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SCHUR CONVEXITY OF L-CONJUGATE MEANS AND
ITS APPLICATIONS

CHUN-RU Fu, HUAN-NAN SHI, AND DONG-SHENG WANG

ABSTRACT. In this paper, using the theory of majorization, we discuss
the Schur m power convexity for L-conjugate means of n variables and
the Schur convexity for weighted L-conjugate means of n variables. As
applications, we get several inequalities of general mean satisfying Schur
convexity, and a few comparative inequalities about n variables Gini mean
are established.

1. Introduction

Throughout the paper we assume that the set of n-dimensional row vectors
on the real number field by R™.

Y={z=(r1,...,2n) €ER" 12, >0, i=1,...,n},
RY, ={z=(z1,...,2,) ER" 12, >0, i =1,...,n}.
In particular, R!, RL and R}r + denoted by R, Ry and R, ;, respectively.

1 — 1 n
Ap(z) = n Zmiv Gn(z) = Hxin7 Hy(z) = = 1

- 1. S o

i=1 i=1 i=1""1
are the arithmetic mean, geometric mean and harmonic mean of = € R,
respectively.

n

21 Ti

M) = (2 )rl"<m¢o>

is the m-order power mean of z € R} .
Generally, let € I"™ C R}, L(x): I"™ — R4 be a continuous function.
We call L(x) a mean if it has the following properties:
(i) L(x) is symmetry with x1,..., 2.
(ii) For any A > 0, if (Ax1,...,Azx,) € I", then

L(Azy,..., x,) = AL(21,...,2n).
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(iii) For any a € I, L(a,...,a) = a.

(iv) HO<m<z; <M,i=1,...,n,then m < L(x1,...,2,) < M.

The concept and method of mean value play a basic role in mathemati-
cal theory, and its mathematical theory research is mainly related to convex
function and inequality theory. For a set of statistics, the mean value can be
regarded as a representative quantity determined by certain criteria. Therefore,
the theoretical study of the mean value is valuable.

The L-conjugate mean was originated from the study of the pseudo arith-
metic mean. In the paper [7], the author studied the conjugate arithmetic
mean:

Definition 1.1 ([7]). A function M : I? — I is called a conjugate arithmetic
mean in [ if there exists ¢ € CM () for which

(1.1) M(z,y) = ! (w(x)Jﬂp(y)_(p(x—gy))

for all =,y € I, where CM(I) is a set of all continuous and strictly monotonic
real functions defined on 1.

Darécezy and Dascal [6] defined a weighted L-conjugate mean of two vari-
ables.

Definition 1.2 ([6]). Let L : I? — I be a fixed strict mean. A function
M : I? — I is said to be an L-conjugate mean on [ if there exist p,q € [0,1]
and ¢ € CM (I) such that

(12)  M(z,y) = ¢~ (pp(2) + gp(x) + (1 —p — ¢) L(z,y)) , (x,y) € I?
the numbers p,q are said to be the weights and the function is called the
generating function of the mean M.

In paper [8], Dardczy and Pales introduced the notion of L-conjugate mean
of n > 2 variables.

Definition 1.3 ([8,21]). L-conjugate means of n > 2 variables defined by
e n) L st yn

n—1
where L : I"™ — [ is a symmetric mean on the open real interval l and ¢ : I — R
is a continuous and strictly monotonic function.

Let p = (p1,...,pn) € R} and w = (w1, ..., wy,) € RT, when we say that
a pair (p, w) is admissible, we mean that for all i € (1,...,n) inequality

m
Di 2 Z wj
=1

holds.
In 2007, Bakula et al. [11] defines weighted L-conjugate mean.
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Definition 1.4 ([11]). Let n > 2, m > 1, L = (Lq,...,L,,) be an m-tuple
of fixed means of n variables on an open real interval I, and ¢ is a strictly
monotonic and differentiable function. Let € I"™ and (p, w) be an admissible
pair, where p € R} and w € RY'. The weighted L-conjugate mean Lg of
n-tuple & with weights (p, w) is defined as

1 <Z?_1 ngo(

ZT;) — 7-711 wy Lj T
L) Limpw) =g - A ))>,

where
n m
O ST
i=1 =1

In recent years, the theory of majorization has been used as an important
tool in studying the properties of the means (see [2-5,9,14-16, 18, 19,22-26]).

In this paper, we discuss Schur convexity of weighted L-conjugate mean for
n variables and Schur m power convexty of L-conjugate mean for n variables,
as an application, some new inequalities about mean are obtained.

Our main result is as follows.

Theorem 1.5. Let p(x) be a continuous function on I C R, D = {z: x; >
-+ >xp}, and Li(x), j=1,...,m, be m fized means.

(1) If ¢ is strictly increasing and convex on I, L; (j = 1,...,m) is Schur
concave and py > -+ > pp > 0, then L:';(:B; p, w) is Schur convex on DN I with
.

If ¢ is strictly increasing and concave on I, L; (j = 1,...,m) is Schur
conver and 0 < p; < -+ < p,, then L:;(zc; p, w) is Schur concave on DNI with
x.

(ii) If ¢ is strictly decreasing and concave on I, L; (j =1,...,m) is Schur
concave, and p1 > -+ > p, > 0, then L;(m; p,w) is Schur conver on D NI
with .

If ¢ is strictly decreasing and convex on I, L; (j = 1,...,m) is Schur
convex, and 0 < p1 < --- < p,, then L;(:c; p,w) is Schur concave on DN I
with .

Theorem 1.6. Let ¢(x) be a strictly monotone continuous function on I C R,
L(z) be a fired mean, and m € R.

(i) For m < 1 and m # 0, if ¢ is strictly increasing and conver, or ¢
is strictly decreasing and concave, and L(x) is Schur m power concave, then
Li(z) is Schur m power convex with .

(ii) Form =1,

(1) if @ is strictly increasing and convex, L(x) is Schur concave, or ¢ is
strictly decreasing and concave, and L(z) is Schur concave, then L(x)
s Schur convex with x;
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(2) if ¢ is strictly increasing and concave, L(x) is Schur convex, or ¢ is
strictly decreasing and conver, L(z) is Schur convez, then Lj(z) is
Schur concave with x.

(iil) For m > 1, if ¢ is strictly increasing and concave, or ¢ is strictly
decreasing and conver, L(z) is Schur m power convez, then Lj(z) is Schur m
power concave with .

(iv) For m =0,

(1) if ¢ is strictly increasing and convezx, L(x) is Schur geometrically con-
cave, then Lj(x) is Schur geometrically convex with ;

(2) if ¢ is strictly decreasing and concave, L(x) is Schur geometrically con-
cave, then LZ,(:B) is Schur geometrically concave with x.

2. Preliminaries

We introduce some definitions and lemmas, which will be used in the proofs
of the main results in subsequent sections.

Definition 2.1 ([13]). Let x = (21,...,2y,) and y = (y1,...,yn) € R™
(i) x is said to be majorized by y (in symbols x < y) if Zle rp <

Ele y for k =1,...,n—1and Y7 2 = 1" | y;, where xpy) >
© 2 Ty and yp) > -+ > Y[y are rearrangements of x and y in a
descending order.

(ii) A set Q C R™ is called a convex set if (az1 + By, ..., ax, + Byn) €
for any x and y € Q, where a and g € [0,1] with a + 8 = 1.

(ii) Let £ € R™. A function ¢: © — R is said to be a Schur convex
function on Q if x < y on  implies ¢ (x) < ¢ (y). A function ¢ is
said to be a Schur concave function on 2 if and only if —¢ is a Schur
convex function.

Definition 2.2 ([27]). Let x = (x1,...,2,) and y = (y1,...,yn) € R} .

(i) Aset Qe R, iscalled a geometrically convex set if (x9y?, ... zoyP) e
Q for any x and y € ), where @ and 8 € [0,1] with a + 5 = 1.

(ii) Let @ C R%. A function ¢ : Q — R is said to be a Schur-geometrically
convex function on Q if (logxy,...,logz,) < (logyi,...,logy,) on Q
implies ¢(x) < ¢(y). A function ¢ is said to be a Schur geometrically
concave function on € if and only if —¢ is a Schur geometrically convex
function.

Definition 2.3 ([17]). Let Q C R% .

(i) A set Q is said to be a harmonically convex set if ﬁ

for every x,y € Q and A € [0,1], where xy = Y . | 2;y; and
C
2 )

(ii) A function ¢ : & — Ry is said to be a Schur harmonically convex

function on Q if 2 < 5 implies p(x) < p(y). A function ¢ is said to

Xl= M
2
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be a Schur harmonically concave function on 2 if and only if —p is a
Schur harmonically convex function.

Definition 2.4 ([17]). Let f: Ry — R be defined by
e m#0;
(2.1) fl@)=q. ™ _
logxz, m=0.
Then a function ¢ : Q C R} — R is said to be Schur m-power convex on {2 if

for all x = (z1,...,2,) and y = (Y1, .., ¥n) € © implies p(x) < p(y).
If —¢ is Schur m power convex, then we say that ¢ is Schur m power concave.

If putting f(z) = z,In x,% in Definition 2.4, then the definitions of Schur

convex, Schur geometrically convex, and Schur harmonically convex functions
can be deduced, respectively.

Lemma 2.5 ([13,20]). Let Q@ C R™ be a convex set, and have a nonempty
interior set 2°. Let ¢ : Q — R be continuous on  and differentiable in Q°.
Then ¢ is the Schur convex (or Schur concave, respectively) function if and
only if it is symmetric on Q and

(1 — x2) (g;i — g:;) >0 (or <0, respectively)
holds for any © = (x1,...,x,) € Q°.
Remark 2.6. Lemma 2.5 equivalent to
0 0
57;‘01' = axil
forallx e DNQ, where D ={x:27 > > xz,}.

(or <0, respectively), i=1,...,n—1,

Lemma 2.7 ([27]). Let Q C R, be a convex set with a nonempty interior
set 2° and ¢ : Q — R be continuous on 2 and differentiable in Q°. Then ¢ is
the Schur geometrically convex (or Schur geometrically concave, respectively)
function if and only if it is symmetric on  and

¢

0
(2.2) (log x1 — log x2) (mlﬁz - xg((m) >0 (or <0, respectively)

holds for any = (z1,...,xz,) € Q°.
Lemma 2.8 ([17]). Let Q C R,, be a symmetric harmonically convez set with a
nonempty interior Q° and ¢ : Q@ — R be continuous on ) and differentiable on

Q. Then @ is the Schur harmonically convex (or Schur harmonically concave,
respectively) function if and only if ¢ is symmetric on Q0 and

(2.3) (1 — x2) (mfg;i — x%(ii) >0 (or <0, respectively)

holds for any © = (x1,...,x,) € Q°.
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Lemma 2.9 ([17]). Let Q C R,, be a symmetric set with a nonempty interior
Q° and ¢ : @ — R be continuous on Q and differentiable in Q°. Then ¢ is
the Schur m power convex (or Schur m power concave, respectively) function
if and only if ¢ is symmetric on  and for m # 0,

;135” — ;135" 1-m 8410 1-m 6‘)0
2.4) 72 =L =
( ) <Jf1 (9371 D) 8(E2

holds for any = (z1,...,x,) € Q°.
And for m =0,

) >0 (or <0, respectively)

(2.5) (logxy —logxa) | 21 do(x) — Ty 9o(x) >0 (or <0, respectively)
81‘1 81‘2

holds for any © = (x1,...,2,) € Q°.
Obviously, Lemma 2.9 contains Lemma 2.5, Lemma 2.7, Lemma 2.8.

Lemma 2.10 ([13,17]). Let = (z1,...,2,) € R7,, Ay(x) = Y0 |,

~ n
1
. . . - . . m
is an arithmetic mean, G, (z) = [[\_, z] is a geometric mean, M} ](:13) =
(Z?:l i

(i)
(2.6) (An(2), ..., Ap(@) < (21, .. .. 20).

)m (m #0) is an m-order power mean. Then

(i)

(2.7) (" ()™ — 1 Q" (@)™ ~1 (=t ol
m 9 ) m m 3 9 m
(ii)
(2.8) log G (), .. .,log Gp(x) | < (logay,...,logz,).

n

(iv) If0 <r <s, then

x] x; ] i
2.9 . & =< . = .
29 (Z?_l D D l”) (Z?_l D DU

(v) Let 31, x; = s. For any ¢ > 0, then

(2.10) (Iﬁc... x”+c)<($1,...7xn).

b) b
s+ nc ns+c S S

(vi) Let 3" @ =s. For any 0 < ¢ < min{x;}, then

(2.11) (zlcx”c)>(m1x")
S —nc S —nc S S
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(vil) Let >, z; =s. For any ¢ > s, then
(2.12) (C_xl,...,c_m")<(””1,,..,x").
ne—s ne—s s s

3. Proof of main results

3.1. Proof of Theorem 1.5
Write
iz Pip(xi) — 205 wie(L;())
Pn - Wm ’
where z € DNI, D ={x:xy > -+ > x,}. By Definition 1.4, we have
8L; _ Op~1 _ oh

Bz, on) =

B 1 Aot do(z;) dyp OL;
TP =W, oh \P'da *;wjaTjaxi ’

oL,  dp~t  0Oh
0%it1 oh 0riy1

IR Ve RN O 2
Pn—Wm Oh Pit1 dmi+1 = jaLj 8$i+1
oL, oLy, 1 9y
5‘:52- 8:51-“ Pn — Wm ah
dgp(xl) o d(p(szrl) U 87@ 8LJ _ 8[/]
x [(pl dﬂ?z Pit1 dl’zurl +;w38LJ 8xi+1 61’7 '

1

(i) If @ is strictly increasing and convex on [, then ¢~ is strictly increasing.

If L; is Schur concave and p; > --- > p, > 0, then

dp~! di () do(it1)
0, pi —Pir1—— 20,
oh =% P d.’EZ Pit1 d$i+1
O >0, oL;  0L; > 0.
8Lj 8l‘i+1 al‘i
Therefore %i:’ — ;zia > 0, by Lemma 2.5, L7, is Schur convex with x on DN1.

1

If o is strictly increasing and concave on I, then ¢~ is strictly increasing.

If L; is Schur convex, and 0 < p; < --- < p,, then
01
oh

dp(z;) dsﬁ(xiﬂ)
0 i —Pir1————= <0
>0, p dz; Pit+1 dTis1

— )
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87@ 8LJ _ 8LJ

> 0, <0.
8L]‘ 61‘,‘4.1 or; ~
oL’ oL . .
Therefore -2 — 5—% < 0, by Lemma 2.5, L7 is Schur concave with x on
i it+1 ¥
DnNlI.

Similar to prove (ii).
The proof of Theorem 1.5 is complete.

3.2. Proof of Theorem 1.6

Write
P(x1) + - + d(zn) — ¢(L(21,- -, 20))

n—1

k(ml,...,xn) =

by Definition 1.3, we have
1mm LG i ndeTt Ok T dg! (d¢(331) do 5L>

Ly

dl‘l dL 6I1

oy Y T4k Oz n—1 dk

vemOLy o de™t Ok ay " dg! (dqb(:cz) d¢ aL)

T — ==z — = Bt

2 01y ?  dk Ovy n—1 dk dro  dL Oz
for m # 0,
PN ki <x%—maL3 _ Ié—maLZ>

m 0x1 0xo
— ‘T’in - Ian d¢71 xlfm d¢($1) o Il*'rndqs(x?) @ CElfmaiL _ xlfmaiL

(n—1)m dk 1 dxq 2 dxo dL \"? 0Oz, Lode )|

It is easy to see that L7 is symmetry with z1,. .., 2y, without loss of generality,

we might as well assume 1 > x5 > 0, and let 2z = fﬁ—; > 1, we have

— w2(z7n — 1) d¢71 1-m d¢(I1) _ d¢($2) % 17m87L _ 17m87L
Pm = (n—1m dk {(Z dz; dzs aL\" 9z, ' on )]

and note that for m # 0, mefl >0, and ¢, $~! have the same monotonicity.

(i) For m <1 and m # 0,
(1) If ¢ is strictly increasing and convex, and L(x) is Schur m power
concave, then

-1
do >0, Z1fmd¢($1) _ do(x2) > do(x1) _ do(x2) >0,
dk d{El dl‘g d!L‘l dl‘g
d¢ 1-m oL 1-m oL
> —_— — _— >
dL — 0, 2 Oxo i or1 — 0,

so that A, > 0.
(2) If ¢ is strictly decreasing and concave, and L(x) is Schur m power
concave, then

dp!

Z1fmd¢($1) _do(xz) _ do(a1)  do(x2)
dk

<0
dx dre —  dxy dxo

— b

<0,
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(i)
(i)

do 1—m OL 1—m OL
dr — 7’ 2 Oxo e or1 — ’
so that A, > 0.
By Lemma 2.9, L} (x) is Schur m power convex with x.

For m = 1, in Theorem 1.5, taking py = --- =p, =1, w; = L,wy =
-+ = wpy, =0, we can see that (ii) is established.
For m > 1,

(1) If ¢ is strictly increasing and concave, and L(x) is Schur m power
convex, then

-1
d(b >0, Zl—nz d(b(xl) _ d¢(l‘2) < d(b(xl) _ d¢(l‘2) <0,
dk dzy dzs dxy dzxs
dd) 1-m aL 1-m aL
> - — <
dL — 0, @ Oxy 1 O0x1 — 0,

so that A,, <0.
(2) If ¢ is strictly decreasing and convex, and L(x) is Schur m power
convex, then

-1
d¢ <0, Z1fmd¢(391) _ do(z2) > do(z1) _ dé(z2) >0,
dk dxy dzy dxy dxy
de 1-m oL 1-m oL
=< - _ —— <
dL — 0, 0z 1 Ox1 ~ 0,

so that A, <0.
By Lemma 2.9, L7 (x) is Schur m power concave with x.
For m =0,

oL, OL},

= (logx1 —log ) <x1 — )

za(log 21 — log z2) {Zizqs(x?)m 2_ d¢(:c2)) L 4o (x oL 5L>}

n—1 dxrq dxo dL 287@_%157351

(1) If ¢ is strictly increasing and convex, and L(x) is Schur geometri-
cally concave, then

Jdoz1)  dé(zz)  dp(z1)  do(zs)
d.’El dl’z - d.’El dl’g
% Z 0, 1‘267[/ oL
so that Ag > 0. By Lemma 2.7, L}(x) is Schur geometrically convex
with x.
(2) If ¢ is strictly decreasing and concave, and L(x) is Schur geometri-
cally concave, we have

Zd¢5($1) _ do(x2) < dj(zy)  do(zs)

dxy dro —  dxy dxo

>0

)

<0

— )
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do oL oL
<0, w20,
dL — 2 Oxo “ or1 —
so that Ag < 0. By Lemma 2.7, L;@(x) is Schur geometrically concave

with x.

The proof of Theorem 1.6 is complete.

4. Applications

As applications of Theorem 1.5 and Theorem 1.6, we establish the following
new inequalities for the mean.

Theorem 4.1. Let ¢(x) be a strictly monotone continuous function on I C R,
L(x) be a fired mean with x = (x1,...,2Zy).

(i) For any real number m < 1 and m # 0, if ¢ is strictly increasing and
convex, or ¢ is strictly decreasing and concave, L(x) is Schur m power
concave, then

(4.1) L(2) > M) ().

(ii) For any real number m > 1, if ¢ is strictly increasing and concave,
or ¢ is strictly decreasing and convez, L(x) is Schur m power convex,
then

(4.2) Lj(z) < MM ().

Proof. (i) By Theorem 1.6(i), Lemma 2.10(ii), Definition 2.1 and the property
of the mean, we have

Liw) > ¢! <¢<MJZ”]<m>> + O (@) — GLME™ (), .. .,Mgm](@))

n—1
= ¢~ o(M" () = M{"(x).
Using similar methods, (ii) can be proved.

The proof of Theorem 4.1 is complete. O

By Theorem 1.6(iv), Lemma 2.10(iii), Definition 2.2 and the property of the
mean, we have the following conclusion.

Theorem 4.2. Let x € R, L(x) be a fized mean.

(i) If ¢ is strictly increasing and convez, L(x) is Schur geometrically con-
cave, then

(4.3) Ly (@) > G (a).

(ii) If ¢ is strictly decreasing and concave, L(x) is Schur geometrically
concave, then

(4.4) Li(z) < Gu(=).
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Theorem 4.3. Let x € R, ¢ >0 and 3! x; = s. If L(x) is an arbitrary
Schur convex mean, then

L(zi+c,...,zp+0) s (e c
4. < 1+—.
(45) L(zy,...,2,) - (s—i—nc) H +xi

i=1

Proof. Let ¢(z) = logz. By Theorem 1.6(ii), we know that L{,(x) is Schur
concave, and according to majorizing inequality in Lemma 2.10(v):

T+ Ty +C < (ﬂ ﬁ)
s+nc’ " s+nc s s /)
by Definition 2.1 and notice the mean’s property: L(Ax) = AL(x), it is easy to

prove the inequality (4.5) hold.
The proof of Theorem 4.3 is complete. (I

For any Schur convex mean, we can obtain the following mean comparison
theorem by combining Theorem 1.6 with majorizing inequality.

Theorem 4.4. Let x € R’} |, L(x) be an arbitrary Schur convex mean, and

i wi =

(i) If 0 < ¢ < min{z;}, then
L(zy —c¢, ...,z —C) s not c
4.6 > 1——1.
(4.6) L(z1,...,xy,) ~ \s—nc H Z;
(ii) If ¢ > s, then
Llc—x1,...,c—xy) s e
4.7 < ——1].
(4.7) L(z1,...,z,) ~—\nc—s 11;[1 T
Proof. Let ¢(x) = logx. By Theorem 1.6(ii), from majorizing inequality in

Lemma 2.10(vi):
xr1 —cC Ty —C xq Tn
e B (B 2,
s—nc §—mnc S s

and majorizing inequality in Lemma 2.10(vii):
c—1 c—xp x1 X
L) (T ),
ne — ne—s s s

it is easy to prove the inequality (4.6) and inequality (4.7) hold.
The proof of Theorem 4.4 is complete. O

Let

L(xzy,...,xn) = MM (x) = (wy , (m>1).

n n
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It is easy to see Mibm] (x) is symmetry with 21, ..., z,, without loss of generality,
we might as well assume x; > x5 > 0. Write

1< .,
k:ﬁ;xi,

then
OMM(x) _kET L M) kR

0x1 T, dry no 2o
oMM (x) oM™ (x)

DN = — —

) (Il 1‘2) ( 8331 81'2
L_q
= (x1 — xg)mk ("t =2 ) >0.

So, when m > 1, My (x) is Schur convex.
By Theorem 4.3 and Theorem 4.4(i), we get the following conclusion.

Corollary 4.5. Let = (x1,...,2,) €RY},. Ifm >1, 0 < ¢ < min{z;},

then
(4.8) A @t M@t o) _ Ap (@M ()
Gilatd = G@
P C )M (z — c)
- Gr(z—c) -

Let m = 1, by Corollary 4.5 we get
An(x+¢) < A (%) < An(x—c¢)
Gn(x+c¢) = Gu(x) ~ Gp(x—c¢)’

Let L(x) = Ml (x), (m >1). When >_"" ; z; <1, by Theorem 4.4(ii), we
have

1
[m] _ _ n—1\ " _
ME™ (%) (An(x))n1 Gn(x)
Let m =1, we get Ky Fan’s inequality
Cul) _ Aux)
Gn(l—x%x) — A,(1—x)°
Theorem 4.6. Let D ={x:z; > --- > z,}, Lj(z), x € R}, (j=1,...,m)
be m fized means, (p, w) be an admissible pair. For Ve e DNRY .,
i) Ifpr > >2pp,>0,w; >0, j=1,....mand L;, j = 1,...,m are
Schur concave, then for r > 1, we have

(4.9)

(4.11)

m n
(4.12) > wiLi(wy, . wn) < piaf — (Po — Win) Aj (2).
j=1 i=1
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() If0o<pr < <pn,w; >0, j=1,...,mand L;, j=1,...,m are

Schur convex, then for 0 <r <1, we have

i=1

(4.13) S owiLi (@, wn) 2 Y piny — (Po — W) AL (),
j=1

where Py, = 3311 pi, Win = 2070 w;.

Proof. Let p(z) =2" (r>1),p1 >--->p, >0, w; >0,j=1,...,m. Then

1
Yim piwy = L wiLi () |
Li(z1,...,20;p, w) = .
Pn - Wm
We know that ¢ is strictly increasing and convex on Ry, L; (7 =1,...,m) are

Schur concave on Ry, by Theorem 1.5(i), it follows that L7 is Schur convex
with x1,...,x,. By Definition 2.1 and

(T1,...,2n) = (An(x), ..., Ap(x)),

we have
L«p(xla s Zny Py w) = L (An(2), JAn(z); p, w)
thus
Sy pi = wi L (@) | T
Pn - Wm
S piAn () = X0 wi L (An(@), . An(2)) | 7
- Pn - Wm
- ZZL:I Dity Z]_l wJL] (331, ’xn) v
P, — W,
S PiAn(z) — Z;nzl w;Ap () \
- P,— W,
= A, (),
that is,

m

n
j=1 i=1

By similar method, we can prove the inequality (4.13).
The proof of Theorem 4.6 is complete. (|
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As an example in Theorem 4.6, let p; = 1, w; =
A, (x). For r > 1, we get the power mean inequality:

si=1,...,n, Li(x) =

In 1938, Gini introduced a mean of two variables with double parameters.

Definition 4.7 ([10]). Let (r,s) € R?, (a,b) € R2,. The Gini mean of two
variables is defined as

1
a®+b%\ "
4.14 G(r,s;a,b) = | —— , (s#7).
(4.14) et = (50) )

Gini mean of two variables contains many important mean, for example,
G(0,p;a,b), p # 0 is a p power mean of two variables, G(p—1, p; a, b) is Lehmer
mean of two variables.

Gini mean of two variables can naturally be extended to the form of n

variables.

Definition 4.8 ([1]). Let x = (z1,...,z,) € R7,, (r,s) € R? s # r. The
Gini mean of n is variables defined as

Z?:l 3
Z?:l x:

We get the following conclusion for the comparison of arbitrary Schur convex
mean with Gini mean.

(4.15) Glrsix) = ( ) (5 4 7).

Theorem 4.9. Letx; e Ry, i=1,...,n, L(z1,...,z,) be an arbitrary Schur
convex mean. If 0 < r < s, then

1 1
n " L(af, .. a)\ TG
(4.16) i <sn < Glr, s 2)
i];[ L(xl,...,xfl)
_1
o (Llaf, o mn) N
~ A\ L(xf,...,20)

Proof. Let ¢(x) = logz. Then ¢(x) is strictly increasing and concave, and
L(z1,...,2y,) is Schur convex, by Theorem 1.6(ii), it follows that

1 .-+ logz, — log L(z1, .. ., Zn
Likog(wlwu,fn)exp(ogxl—’_ +Ogl’ 0og (1'1 xz ))

n—1

is Schur concave.
By the majorizing inequality in Lemma 2.10(iv):

( ) zy, ) - ( 3 T, )
n roc n r n PRI n s ’
D1 T PIEH D1 T D T
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Definition 2.1, and notice that property of the mean: L(Ax) = AL(x), we have

log s~ + - 4 log sty —log L o)
exp
n—1
logZ o+ +logzn — logL(Zn -"""anﬁ)
> exp i=1%;
n—1
- e ;{ﬂ _ > jJus 1; -
(St o) (g owiy) (St (g oty
L (S SRS L)
R gz L ZL(ml, )
P nl > o rL(zY],....75,)
= iy Hl 1t L(z%,....w})
1 qn-—l ( | 1
gy ST L(z7,...,x;) s~ "
= [ (5=25) ] > i o (26253
il G EDE=D
= G(r, %) > (T2, =)™ (m) :
Because L(z1,...,2y) is a Schur convex mean, by the majorizing inequality

' T S S
( ‘rl ‘rn ) ~ ( ‘rl xn )
n r PR n r n s PR n s )
D ie1 T} D oie1 T Die1 T Die1 T

Definition 2.1, and notice that property of the mean: L(Ax) = AL(x), we have

S

S s s
n PREERER! n s el n PRI n T
D ie T Die1 T D1 T D i1 T

L(z5,...,x5) - L(zy,...,z0)

Z;L:l xf N Z:L:l .’IJ:

The proof of Theorem 4.9 is complete. (I

Let L(z1, ..., 2,) = MI™(x) (m > 1). By Theorem 4.9, we get the following
conclusion.
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Corollary 4.10. Let x = (21,...,2,) €ERY . IfO<r <5, m>1, then

(4.17) G(r, s;@) > [Gn(m))' T

1
M ()

Let m = 1, by Corollary 4.10, we have:

Corollary 4.11. Let x = (21,...,2,) € R}, . If0 <1 <s, then
(4.18) G(r,s;x) > Gp(x).

Remark 4.12. The following inequalities were introduced in ([12], p. 215):
Let @ = (a1,...,an). If ay > 1 (1 <k <n), p>0, then

(4.19) Hy(a)) af <> ap™.

k=1 k

By Corollary 4.11, we can improve the inequality (4.19) as follows.
Let @ = (a1,...,ap). fap >0 (1 <k <mn),p>0, then

(4.20) Hy(a)) af <Gn(a)d af <Y al*
k=1 k=1 k

Acknowledgements. The authors would like to thank the anonymous referees
for critical comments and suggestions that definitely led to improvements of
the original manuscript.

[1]
2]

3]

[4]

[5]
[6]

7]

(8]
[9]

(10]

References

P. S. Bullen, Dictionary of inequalities, second edition, Monographs and Research Notes
in Mathematics, CRC, Boca Raton, FL, 2015. https://doi.org/10.1201/b18548
Y.-M. Chu, G. D. Wang, and X. Zhang, The Schur multiplicative and harmonic convez-
ities of the complete symmetric function, Math. Nachr. 284 (2011), no. 5-6, 653-663.
https://doi.org/10.1002/mana.200810197

Y.-M. Chu and W. F. Xia, Necessary and sufficient conditions for the Schur harmonic
convetity of the generalized Muirhead mean, Proc. A. Razmadze Math. Inst. 152 (2010),
19-27.

Y.-M. Chu and X. M. Zhang, Necessary and sufficient conditions such that extended
mean values are Schur-convez or Schur-concave, J. Math. Kyoto Univ. 48 (2008), no. 1,
229-238. https://doi.org/10.1215/kjm/1250280982

Y.-M. Chu, X. M. Zhang, and G. D. Wang, The Schur geometrical convezity of the
extended mean values, J. Convex Anal. 15 (2008), no. 4, 707-718.

Z. Daréczy and J. Dascal, On the equality problem of conjugate means, Results Math.
58 (2010), no. 1-2, 69-79. https://doi.org/10.1007/s00025-010-0042-4

Z. Daréczy and Z. Péales, On means that are both quasi-arithmetic and conjugate arith-
metic, Acta Math. Hungar. 90 (2001), no. 4, 271-282. https://doi.org/10.1023/A:
1010641702978

Z. Daréczy and Z. Péles, On a class of means of several variables, Math. Inequal. Appl.
4 (2001), no. 3, 331-341. https://doi.org/10.7153/mia-04-32

Y. P. Deng, S. H. Wu, and D. He, Schur power convexity for the generalized Muirhead
mean, Math. Pract. Theory 44 (2014), no. 5, 255-268.

C. Gini, Diuna formula compressive delle medie, Metron 13 (1938), 3-22.


https://doi.org/10.1201/b18548
https://doi.org/10.1002/mana.200810197
https://doi.org/10.1215/kjm/1250280982
https://doi.org/10.1007/s00025-010-0042-4
https://doi.org/10.1023/A:1010641702978
https://doi.org/10.1023/A:1010641702978
https://doi.org/10.7153/mia-04-32

SCHUR CONVEXITY OF L-CONJUGATE MEANS AND ITS APPLICATIONS 519

[11] M. Klarici¢ Bakula, Z. Pdles, and J. E. Pecari¢, On weighted L-conjugate means, Com-
mun. Appl. Anal. 11 (2007), no. 1, 95-110.

[12] J. C. Kuang, Applied Inequalities (Chang yong bu deng shi), 4rd ed., Shandong Press of
Science and Technology, Jinan, China, 2010 (in Chinese).

[13] A. W. Marshall and I. Olkin, Inequalities: theory of majorization and its applications,
Mathematics in Science and Engineering, 143, Academic Press, Inc., New York, 1979.

[14] J. X. Meng, Y.-M. Chu, and X. M. Tang, The Schur-harmonic-convezity of dual form
of the Hamy symmetric function, Mat. Vesnik 62 (2010), no. 1, 37-46.

[15] F. Qi, J. Sandor, S. S. Dragomir, and A. Sofo, Notes on the Schur-convezity of the
extended mean values, Taiwanese J. Math. 9 (2005), no. 3, 411-420. https://doi.org/
10.11650/twjm/1500407849

[16] J. Sdndor, The Schur-convexity of Stolarsky and Gini means, Banach J. Math. Anal. 1
(2007), no. 2, 212-215. https://doi.org/10.15352/bjma/1240336218

[17] H.-N. Shi, Schur Convex Functions and Inequalities, Press of Harbin Industrial Univer-
sity, Harbin, China, 2017 (In Chinese).

[18] H.-N. Shi, M. Bencze, S. Wu, and D. Li, Schur convezity of generalized Heronian means
involving two parameters, J. Inequal. Appl. 2008 (2008), Art. ID 879273, 9 pp. https:
//doi.org/10.1155/2008/879273

[19] H.-N. Shi, Y. M. Jiang, and W. D. Jiang, Schur-convezity and Schur-geometrically
concavity of Gini means, Comput. Math. Appl. 57 (2009), no. 2, 266-274. https://
doi.org/10.1016/j.camwa.2008.11.001

[20] B. Y. Wang, Foundations of Majorization Inequalities (Kong zhi bu deng shi ji chu),
Press of Beijing Normal Univ, Beijing, China, 1990 (In Chinese).

[21] W. L. Wang, Approaches to Prove Inequalities, Press of Harbin Industrial University,
Harbin, China, 2011 (In Chinese).

[22] A. Witkowski, On Schur-convezity and Schur-geometric convezity of four-parameter
family of means, Math. Inequal. Appl. 14 (2011), no. 4, 897-903. https://doi.org/10.
7153/mia-14-74

[23] W. F. Xia and Y.-M. Chu, The Schur multiplicative convezity of the generalized Muir-
head mean values, Int. J. Funct. Anal. Oper. Theory Appl. 1 (2009), no. 1, 1-8.

[24] W. F. Xia and Y.-M. Chu, The Schur convezity of Gini mean values in the sense
of harmonic mean, Acta Math. Sci. Ser. B (Engl. Ed.) 31 (2011), no. 3, 1103-1112.
https://doi.org/10.1016/50252-9602(11)60301-9

[25] Z.-H. Yang, Necessary and sufficient conditions for Schur geometrical convezity of the
four-parameter homogeneous means, Abstr. Appl. Anal. 2010 (2010), Art. ID 830163,
16 pp. https://doi.org/10.1155/2010/830163

[26] H.-P. Yin, H.-N. Shi, and F. Qi, On Schur m-power convexity for ratios of some means,
J. Math. Inequal. 9 (2015), no. 1, 145-153. https://doi.org/10.7153/jmi-09-14

[27] X. M. Zhang, Geometrical Convexr Function, Press of Anhui University, Hefei, China,
2004 (In Chinese).

CHUN-RU Fu

APPLIED COLLEGE OF SCIENCE AND TECHNOLOGY
BEWLING UNION UNIVERSITY

BELING 102200, P. R. CHINA

Email address: fuchunru20080163. com

HUAN-NAN SHI

TEACHER’S COLLEGE

BELJING UNION UNIVERSITY

BELING 100011, P. R. CHINA

Email address: shihuannan2014@qq.com;sfthuannan@buu.edu.cn


https://doi.org/10.11650/twjm/1500407849
https://doi.org/10.11650/twjm/1500407849
https://doi.org/10.15352/bjma/1240336218
https://doi.org/10.1155/2008/879273
https://doi.org/10.1155/2008/879273
https://doi.org/10.1016/j.camwa.2008.11.001
https://doi.org/10.1016/j.camwa.2008.11.001
https://doi.org/10.7153/mia-14-74
https://doi.org/10.7153/mia-14-74
https://doi.org/10.1016/S0252-9602(11)60301-9
https://doi.org/10.1155/2010/830163
https://doi.org/10.7153/jmi-09-14

520

CH.-R. FU, H.-N. SHI, AND D.-SH. WANG

DoNG-SHENG WANG

BASIC COURSES DEPARTMENT

BEJING POLYTECHNIC

BewiNGg 100176, P. R. CHINA

Email address: wds000651225@sina.com



