%

The proof is complete. (I

yEB(z,Apz " (n))
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4.2. Near-diagonal lower bounds

Proposition 4.3. Suppose that (1.1), (1.2) and Assumption (H) hold. Then,
there exist constants co,c; > 0 such that for all z,y € Z% and n > 1 with
codz t(n) > |z —yl,

palz,y) > elg; ()]~

Proof. For any z € Z% n > 1 and | > 0, set B := B(z,l¢;(n)). Since
pn(z,y) > pB(z,y), it suffices to show that there are constants cg,cy,l > 0
such that for all z,y € Z¢ and n > 1 with copp;1(n) > |z — g,

Py (2,y) = o ()]~
For any subset B C Z%, let ¢P(z,y) be the (Dirichlet) heat kernel of the
process (Y;)¢>o with the Dirichlet boundary B¢. Then, according to [11, Defi-
nition 1.10(vi)] and [11, Proposition 4.1], there exist € € (0,1) and ¢z > 0 such
that for any € Z%, 0 <t < ¢.(er) and y € B (z,e¢.(t)),

(4.2) a7 (@,y) > clo (1]
Indeed, for the continuous time process (Y;):>o of the present paper, it is clear
that the upper bound for the jumping kernel is satisfied (see [11, Definition 1.3]).
On the one hand, it follows from the argument of [11, Example 5.3], the cut-off
Sobolev inequality holds; on the other hand, according to [1, Proposition 3.2]
and the standard discretization method, we can see that the Poincaré inequality
is also fulfilled. Thus, [11, Proposition 4.1] applies to the process (Y;):>0.
Recall that Y; := Xy for any ¢t > 0, where N(t) is a standard Poisson
process independent of (X,,),>0. Then, for all y € B(z,e¢_1(n/2)),

pE(z,y) =P*(X, =y, 75 > n)

=P <sup | Xy — 2| <lo '(n), X, = y)

k<n
- 1
/ P(N(t) =n)dt
n/2
n
X / P* (sup | X, — 2| <lo '(n), X, =y, N(t) = n) dt
n/2 k<n
1 n
= — / P (sup|YS — 2| <l (n),Y; = y) dt
/ P(N(t) =n)dt 'n/2 ==
1 " -
N /’f@ﬁ@@wd
L/Pwmzm&"“
n/2

2 " B(x,l “n
zf/qf¢“”@mﬁ
N Jn/2
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Now, we take [ > 71 and ¢y < /2. Then, by (4.2), for all z,y € Z% and
n > 1 with cop; 1 (n) > |z — yl,

pﬂamzzjn@m%m%wz%w3mw¢

n /2

The proof is complete. O

4.3. Off-diagonal lower bounds

In this part, we will establish off-diagonal lower bounds for p,,(z,y).

Proposition 4.4. Suppose that (1.1), (1.2) and Assumption (H) hold. Then
there are constants Cy,c1,co > 0 such that for all x,y € Z* and n > 1 with
|z —y| > Cop;t(n), it holds that

p““WZQWJWMdmp@MM)

(5‘:_1 (Iwiyl

Proof. Take ¢* = ((co/12) A1) € (0,1], where ¢y > 0 is the constant in Propo-
sition 4.3. For any x,y € Z% and n > 1 so that n < ¢.(|]z — y|/c*), let £ be the
positive integer such that

|z —y| |z —y|
4. _— < .
(4.9 oo (s ) <n< oo (55
In particular,

nt - (lz— yl)

4.4 ~ ¢, < ;
#4) |z =yl t
that is,
(4.5) (o 12yl

ot ()

Next, let {x;}o<i<¢ be a sequence on Z? joining xo = x and x; = y such

that
V2] —y|
7 )
Thus, for any 0 < ¢ < ¢, and y; € B(z;, |z — y|/L),

|z; — @] <

3\/§x—
lyi — yi1l < lyi — x| + |25 — 21|+ |21 — yia] < %

<12¢* ¢ (n) < cody H(n)

holds for all 1 < ¢ < ¢, where in the third inequality we used the fact that
|z —y|/¢ < 2¢*¢;1(n), thanks to (4.3). Hence, according to Proposition 4.3,



560 Z.-H. CHEN
there exist constants C' € (0,1) and Cy > 0 such that

pu(yio1,y:) > C o7 )] ", 1<i<i—1,
(4.6) Ptk (Ye—1,90) = C [o7 (n + k)] -

> CoC o ()] ", 0<k<n-—1,

where the last inequality follows from (2.4). Therefore, for any k € {0,1,..
n— 1},

e

Pin+k (.’E, y)

— Z Z P (@, y1)Pn (Y1, Y2) - Ptk (Ye—1,9)

y1 €24 Yo—1€22

> e > P, Y1) (Y1, Y2) -+ Pk (Ye—1,9)

y163(w17‘12y‘) yﬁfleB(”*h‘w;y‘)

Co Z ... Z ot [¢c_1(”)] —dt

ylEB(i’h‘x;yl) yzf1€B(ﬂfzf17‘w;yl)

_ d(e—1)
C’oce [qbc_l(n)} — C1 (lxy) 2 C2C€ [(b;l(n)]id

Y

Y

>
- 14
_ - |z —yl
> c3 [0 (n)] " exp —o—
de ! (|mnfy‘)
_ - |z —yl
> cs [, (0n)] dexp —G T~
o (2L

k]

T—1 ( tntk

ot (£5%)
where the second inequality follows from (4.6), in the fourth inequality we used
(4.3), the sixth inequality follows from (2.6), and in the last inequality we used
(4.5) and the constants cg, ¢7 are independent of n, k and £.

Furthermore, according to (4.4), there are constants cs, cg > 0 such that for
any positive integer ¢,

v

co [0, (In + k)] - exp{ —c¢

nt < e =316 (72 < cavelle = .

This along with the estimate above yields the desired assertion. (Il

Proposition 4.5. Suppose that (1.1), (1.2) and Assumption (H) hold. Then,
there are constants c¢1,Cy > 0 such that for any x,y € Z¢ and n > 1 with
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|$_y‘ Z CO(bc_l(n)7
pn(z,y) > dcln
|z —ylig;(lz —y|)

Proof. Let A and ¢y be the constants in Lemma 4.1 and Proposition 4.3, re-
spectively. Take lop > 1 such that 24¢_ 1 (n) < cog, t(lon) for all n > 1. Then,
for any z,y € Z? with |z —y| > A¢ ' (n) and k € {0,1,...,n — 1},

Po+1)ntk(T,y) = Z Pn(@, 2)Pign+k (2, 9)
z€74

Z Z pn(x72)plon+k(zay)

lz—y|<24¢ " (n)

> ( inf pz0n+k(z,y)> > pn(, 2)

1
[Frvis2Ade ) |o—y|<24677 (n)

> ( iIllf Plon+k(zay)> Z Pn(T,2)

z— code Llon 1
lz—y|<codc " (lon+k) lo—y| <2465 (n)
> ero; H(lon + k)] "B (X, € B (y,240, ' (n)))
> ool H(n)] TP (X € B (y,240, ' (n)))
where the fourth inequality follows from Proposition 4.3 and ¢; is independent
of n, Iy and k.

On the other hand, set B := B(y, A¢,'(n)) and define op := inf{n > 1:
X, € B}. According to the strong Markov property, for all n > 2,

p* X EB(y72A¢ ( )))

> P* ( <[n/2], sup |Xi— Xop|< A¢c_1(”)>

op<k<n

=E" {ﬂ{aBsmm]}Ex”B ( sup | Xp — Xop| < A¢cl(n))}

op<k<n

Y

P* (o5 < [n/2]) inf P* (7(esrorrin > 1)

Y
DO =

P (op <[n/2]),

where the last inequality follows from Lemma 4.1. Furthermore, by [4, Lemma
3.2],

P* (op < [n/2])

2 P (X["/2]ATB<w.A¢;1<n>> < B)
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= E* Z ]l{XkEB}

ngg<[”/2]A73<w,A¢;1(n>>) -1

=E° > > (X, 2)

OSkS<[n/2]/\TB(z,A¢;1(")))71 r
> c3E” Z Z d 1
— X, — 2|90 (| X, — 2])
0<k< ([n/Q]/\TB(m,A¢;1(")))71 :
1
>

caln/ 2P (T g1 (my) = [0/ 207" ()] |z —ylio;(|x — yl)

n

—1 d
> cs(p, " (n)] |z —ylde;(lz —y|)’

where the fourth inequality we used the fact that for all z € B (y, Ag;'(n))
and 0 < k < ([n/Q] A TB($7A¢C—1(n))) -1,

1 Xe — 2| < | Xe —2|+ |z —y|+ |y — 2| < |z — y| + 249, (n) < 3|z —yl.

Thus, combining with all the estimates above, we obtain that for any n > 2,
ke€{0,1,...,n—1} and any z,y € Z¢ with |z — y| > A¢_ ' (n),
n
Cg .
|z =y, (| —yl)

This immediately yields that there are constants ng > 1 and ¢y > 0 so that for
any x,y € Z¢ and n > ng with |z —y| > Ag_1(n),

P(io+1)n+k (T, ) >

n
|z =yl (lz —yl)

On the other hand, for any odd n with 1 < n < ng — 1 and any z,y € Z?
with |z —y| > csd; ' (n),

pn(z,y) > cr

pa(zy)= > pl@z1)p(za-1,y)

21,000,201 €24

> > p(x,21) - p(zn-1,9)

|z1—z|=1,z0=2,|23—z|=1,24=2,...,2n—1=7
n

—yl%¢i(lz —yl)

>cop(z,y) > c10 z
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Similarly, for any even n with 1 <n < ng — 1 and any =,y € Z¢ with |z —y| >

CS¢;1(n)7
po(y)= > @) p(za1,y)

Z1yeenrZn_1EZ4

Z Z P(Zn—hy)

|z1—z|=1,z0=a,|23—z|=1,24=2,...,2n—2=,|2p—1—|=1
n

z—ylé;(le —yl)

>cnp(z,y) > 012‘
Putting all the estimates together, we can prove the desired assertion. [J

Finally, we can present the main statement about lower bounds for transition
functions p, (z,y).

Theorem 4.6. Suppose that (1.1), (1.2) and Assumption (H) hold. Then,
there exist cy, ¢y, C1 and Coy > 0 such that for all x,y € Z¢ and n > 1,

Cilgct ()] 74, n = code(lz —yl),
pn(@,y) > Cilé ! (n)] L exp {“} ;< < codellw = yl),
A =T n <,

where ny = |x — y|p. (m) :

log 3 T==yD)

Proof. According to Propositions 4.3, 4.4 and 4.5, there are constants ¢y, Cq,
Ca, C3 > 0 such that for all 2,y € Z% and n > 1 with n > co¢.(|z — y|),

pal@,y) > Cro; ' (n) ™%
and for all z,y € Z¢ and n > 1 with n < ¢y (|z — yl),

¢c_1(n)_dexp{— CB|$_ny|)}+ ‘ "

n\4, 2 C = .
Pu(®:9) 2 G2 oc (7 z—y|?;(|lz —yl)

This along with the conclusion in part (i) of the proof for Proposition 3.3 yields
the desired assertion. O

Finally, Theorem 1.2 is a direct consequence of Theorems 3.4 and 4.6.

Acknowledgements. I would like to express my great gratitude to the anony-
mous referee for his/her corrections and insightful comments, which improve
considerably my work.
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