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History of solving polynomial equation by paper
folding
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Paper folding is a versatile tool that can be used not only as a mathematical model
for analyzing the geometric properties of plane and spatial figures but also as a
visual method for finding the real roots of polynomial equations. The historical
evolution of origami's geometric and algebraic techniques has led to the discov-
ery of definitions and properties that can enhance one’s cognitive understanding
of mathematical concepts and generate mathematical interest and motivation on
an emotional level. This paper aims to examine the history of origami geometry,
the utilization of origami for solving polynomial equations, and the process of de-
termining the real roots of quadratic, cubic, and quartic equations through origami
techniques.
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History of solving polynomial equation by paper folding
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16A7] Albrecht Diirer(1471-1528)2} Francesco Maurolico(1494-1575)= Zo0]% 7]
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Heinrich Lambert(1727-1777)= B3 A Zajo] o
o [9].

19A4]7]9|= Bernhard Riemann(1826-1866)°] 185430 gt 7|55t} v| {2 & 7]
state] 7li AlSstdA 8 A Atolofl A olet I H AGE sl TolE Ak

ot

Z92 95 Fo11718 T8I

=, E%‘H% A 9‘r So|& AlAste] 9| A FEL 2 ol 2ARE By,
Y ZEHE BT 2s FAM (pseudosphere) 9] A22 A3 FolE ARESIATH
[9].

Y=o A+ Dionysius Lardner(1793-1859)7} FA] 28 &= &0 7123 7|otuS
< Bt Stu et figtoA 9] 75t &S $15) 25 (motion) o] 7HdS ARE-SHoF g
Ol =Skt T 71sketelA 9] S o R A 715 A7t o]F E8f thA Y
ad= 70}5-3}@‘:} [19]. B9 7IstetollA 7]5ket HAIE S| fls Sold7]1E Lejt
E thE $8RI2 Olaus Henrici(1840-1918)7} Qith. 1 T3t F7]9}F thA Alo]9] TAS
7H1§§-'5]- A1 o]t Henrici® A= Tandalam Sundara Row(1853 Aol Al &S
o) H o [11].

Figure 1. Folding of Successive Rectangles and Regular Nonagon; 9<% A2 9 29 4
7]

1941719 AAAolaL FAAR] 52 B3 o4 BRdZ whEo] 7|5k w&stal
’8]-511} SlE Al Al fotnSo|: JFS u]H et Friedrich Frobel(1782-1852)
o|gt 5F stofl 75k Yol 7|8tet Fold7] &5 AFSkAH [10]. Henricit
Frt')belﬂ IS ol Row= [Figure 113} Zo] Zo|¥7| & Hiayd (a4, 382
B, AR, ATAF 5= e, A olAFAe tigt gl H71E &8sttt
J+= old €55 7|22 18939 119 & “Geometric Exercises in Paper Folding” &

g 9] A 7HsAlo] tigt Gauss-Wantzel 32| [7]9] 9Jshd A74EL &
Solthe ARdo] A AAN e AFAFES FolH7E HE o Us Bt oiyY
H712 120° 9] 45&0] 7Fsg AT [9]. =3 1= [Figure 2]9F Zo] A4 4t
S A4 919 g Aol 9= A71E & o AVe F559 Z&4(envelope)o] ZEA
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Figure 2. Folding of a Parabola; Z&E4 37|

194]7] Do} dgkelo] AW 43k} Felix Klein(1849-1925)2 1895 19] 7-iof 4]
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5} 1 Margherita Piazzolla Beloch(1879-1976)+ Vacca9] +=&& 911 Row 2] Foj
Qe vot Fo| U7 2 ARIAS FE WHe AT BT [12, 241

Beloch= Row 9] ot & A4 A2 &= H71" o thgt ofelyoio] 4= ot =
AL T AA Yo Ao &= A7’ el MR2X] A7 (Beloch’s fold) & A 959t 1

Wi Row9] Wl aye 2Esiol WA 1712 & o AVlE FEAL T 24 T
ERAo] "ok 715t ou|E TS of2et 3 5HAE dedor ok EAle

a4l 9] S Lt Ad E3]0] AFL o0]L35le] 1YL o2 HLHA o HuE
v 2 vte = gk 24| (Delian problem), 2 W4 4] % = 29] A {25 Fo0]H7]
Yoz 2 = 3USe TYSIA [12]. ol 23id 2= &5 47 o1V |1==
TFstte HolRt Artoln, LRgle Aot AR TAT 4 Ak Jlske} FolHr2
FAY % 9l 719k9] AolE Hojr). Belochk o8 Avksisiol 4 Ale] 9|2

S &8st ot 715k WS AWl oI5 1935|3 1936 dof + He
=0 R Wit [12].

Beloch= 1139] 7 Axts &E5IH 1867 A0 HIEH Eduard Lill(1830-1900) 2]
471 Be A8 ole A9 AdS T EE AMESte] AR o R He T
I 19 (graphical method) 0.2 A 22| HMH(Lill's method) 0.2 &t} do| Wy
2 9olo) A8 AL PR A ARete 99 4E Paiel Jlsetow
A9 S Fohe WS AlSoHAIRL, Lillo] A1) =oflA Fo]g7]2ke] A<

A= ¥kt [201. 18y Belocht 4Fxg4l9] 79 do] whiat Folx 7|2k
AP WAL ATS Fo] 9l T AL T 44 o] 2l W] HEE A8}
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Figure 3. Lill's method; ¥9] ¥

it [Figure 312 A4 ax® 4+ ba® +cx+d = 05 Ho| Yo =
HolE
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FE22E 7I5tet B2 = Z1ste] gt 33 AR [5, 25]. 1By Fold7] 7]
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Figure 4. Finding solutions of a quadratic equation using Lill's method; 89 & &-&
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Figure 5. Folding the point P onto a line I; & PE 3t JA | fJof &gl H7]
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WA 5 A P, Py 293 A4 12 HEEE 9o] el 3 8 P2 A4 1 919 9]
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Figure 7. Drawing Beloch curve using GeoGebra; Z| Qx| Bets 283t Wlz2x Z4 187

2 Hoi 289 A POl B3 PO A0 WA, 2 34 OF ekl A2
—2a(b—c)* + (c—y)(B* +c — 2% —5*) =0

& @7 51 A 47 e A B
A9] sl9] %ot ek el W2A) G71E H) 37H ol e & 4 ek [12),
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o] Y& RFT 4 Ytk T olefTt AWAS W7 9 B Wue =Yshark

Aito WAl o Yol o Fav] A Lo A2 FHIE AL 4L
o] ohfet. Beloch®] F88 Y2 ALY 4T T3] Aol WA YIS
olg3to] B ARE = PHS ANT Aolnt. THE YIS AP A2
Q7] 915l A% A2E 99 014 A T7H4 Uehd §, % H 0, TS 538 F A4
4ol BAG g2l H71S AYStel Yo ARE FE 5 ALS HATF[1, 9,13, 12,

[Figure 8]2 ZE A7t Gl AAPEE4 ax® +ba? +cx+d =09 ALS WEZA
719 o] o g ot S HojEt. o Ad¥shd ot &t

HE PP E 5YHE 948 R0 3] 48 1 9 07 gHoI5E Be A
2t '3}1]'- TS AR PP3g XS A4S FEAHCE sto] J2 ol A T7F diolsd
5o #2491 AHS Ly, & BE AUH y=o 29l
AdE Lo®h okl + A 09—} TE F A4 L9 Ly floll 44 22l B=A] F718 Al
Petet ojnf F7]= FEAC] AS AR} Y= £ HE Q1, Q2% k& LW AR
0Q1 9] 71€7] moll st —m-& FoiZ A4 ax® + ba? + cx +d = 09 7}
Hoh. ol= Tt} o] B 4= Qlth

Q0P =08 O m = tanfo|th. Al 719 4ZAF AQ10Py, AQ2Q1 P> 1711
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Figure 8. Finding a solution of a cubic equation using Lill's method; 29| WS &85t

ARpIAA ) 5 Fot]

ATQo P32 G2 4AH4go|nz

_bh@Q PO b-h P

OoP, a a
o|al WhA Q1 P, =b— amoltt. EZL

m— tanf — Q2P _ Q2P _ c—Q2P3
Q1P b—am —am

o] WA Q2P3 = am? — bm + co|t}. upA|goZ

v d
Q2P; am?—bm+c

m=tanf =

a(=m)® +b(—m)* +c¢(—m) +d =0

S gtk wEtA o = —m2 ARG A ax® + ba® 4 cx + d = 09] 37} "t

3.3 2 ¥ F7] (Alperin’s fold)

Zo12 olo] AAAHA 2 4 az? + br + ¢ = 00 z = 2 — = 2 HY3te] HYshd

3
cheat 2ol zof e AL Pt

jEn <3b—a2 L (9ab—27c—2a3> _0

3 27
wrEbA] b Ql AR A9l Eol= oAk Alg7t 0)1 AR 4]
2 tar+b=0 2
o] A9 thRoj & FE5tth 2010 Alperin [2]2 A3 4] (2)9] 315 FolH7|E

ok P AASG of Fold7] Pe thet
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. my
g:y=m(z 2}

Figure 9. Alperin’s fold; &#3d 7]

R 31 (2D): AAAEA o +ax +b =0 thoto] % A

1 b a
P1<072)7 P2<272>

2 = A4
1 b
Iy : - lrx=—<
1Y 5 2 T 5
Az 242t Aol S22l BaR] F715 Aldstd ojn dojx]= FFAdo] tiet 249 7]
L7l me ¥ +ar+b=09 sfjo|c}

ol Fol tigt ¥ v Zol & 4 Atk [Figure 919t &o] H P& 2o =
St A 11 & FHCE Shs ZEAS O, H P& RHLE st A L E 4R
Sh= ZEAE CoFF sk oldl = A Py, & 7 A4 Iy, I 912 424 5A9) %EHE
Wz H7E APt FEAS F 224 O, 29 35840t = X249 A4
2 4oz e ot 2

1 1\?
Clsy:§m2 Cy: <y2a) = 2bx

FEA0l vetdls 3884 g7t 7 ZEA O, C29F = A HBE 4 Az, 1),
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