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ABSTRACT. In this note, we define a Berger type deformed Sasaki metric as a natural
metric on the second tangent bundle of a manifold by means of a biparacomplex structure.
First, we obtain the Levi-Civita connection of this metric. Secondly, we get the curvature
tensor, sectional curvature, and scalar curvature. Afterwards, we obtain some formulas
characterizing the geodesics with respect to the metric on the second tangent bundle. Fi-
nally, we present the harmonicity conditions for some maps.

1. Introduction

Many geometric concepts can be defined by a suitable algebraic formalism. This
point of view has interest because one can compare different geometric structures
having similar algebraic expressions. In this paper, we will consider biparacomplex
structures on a smooth 4n—dimensional manifold. An almost biparacomplex struc-
ture on a smooth manifold consists of two almost product structures ¢; and ¢a
which satisfy [6, 8]

P10p2+ 2001 =0.

The Nijenhuis tensor N, of ¢,, for a =1 or 2, is defined by
Na(Xv Y) = [SDOth SDOtY] + SDZ[Xv Y] - QDQ[X, (paY] - (poz[SDOth Y]

It is well known that the structure ¢, is integrable if and only if the corresponding
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80 N. E. Djaa and A. Gezer

Nijenhuis tensor N, vanishes, N, = 0. Also, the classical definition of integrability
of structures can be given in this way: a paracomplex structure ¢ is integrable if
there exists a torsion free connection parallelizing ¢ [9]. If a torsion free connection
parallelizes ¢, then N, = 0.

An anti-biparaHermitian metric is a Riemannian metric which is compati-
ble with the (almost) biparacomplex structure ¢, in the sense that the metric
g is pure with respect to each ¢,. We called such a structure (almost) anti-
biparaHermitian. If ¢, is parallel with respect to the Levi-Civita connection for
a = 1 and 2, then the manifold is called anti-biparaKaehlerian manifold. The
existence of anti-biparaKaehlerian structures on 4n—dimensional Riemannian man-
ifolds allow one to construct new Riemannian metrics on the second tangent bundle
over 4n—dimensional Riemannian manifolds. This paper aims to construct a new
metric on the second tangent bundle over an anti-biparaKaehlerian manifold and
study its geometry.

2. The Berger Type Deformed Sasaki Metric on T'M

Let (M,,g) be an n—dimensional Riemannian manifold and (T'M,w, M) be
its tangent bundle. A local chart (U,z%);=1.., on M, induces a local chart
(7=Y(U), 2%, u*)i=1..., on TM. Denote by l"fj the Christoffel symbols of g and by V
the Levi-Civita connection of g.

We have two complementary distributions on 7'M, the vertical distribution V
and the horizontal distribution H. Let X = X* 21- be a local vector field on M,,.

)

The vertical and the horizontal lifts of X are defined by

.0
2.1 XV = X'—
( ) Out ’

) .0 » 0

" _ i = X! — Tk

(2.2) X X 0 X {(%i uw! TG 8uk}
(see [11]).

An anti-paraKaehlerian manifold is a triple (M, g, ¢) such as M,, is a manifold
of even dimension (n = 2k) and ¢ is an integrable almost product structure (¢? = I
and Ve = 0) verifying

(2.3) 9(p(X),Y) = g(X, p(Y))
or equivalently
(2.4) 9(p(X),¢(Y)) = 9(X,Y)

for all vector fields X, Y (for more details on the integrability, see [9]).

Definition 2.1. Let (M,,g,¢) be an anti-paraKaehlerian manifold. A (i, 4)-
deformed Sasaki metric on T'M is defined by

1. g%(;(XH,YH) =59(X,Y)om,
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2. g%(;(XH,YV) =0,
3. 9@76|(I,u) (XV, YV) = gI(Xv Y) + 52g$(Xa @(U))gz (Ya @(u))v

where X, Y are vector fields on M, (z,u) € TM, e € {1,2} and § is a constant.
1. If § = 0 and € = 2 then g, 5 is the Sasaki metric [11],

2. If 6 =1 and ¢ = 2 then g, s is the Berger type deformed Sasaki metric [1].

Lemma 2.2. Let (M,,g,¢) be an anti-paraKaehlerian manifold. For all x € M,

and u = ui% € T, M, we have the following
1. XH(g(uvu»(m,u) =0, 4- Xv(g(Y, u))(m,u) = g(X, Y)ac;
2. XM (g(Y,u) @y = 9(VxY, o, 5. XV(g(Y, o(u) = g (Y, (X)),
3. XV(g9(w,w) @) = 29(X, 0)a, 6. XH(g(Y,0(u)) = g (VxY), o(u))

Proposition 2.3. Let (M,,g,) be an anti-paraKaehlerian manifold. Then we
have

poR(X,Y) = R(X,Y)oqp,
R(X,0(Y)) = R(p(X),Y),
R(X,p(X)) = 0

for all vector fields X, Y on M,, [9].

3. The Berger Type Deformed Sasaki Metric on T?M

Let (Mp,g) be a Riemannian manifold and V its Levi-Civita connection. The
second tangent bundle is the natural bundle of 2—jets of differentiable curves, de-
fined by

T?°M = {j2v ~v:Rg — M, is a smooth curve at 0 € R}.
Theorem 3.1. ([3]) If TM & TM denotes the Whitney sum, then

S:T°M — TM®TM
(3.1) joy = (%(0), (V40)%)(0))

s a diffeomorphism of natural bundles.
In the induced coordinate, we have

(3.2) S (xh ut, 2Y) e (2f ut 2t ujukf‘j-k).
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Definition 3.2. ([3]) Let T2M be the second tangent bundle endowed with the
vectorial structure induced by the diffeomorphism S. For any section o € I'(T?M),
we define two vector fields on M,, by

Xy, = PioSooc and Y, =PyoSoo

where P; and P, denote the first and the second projection from T'M & T'M onto
TM.

Definition 3.3. ([3]) Let (M,,,g) be a Riemannian manifold and X € T'(TM) be
a vector field on M,,. For A =0, 1,2, the M-lifts of X to T?M are defined by

(3.3) XO =g (x", xM),
XW=51x",0),
X® =5-10,x").

Theorem 3.4. Let (M,,g) be a Riemannian manifold. If R denotes the Rieman-
nian curvature tensor of (M, g), then on T>*M we have

1 [ XO YO = [X,¥]® — (R, (X, Y)u) V) — (Ro (X, Y)w) ),
[X(O 7Y ] = (VxY),

3. X0, yU] =0,

where (x,u,w) = S(p) and i,5 =1,2 [3].

Let the quadruple (M,,g,¢1,p2) be an anti-biparaKaehlerian manifold such
that n = 4k and o1 (x) # @a(x) everywhere on M,,.

Definition 3.5. Let (M,,g, 1, 92) be an anti-biparaKaehlerian manifold. We
define a Berger type deformed Sasaki metric ggg on the second tangent bundle by

(3'4) gBsS = S*_l(ggal,é @ 94/72,77)'
From Definition 3.5 and the formula (3.3), we obtain the following proposition.

Proposition 3.6. Let (M,,g,p1,92) be an anti-biparaKaehlerian manifold. If
p € T>M, then for all vector fields X,Y on M, and i,j € {0,1,2} (i # j), we
obtain

1. gps(X© YO )p: 9(X,Y),,

2. gps(XW, Y W), =

3. gps(XM, v )p: (X V) +829(X, 01(u)g(Y, 01(u)))e,

4 gps(XBL YY), = g(X,Y) +n*g(X, p2(w))g(Y, p2(w))a,
where S(p) = (x,u,w) € TyMy, @ TyM,,
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Theorem 3.7. Let (My,,g,1,92) be an anti-biparaKaehlerian manifold and
(T%M, g) be its second tangent bundle equipped with the Berger type deformed Sasaki
metric. If V denotes the Levi-Civita connection of (T*?M, ggs), then for p € T*M
and for all vector fields X,Y on M, we have

1L (VxoYO),=(VxY)O - LRX,Y)u)® - L(R(X,Y)w)?,
2. (VxoY®), =(VxY)® + I(R(u,Y)X)©,
3. (VxoY®), = (VxY)® + I(R(w,Y)X)©,

4o (VxaY®), = 5(R(u, X)Y))©,

N[

5. (VxeY®), = L(R(w, X)Y)©,

N [=

6. (VxaoYW), = Lg(X, 01(Y)) (1 (),
7 (Vx@Y®), = Lg(X, 0:(Y))(¢2(w)®,

8 (VxoY®), = (VyeYW), =0,

where S(p) = (z,u,w), A =1+ 8*[ul?, B =1+ n*|w|>, V and R denote the Levi-
Civita connection and the Riemannian curvature tensor of (My,,g), respectively.

Proof. Using the Proposition 3.6, the Lemma 2.2 and the Koszul formula, the The-
orem 3.7 follows. O

4.The Riemannian Curvature Tensors

Let (M,,g,¢1,p2) be an anti-biparaKaehlerian manifold and (T?M, gps) its
second tangent bundle equipped with the Berger type deformed Sasaki metric, F' :
TM — TM be a smooth bundle endomorphism of TM. The vector fields F(V),
F® and FO on T2M are defined by

FO(u) = (Fu)® , FO(u) = (Fu)®  FO(u) = (Fu)®.
Locally, we have
FO (u) = ui(Fai)(O) , F(l)(u) = ui(Fai)(l) F® (u) = ui(Fai)@).

Proposition 4.1. Let (M,,g,¢1,92) be an anti-biparaKaehlerian manifold and
(T%M, gps) its second tangent bundle equipped with the Berger type deformed Sasaki
metric. Then we have the following formulas
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1 (VxoF®), = (VxF)1) " =1 (R (X, Fy)u) V=L (R (X, Fy)w))?,

8  (VxuF®), = (VyeFD), =0

for any vector field X on M,, S(p) = (u,w) and y € {u, w}.
Proof. The results come directly from the Theorem 3.7. O

Theorem 4.2. Let (M,,g,¢1,92) be an anti-biparaKaehlerian manifold and

(T2M, gps) its second tangent bundle equipped with the Berger type deformed Sasaki
metric. Then we have the following formulas

Rp(X©@ y(@)yz(0) = %((VZR)(X, Yyu)® %((VZR)(X, Y)w) @
+[Rr(X,Y)Z + iR(u, R(Z,Y)u)X + iR(u, R(X, Z)u)Y

+ L Rlu, RX, YY) Z + iR(w, R(Z,Y)w)X

2
1 1 ©

+ R(w, R(X, Z)w)Y + S R(w, R(X, Y)w)Z] ,

B (X© y©)z1) L 1 (1
Rpy(X© y @)z — [R(X,Y)Z—l—ZR(R(u, Z)Y, X)u - L R(R(u, Z)X,Y)u]

+ [ER(R(u, 2)Y, X)w — iR(R(u, 2)X, Y )u] @

1
£ [V 2)Y — vy B 2)x]

2
+50(01(2), RO YY) (1),



Rp(X©® vy (0)yz(2)

R(x© y1)z©)

Rp(X(© vy z(0)

EP(X(O),YU))Z(D
Rp(X© y®) 72
Rp(x® vy z©)
Ry(X® v (2) 7O

ﬁp(x(l) , Yy z(M)

ﬁp(x(z) ,Y?)z(3)

—% [R(Y, 2)x + %(R(w, Y)R(w, Z)X)
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1 1 @)
[R(X, Y)Z+ | R(R(w, 2)Y, X)w - | R(R(w, 2)X, Y)w]
+ ER(R(w, 2)Y, X)u — iR(R(w, 2)X,Y )ul @

1 ©
+5[(VxR)(w, 2)Y = (Vy R)(w, 2)X]

2

+ 5 9(p2(2), RO Y w) (p2) @),

1 1 1 @)
[ER(X, 2)Y + R(R(w,Y)Z, X)u] +7 [R(R(u, Y)Z,X)w]

0) 2

1 [Vxm@ 2] + L), B 21O,

(2) (1)

1 1
[ER(X, 2)Y + R(R(w,Y)Z, X)w]

2

+ i [R(R(w,Y)Z, X)u]

45 [V )2]” + Lalea(v), RO Z)w) o)),

_% [R(v, 2)x + %(R(u, Y)R(u, 2)X)] ©

)

)

] (0)

1 1 ©
[R(X, Y)Z + $R(uw, X)R(u,Y)Z = SR, Y)R(u, X)Z]

)

1 1 0)
[R(X7 Y)Z+ | R(w, X)R(w,Y)Z ~ ZR(w7Y)R(w7X)Z] ,

[g(Y wg(X, ¢12) - g(X, wg(Y p12)] (pru)V

2 1)

5
+5 [g(Y w1 2)p1X — g(X, 9012)<P1Y]

’7— 3 [90v,w)9(X, 022) = g (X, w)g (Y, 022)] (p2w)
2

+-
B

(2
[g(Y w2Z)p2 X — g(X, eozZ)sozY]

for all vector fields X,Y,Z on M,.

Proof. The results come directly from the Theorem 3.7 and the Proposition 4.1. O

Let (eq,...,en) (resp (€1,...,€,)) be an orthonormal frame of T, M where e; =
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1
{Ei =(e), By = ﬁ(el)(l)v Bk = (ex)™,

1
Eapy1 = \/—B(El)(z), Btk = (Ek)(2)} i=1..n

is an orthonormal frame of T,72M, where p = S~ (z, u, w).
Let K be the sectional curvature of (T2M, ggg) defined by

for orthonormal vector fields X ,17 on T?M. From the Theorem 4.2, standard
calculations give the following result.

Proposition 4.3. Let (M,,g,p1,p2) be an anti-biparaKaehlerian manifold and
(T?M, gps) its second tangent bundle equipped with the Berger type deformed Sasaki
metric. We have the following formulas

1. K(E;, Ej) = K(ei,e;) — {1 R(ei, e)ull® — §[[ R(es, e5)w],

2. K(E;,FEn+1) = K(E;,E2,41) =0,

3. K(E;,Enir) = Y| R(u, en)es]|?,

4- K(EquQ’ﬂ-i-k) = %||R(w,ék)€i”2,

4

5. K(Eni1, Enir) = 53 L9001 (w), w)g(pr (en), ex) — glex, w)?],

~ 4

6.  K(Eant1, Bonyr) = m [9(pa(w), w)g(p2(er), er) — g(er, w)?],

2

7. K(Enii, Enpr) = 5 [g(01(e1),e0)g(er(ex), ex) — glew, 1 (er))?],

~ 2

8. K(Eanii, Bansr) = T [9(w2(@), @) g(02(r), ) — 9(Er, p2(21))°].

The relationship between the scalar curvature 7 of (T2M, gps) and the scalar
curvature r of (M, g) is given in the following theorem.



Notes on the Second Tangent Bundle 87

Theorem 4.4. Let (My,,g,¢1,92) be an anti-biparaKaehlerian manifold and
(T%M, ggs) its second tangent bundle equipped with the Berger type deformed Sasaki
metric. The corresponding scalar curvature v is given by

26%

mg(%ua u)A

52
= - R 1 2 R (3] :| _A2
r Z S [1RCes eyl + 1 BGer, e wl?] + 547 +

1 2 - 2 n* Lo 2n*
+ 3 S [IR@ el + | Rw.2))eil?| + 5 B+ —g(paw,w)B

P 50 TR
6 1 2 2(2-=n)B -2
_ n (52'2_5 )_(f)—; )g(cpg(w),w)2 + n (( 52)6 )7

(4.1)

where A =371, g(p1(ei),ei) and B =377, g(p2(€i), ).

Theorem 4.5. Let (M,,g,v1,92) be a flat anti-biparaKaehlerian manifold and
(T?M, gps) its second tangent bundle equipped with the Berger type deformed Sasaki
metric. The corresponding scalar curvature 7 is given by

~ 52 ) 254 2 9 2 4
T X T Rp oyl At B ﬁ%ﬁn— poleew)B
6 2 -n _
9 (i;(r;)_(i; 2) o1 (), w)? + 52((2 AQ)A 2)
_n°(B+ (B +2) *((2-n)B - 2)

B 1) 9(pa(w), w)* + 7 :

where A =377, g(pi(ei), ei) and B = 370, g(p2(€i), €).
5. Geodesics on the Second Tangent Bundle

Lemma 5.1. ([10]) Let (M, g) be a Riemannian manifold. If X,Y are vector fields
and (z,u) € TM such that X, = u, then we have

Ao X (Ya) = Y& oy + (Vv X) (o)

Lemma 5.2. Let (M, g) be a Riemannian manifold. If Z € T(TM), o € T(T*M)
and p = o(x). Then we have

(5.1) A0 (Zy) = Z0 + (V2 X0) ) + (V2Y,)P)
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Proof. Using the Lemma 5.1, we obtain
deo(Z) = dST'dX.(Z),dYs(Z))s(p)
= dSTHZM, ZM)s() +dSTH(V2X0)Y, (V2Ye)Y ) sr)
= Z0+ (VzXo)V + (V2Y,) .
O

Lemma 5.3. Let (M,, g, p1, ¢2) be an anti-biparaKaehlerian manifold and (T2M7 gBs)
be its second tangent bundle equipped with the Berger type deformed Sasaki metric
and x : I — M, be a curve on M,. IfC :t € I — C(t) = S7H(x(t),y(t),2(t))

is a curve in T*>M such that y(t), z(t) are vector fields along x(t) (i.e., y(t),z(t) €
TypyM ), then we have

(5.2) C =30 + (Viy)M + (Vi)
C

wherej::d—f and C = &=,

Proof. Locally, if Y, Z are vector fields such that Y (z(t)) = y(¢) and Z(x(t)) = z(t),
then from the Lemma 5.2 we obtain

C(t) = dO(t) = do(i(t)) = @ + (Vay)® + (Va2)@,
where o = S~1((Y, Z)).

Subsequently, we denote 2’ = &, "/ = V1, vy = Viy and 3y’ = V; V.

Theorem 5.4. Let (M,,g,¢01,92) be an anti-biparaKaehlerian manifold and
(T?M, gps) be its second tangent bundle equipped with the Berger type deformed
Sasaki metric. If C(t) = S~ (x(t),y(t), 2(t)) is a curve on T>M such that y(t), z(t)
are vector fields along x(t), then

Vel = (4R + (B 2) "+ (0 + 2ol o) eaw)
(5.3) &+ F o ()2 (2)

Proof. From the formula (5.2) and the Theorem 3.7, we have

Ve = Vo 4 ()® + (@B (Van) + (752))

(@) + (") + (R(y,y)2") @ + %g(y’, e1(y) (1 (y)) ™

+(Z")® + (R(z,2)2") + %9(2’7 p2(2))(2(2)®.
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From the theorem above we get the following theorem.

Theorem 5.5. Let (M,,qg,p1,92) be an anti-biparaKaehlerian manifold and
(T%?M, ggs) be its second tangent bundle equipped with the Berger type deformed
Sasaki metric. If C(t) = S~ (x(t),y(t), 2(t)) is a curve on T>M such that y(t), z(t)
are vector fields along z(t), then C is a geodesic if and only if

(5.4 W = Ry~ Rz,

2
(55) V= e ) )
(5.6) = et e ) )

From the Theorem 5.5, we obtain the following results.

Theorem 5.6. Let (M, g, p1,2) be a locally flat anti-biparaKaehlerian manifold
and (T?M, gps) be its second tangent bundle equipped with the Berger type deformed
Sasaki metric. If C(t) = S~1(x(t),y(t), 2(t)) is a curve on T>M such that y(t), z(t)
are vector fields along x(t), then C(t) is a geodesic on (T*M,ggs) if and only if
x(t) is a geodesic on (Mp, g, ¢1,2) and

2
y' = —T;%@mewawxw@m
S o P A IO

Corollary 5.7. Let (M,,g,p1,92) be an anti-biparaKaehlerian manifold and
(T?M, gps) be its second tangent bundle equipped with the Berger type deformed
Sasaki metric. If C(t) = S~ (x(t),y(t), 2(t)) is the horizontal lift of the curve x(t)
(i.ey =2 =0), then C(t) is a geodesic on (T*M, gps) if and only if x(t) is a
geodesic on (M, g, 01, ¢2).

Corollary 5.8. Let (M,,g,p1,92) be an anti-biparaKaehlerian manifold and
(T?M, gps) be its second tangent bundle equipped with the Berger type deformed
Sasaki metric. The natural lift C(t) = S=(x(t),4(t),(t)) of any geodesic z(t) is
a geodesic on (T?M, gps).

Theorem 5.9. Let (My,,g,¢1,¢2) be a locally symmetric anti-biparaKaehlerian
manifold and (T*M,gps) be its second tangent bundle equipped with the Berger
type deformed Sasaki metric. If C(t) = S~ (z(t),y(t), 2(t)) is a curve on T*M
such that y(t), z(t) are vector fields along x(t), then we have

(5.7) 2 = —[R(y,y) + R(z, )",

(5.8) 12P)| = const.,

(5.9) g(a:(erl),x(p)) = 0
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for all p> 1.

Proof. Using the formula (5.4), we have

(5.10) 23 = —[R(y,y") + (R(z,2")]a’ — [R(y,y) + (R(z,2)]=?,

by substituting (5.5) and (5.6) in (5.10), we obtain
52
¥ = —[R(y,y) + R(z,2)]z® + |

,,72

+Wg(z’, w2(2))R(z, <p2(z))]$’,

Tt e WEE,e1v)

thus, from the Proposition 2.3, we obtain
3 = —[R(y,v') + R(z, 2')]=@.
By induction on p, the formula (5.7) is obtained. On the other hand, we have
Vig(@®,2®) = 29", 2®) = —29([R(y,y) + R(z, )]a®),2") = 0,

which completes the proof.

O

Theorem 5.10. Let (M,,g,v1,¢2) be a locally symmetric anti-biparaKaehlerian
manifold and (T*M, gps) be its second tangent bundle equipped with the Berger type
deformed Sasaki metric. If C(t) = S™(x(t),@(t), 2(t)) is a natural lift of the curve

#(t) on T®M, then all geodesic curvatures of v = x(t) are constants.

Proof. Using the Proposition 3.6, and the formulas (5.2) and (5.9), we obtain

. dx
IC1? = 15+ 202" + 892", o1 (2))” + nPg(a”, pa(a))
= |2/)? 4+ 2|2"|*> = K? = const.
Denote by s an arc length parameter on z(t) and |z”'| = p = const. Then z}
dr — g/ 9% and

. dx ds ds
K2202=—2 2//2:_2 2//2:_2 22-
ICI2 = |52+ 202 = |5 P+ 21 = | + 2
Hence
d
(5.11) |d_: =/ K?—2p2 = = const.,

where 32 = K% — 2p2.
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Denote by v, ..... ,Von—1 the Frenet frame along v and by ki,....,ken,—1 the
geodesic curvatures of 4. From (5.11), we obtain
¢ = pun
ZZ?N — szl Vs
2@ = BPhi(—kiv + kovs)
Using the formula (5.8) we deduce k1 = const., ke = const., ...., kap—1 = const.,
which completes the proof. O

6. Harmonicity

Consider a smooth map ¢ : (M™,g) — (N™, h) between two Riemannian man-
ifolds, then the second fundamental form of ¢ is defined by

(6.1) By(X,Y) = (Vd)(X,Y) = Vidd(Y) — dop(VxY).

Here V is the Riemannian connection on M™ and V¢ is the pull-back connection
on the pull-back bundle ¢~ 'TN, and

(6.2) T(¢) = trace,Vde = tracey By
is the tension field of ¢. A map ¢ is called to be harmonic if and only if 7(¢) = 0.

If 4 : (N",g) = (N",h) is a smooth map between two Riemannian manifolds,
then we have

(6.3) T(Y 0 ¢) = d(7(9)) + trace,Vd (dg, de).
One can refer to [4], [5], [7], [10] for background on harmonic maps.

6.1. Harmonicity conditions of inclusion

Theorem 6.1. Let (M,,g,p1,92) be an anti-biparaKaehlerian manifold and
(T%?M, gps) be its second tangent bundle equipped with the Berger type deformed
Sasaki metric. If gs denotes the Sasaki metric on T M, then the tension field of the
inclusion

I: (TM,g9s) — (T*M,ggs)
(z,u) +— S Y(z,u,u))
s gwen by
6.4 I S ®
( : ) T( 2)(w,u) - 1+52||u||2 Tacegg(*7¢1(*))(@1(u))
2
e strace g (x, 92(+) (2() @

L4 72 |u]?
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Proof. Let X be a vector field on M,,, then we have

dL(X") = ds7YxH xH)y=XxO),
dLXY) = ds'(xV,xV)=x0 4 x®),

Let z € M, {e;}1; be a local orthonormal frame on M, and V be the Levi-
Civita connection of the Sasaki metric gs. We have

BI2 (eil—[;ef{) = 6d12(ef)d12(ef) — dIQ (vefeﬁ) = %e?e? _ (veiei)o _ O,
BIQ (elv7 ey) = %dlg(ey)dIQ(ey) — dIg (veyey)
= Vaiele +e) =Va(e)) + V()
67 M
= WQHWQ(%%(GJ)(%(U))
2
Nl 2)
+——=7 39, i )
1+ 772||u||29(e pa(ei)) (p2(u))

From Theorem 6.1, we have the following corollary.

Corollary 6.2. Let (M,,g,p1,92) be an anti-biparaKacehlerian manifold and
(T2M, gps) be its second tangent bundle equipped with the Berger type deformed
Sasaki metric. If gs denotes the Sasaki metric on TM, the inclusion Iy
(TM,gs) — (T?>M, gps) is a harmonic map if and only if

tracegg(*, p1(*)) = tracegg(*, p2(*)) = 0.

Let (My, h, ) be an anti-biparaKaehlerian manifold and (T'M, hpg) be its tan-
gent bundle with the Berger type deformed Sasaki metric hps = g, and € = 2
(see [2]). By a standard calculation we get the following result.

Theorem 6.3. Let (M,,g,¢01,92) be an anti-biparaKaehlerian manifold and
(T?M, gps) be its second tangent bundle equipped with the Berger type deformed
Sasaki metric. Then the tension field of the inclusion I : (TM,hps) — (T*M, gps)
is given by

62 2

—ij &)
I = B (————g(E, o1 (E P h(E:, (B,
e = [F (T pape B o1 EDe = e h B e E)eu)]

[ﬁij(Lg(E- 2(Ej))p2u — pizh(E' SD(E’))“’“)}@)
Pl Ll

)
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where {E;};, is a local orthonormal frame on M, and hi; = hps(E),E}) =
dij + prp(u)ip(u);.

From Theorem 6.3, we obtain the following corollary.

Corollary 6.4. The inclusion Iy : (TM,hps) — (T?M, gps) is a harmonic map
if and only if

o2 —ij P

h] Ei7 E. = h ————=h Ei, E; )
Ty P e = I (e e

B (Buoa(Eeau = B —B W, o(B)eu.
T+ [[ull? T+ 7[[ull;

6.2. Harmonicity conditions of projections

Let (E1, ..., E,) be orthonormal vector fields on M,,. The matrix of Berger type
deformed Sasaki metric on T2 M with respect to (E§0)7 ey ESIO), E%l), ey Efll), E§2), ey E7(12))
is as follows

S; 0 0
(6.5) gBsS = 0 aij O ,
0 0 by
57 0 0
(6.6) gps=| 0 a7 0 |,
0 0 v

where a = ((515 + 52(<p1u)i(901u)j) and b= (5@‘ + (52(<p21w)i(302w)j)

ij<n ij<n’
Lemma 6.5. Let (M, g, 1, 92) be an anti-biparaKaehlerian manifold and (T?M, gps)
be its second tangent bundle equipped with the Berger type deformed Sasaki metric.
If m: (T?M, ggs) — (M,,g) denotes the canonical projection, then we have

BAEV.ED), = Ba(E}B)) = B.(E}ED) =0,

1
BT"(EiO5E_]1>;D _ng(uan)Eia

1
BW(EZQaEJQ');D _gRr(vaj)Eia

B.(E,E}), = 0.
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Theorem 6.6. Let (M,,g,¢1,92) be an anti-biparaKaehlerian manifold and
(T?M, gps) be its second tangent bundle equipped with the Berger type deformed
Sasaki metric. The canonical projection 7 : (T?M, gps) — (My, g, p1, 2) is totally
geodesic if and only if V is locally flat. Moreover w is a harmonic map.

Lemma 6.7. Let (M,, g, p1,¢2) be an anti-biparaKaehlerian manifold and (T2M7 JBs)
be its second tangent bundle equipped with the Berger type deformed Sasaki metric.
If m: (T?M, ggs) — (T M, gs) denotes the canonical projection, then we have

(X% = X7 . xXYHY=X", m(X?=o0.
BW(Ez'OaEJQ)p = BW(EJZ,Ef):BW(E?,E})pZO,
52

B.(E!,E})), = —————g(E;,p1E; v

(E;, J)ZD 1+62H“H§g( s p1E5) (p1u)”,

1
BTF(EiovEJz):D = _§(Rw(w=Ej)Ei)Hv
where (E1, ..., Ey) is a local orthonormal frame on M,,.

Theorem 6.8. Let (M,,g,¢1,92) be an anti-biparaKaehlerian manifold and
(T2M, gps) be its second tangent bundle equipped with the Berger type deformed
Sasaki metric. The canonical projection 7 : (T*M, ggs) — (T'M, gs) is a harmonic
map if and only if

a”g(Ei, (plEj) =0.

Theorem 6.9. Let (M,,g,¢01,92) be an anti-biparaKaehlerian manifold and
(T2M, gps) be its second tangent bundle equipped with the Berger type deformed
Sasaki metric. The canonical projection 7 : (T*M, gps) — (T'M,hps) is a har-
monic map if and only if

62 ) p2

7aijg(Ei,golE»)golu= aijh(Ei,cplE)cpu.
1+ 62||ull? ! 7 !

1+ p?[ul
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