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ABSTRACT. Let a and b be ideals of a commutative Noetherian ring R and M be a
finitely generated R-module of dimension d > 0. We prove some results concerning the
top local cohomology and top formal local cohomology modules. Among other things,
we determine Suppy (b HE(M)) and Suppg(bF2(M)). Also, we obtain some relations be-
tween Anng(b H(M)), Attr(bHZ(M)) and Suppy(bHZ(M)) and we get similar results
for bFd(M).

1. Introduction

Throughout this paper, R is a commutative Noetherian ring with identity, a and
b are ideals of R and M is a finitely generated R-module of dimension d. Recall
that the i-th local cohomology module of M with respect to a is defined as:

H;, (M) = lim Exti(R/a", M).
neN

The reader can refer to [3], for the basic properties of local cohomology.

Let a be an ideal of a local ring (R, m) and M a finitely generated R-module. For
each i > 0; (M) := lim H;, (M/a™M) is called the i-th formal local cohomology

neN
of M with respect to a. The basic properties of formal local cohomology modules

are found in [1], [9] and [2].

In [8], we studied local cohomology module b H‘i(M ) and formal local cohomol-
ogy module bF?(M). In this paper, we obtain some new results about them.

Here, we obtain some relations between Anng(bH%(M)), Attr(bHE(M)) and
Suppgr (b HY(M)). Also, we get similar results for bF%(M).

We determine the support of the top local cohomology module b HgﬁmM (M).
More precisely, we will show that Suppg(bHZ(M)) = Suppg(HE(bM)). Also,
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we prove that for an arbitrary Noetherian local ring (R, m), Suppg(bF4(M)) =
Supp (85 (6M)).

2. Main Results

A non-zero R-module M is called secondary if its multiplication map by any
element a of R is either surjective or nilpotent. A secondary representation for an
R-module M is an expression for M as a finite sum of secondary submodules. If
such a representation exists, we will say that M is representable. A prime ideal p
of R is said to be an attached prime of M if p = (N :gp M) for some submodule N
of M. If M admits a reduced secondary representation, M = S; + Sa + ...+ Sy,
then the set of attached primes Attr(M) of M isequal to {v/0:g S;:i=1,...,n}.

Recall that for any R-module M, the cohomological dimension of M with respect
to an ideal a is defined as cd(a, M) = max{i : H, (M) # 0} (see [5]). Also, AsshpM
is defined as {p € Assp M : dim R/p = dim M }.

We need the following lemmas in the proof of main results.

Lemma 2.1. Let a and b be two ideals of R and M be a non-zero finitely generated
R-module with finite dimension d > 0. Then b HL(M) = 0 if and only if HL(6M) =
0.

Proof. See [8, Theorem 2.3]. O

Lemma 2.2. Let a and b be two ideals of R. Let M be a non-zero finitely generated
R-module with finite dimension d > 0 such that bH(M) # 0. Then cd(a, M) =
cd(a,bM) = dim (bM) = dim M = d.

Proof. See [8, Corollary 2.4]. O

The following theorem is a main result of [8] and has a key role in our proofs.
Theorem 2.3. Let a and b be two ideals of R. Let M be a finitely generated
R-module with dimension d > 0. Then

i) Ann(b HY(M)) = Ann(HE(6M)).

i) Attr(b HY(M)) = Attr(HE(6M)).

Proof. 1) See [8, Theorem 2.5].
ii) See [8, Theorem 2.15]. O

In the following, we obtain a generalization of [6, Theorem 2.6].
Theorem 2.4. Let M be a non-zero finitely generated R-module of dimension d,
and let b be an ideal of R such that dimbM = d > 0. If T C Asshr(bM), then
there exists an ideal a of R such that Attp(bHI(M)) = T.

Proof. Let T be a subset of Asshr(bM). By [6, Theorem 2.6], there exists an
ideal a of R such that Attr(H%(bM)) = T. Therefore Theorem 2.3 (ii) implies that
Attr(b HY(M)) = T, as required. O

Theorem 2.5. Let a,b and ¢ be three ideals of a complete local ring (R, m) and M
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a finitely generated R-module of dimension d > 0. Then

Attr(bHY(M)) = Attr(b HY(M)) & Anng(bHY(M)) = Anng (b HY(M)).

Proof. Clearly, we can assume that b HY(M) # 0 and b HY(M) # 0 and so by Lemma
2.2 we have dim bM = d. Assume that Attz(b H(M)) = Attz(b HY(M)). Theorem
2.3 (i) implies that Attz(HI(6M)) = Attr(H?(6M)). By [4, Corollary 3.4], we con-
clude that HY(6M) = HY(bM) and so Anng(H%(6M)) = Anng(HY(6M)). Thus by
Theorem 2.3 (i) it follows that Anng (b H(M)) = Anng(b HY(M)). Conversely, let
Anng(bHY(M)) = Anng(b HY(M)). By Theorem 2.3 (i), we have Anng HL(6M) =
Anng HY(6M). Then by Theorem [7, 2.9] we conclude that HY(bM) = H%(bM) and
so Attr(HY(bM)) = Attr(H?(bM)). Now the result follows from Theorem 2.3,(ii).
O

Theorem 2.6. Let a and b be two ideals of R and M a finitely generated R-module
of dimension d > 0. Then

Supp (b HY(M)) = Supp (Ha(61M)).

Proof. By Lemma 2.1 we can assume that b HZ(M) # 0 and HY(6M) # 0. Thus, by
Lemma 2.2 we have dim z(bM) = d. By [3, 7.1.7], HY(M) is artinian and so b H? (M)
is artinian. Thus Suppg(bHY(M)) C Max(R). Assume that m € Max(R) such that
m € Suppy(b HY(M)). Thus by HZR‘“ (Mw) # 0 and so by [3, Theorem 6.4.1], it

follows that dim g, (M) = d. By Lemma 2.1 we conclude that HZR‘“ (b M) # 0.
Thus m € Suppp(H?(6M)). Therefore

Suppp (b Hg (M)) C Suppp(Hg (bM)).
Similar to the above method, we can show that
Suppp (Hg(bM)) C Supp (b Hy (M)

and the proof is complete. O

Corollary 2.7. Let a and b be two ideals of R and M a finitely generated R-module
of dimension d > 0. Let b HY(M) # 0. Then

R

Suppr(bHY(M)) = {m € Max R : Ip € Assh(bM) s.tp C m,cdp,, (aRm, R

) = d}.

Proof. The assertion follows immediately from Theorem 2.6 and [4, 2.7]. ad

Corollary 2.8. Let a,b and ¢ be three ideals of R and M, N two finitely generated
R-modules of dimension d > 0. If Suppg(bM) = Suppg(c¢N) then
i) Supp (b Hg (M) = Suppg(c HE(N)).



40 S. Rezaei and B. Sadeghi

i) Attgr(b HY(M)) = Attr(c HY(N)).

Proof. Since Suppr(bM) = Suppr(cN) we conclude that cd(a, bM) = cd(a,cN)
by [5, Theorem 2.2]. If b HY(M) = 0 then H(bM) = 0 and so cd(a,bM) < d by
Lemma 2.1. Thus cd(a, cN) < d and so HZ(¢N) = 0. By Lemma 2.1, it follows that
¢HY(N) = 0 and the result follows in this case.

Now, assume that bHY(M) # 0. By Lemma 2.2 we have dim z(bM) =
cd(a,bM) = d. But Supppr(bM) = Suppp(cN) implies that dimg(cN) =
cd(a,cN) = d and AsshgbM = AsshpcN. Now Corollary 2.7 shows that,
Suppr b HY(M) = SupppcHY(N). On the other hand, since Asshg(bM) =
Asshpr(¢N) we have

{p € Asshr(bM) : cd(a, R/p) =d} = {p € Asshr(c¢N) : cd(a, R/p) = d}.

Now, the result (ii) follows immediately from [8, Corollary 2.16], as required. O

In the above results, we saw that some basic properties of two R-modules
b HY(M) and HY(bM) are the same. The following result shows that these two
R-modules are isomorphic under certain conditions.
Theorem 2.9. Let a and b be two ideals of R and M a finitely generated R-module
of dimension d > 0. In each of the following cases, b H(M) = H% (b M).

i) cd(a, M/bM) < d— 1.

ii) bM = M.

ii) b = Rz where x is a non-zerodivisor on M.
Proof. By Lemma 2.1 we can assume that b HY(M) # 0 and H%(bM) # 0. Thus,
by Lemma 2.2, we have dim p(bM) = cd(a, M) = d. Assume that ¢ := Annp M.
Since Suppgr(R/c) = Suppr(M), by [5, Theorem 2.2] cd(a, R/c) = cd(a, M) = d.
Thus by the Independence Theorem ([3, Theorem 4.2.1]) cd(aR/c, R/¢) = d and so
HzR/C(R/c) =0 for all ¢ > d. It follows that H‘iR/c(—) is a right exact functor on
the category of R/c-modules and R/c-homomorphisms. Thus

HG (M) /b HG (M) ~ (Hip, (R/c) ®p/c M) ©@p R/b

= HgR/c(R/C) ®Qprse M/OM
~HY(M/bM).

If cd(a, M/bM) < d— 1 then H(M/bM) = 0 and so by the above isomorphism
we conclude that HY(M) = bHY(M). On the other hand, the exact sequence
0—bM—M — M/bM — 0 induces an exact sequence

= HITY (M /e M)— HE (6 M) — HE(M) — HY(M/6M) — 0.
Since cd(a, M/bM) < d — 1 we have HI"'(M/6M) = HY(M/bM) = 0 and so

the above exact sequence implies that HY(bM) = HY(M). But, we showed that
HY(M) = b HY(M) and so the proof is complete in this case.
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If bM = M then HY(M)/6HY(M) ~ HI(M/6M) = 0. Thus bHY(M) =
HY(M). Since bM = M we have HY(bM) = H%(M) and the result follows in
this case.

Now assume that b = Rx and z is a non-zerodivisor on M. The exact sequence
0— M5 M — M/xM — 0 induces an exact sequence

o= HY(M) 5 HI(M) — HE(M /xM) — 0.

Since dim M/xM = d — 1, by [3, 6.1.2] we have H(M/xM) = 0. Thus, the above
exact sequence implies that 2 HY(M) = HY(M). On the other hand, it is easy to see
that the R-module homomorphism ¢ : M = xM is an isomorphism and it follows
that HY(M) = HY(2M). Therefore 2 HY(M) = HY(2M), as required. O

In the remainder, we prove some results about §¢(bM). For our proofs, we need
the following theorems.

Theorem 2.10. Let a be an ideal of a local ring (R, m) and M a finitely generated
R-module. Then

dim g M /aM = sup{i € Ng : (M) # 0}.

Proof. See [9, Theorem 4.5]. m|

Theorem 2.11. Let a and b be two ideals of a local ring (R, m) and M a finitely
generated R-module of dimension d > 0. Then

bF4(M) = 0 <= FL(bM) = 0.

Proof. See [8, Theorem 3.3]. O
Corollary 2.12. Let a and b be two ideals of a local ring (R,m) and M a finitely

generated R-module of dimension d > 0 such that bF(M) # 0. Then FL(bM) # 0
and dim (M/aM) = dim (bM/abM) = dimbM = d.

Proof. See [8, Corollary 3.4]. O

Theorem 2.13. Let a and b be two ideals of a local ring (R,m) and M a finitely
generated R-module of dimension d > 0. Then

i) Ann(bF4(M)) = Ann(§2(bM)).

ii) Attp(bF4(M)) = Attr(FL(6M)).
Proof. i) See [8, Theorem 3.6].

ii) See [8, Theorem 3.13]. O

Theorem 2.14. Let a,b and ¢ be three ideals of a local ring (R,m) and M, N
two finitely generated R-modules of dimension d > 0 such that Suppg(bM) =
Suppg(cN). Then Attg(bF4(M)) = Attr(cFI(N)).

Proof. 1f bF4(M) = 0 then by Theorem 2.11, §¢(bM) = 0 and so by Theorem
2.10, dim (bM/abM) < d. Since Suppgr(bM) = Suppg(cN) we conclude that
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dim (¢N/acN) < d and by Theorem 2.10, §4(cN) = 0. Therefore by Theorem
2.11, ¢F4(N) = 0. Thus Attr(bF4(M)) = Attr(cF4(N)) = 0 and so the result
follows in this case.

Now, assume that bF¢(M) # 0. If ¢F4(N) = 0 then similar to the above ar-
gument it follows that bF4(M) = 0. Thus ¢F%(N) # 0 and so by Corollary 2.12
we have dimbM = dim ¢N = d. Since Suppp(bM) = Suppr(cN) it is easy to see
that Asshr(bM) = Asshr(c¢N) and so Asshgr(bM)NVar(a) = Asshr(cN)NVar(a).
Therefore, by [8, Corollary 3.14], we have Attg(bF¢(M)) = Attr(cF4(N)), as re-
quired. O

Theorem 2.15. Let b be an ideal of a local ring (R, m), and let M be a finitely gen-
erated R-module of dimension d > 0 such that dim p(6M) =d. If T C Asshr(bM),
then Attg(bFL(M)) =T where a := Mp,er Pi s an ideal of R.

Proof. By [7, Theorem 2.2], Attg(F¢(6M)) = T where a := (p,er Pi is an ideal of
R. Now Theorem 2.13 (ii) implies that Attg(bF¢(M)) =T. O

Theorem 2.16. Let a,b and ¢ be three ideals of a local ring (R, m) and M a finitely
generated R-module of dimension d > 0. Then

Attp(bFL(M)) = Attr(bFL(M)) < Anng(bFL(M)) = Anng(bFL(M)).

Proof. =) : If bF4(M) = 0 then Attg(bF%(M)) = (. By assumption we conclude
that Attr(bF4(M)) = 0 and so bF¢(M) = 0.

Now we assume that bF4(M) # 0 and bF¢(M) # 0. Thus, by Corol-
lary 2.12 dimbM = d and by Theorem 2.13(ii) and our assumption, we have
Attp(F(6M)) = Attr(F4(6M)). Therefore, by [2, 3.4], we have F(bM) = F¢(bM).
Thus Anng(FL(6M)) = Anng(F4(bM)) and so the assertion follows from Theorem
2.13 (i).

<) : We can (and do) assume that bF¢(M) # 0 and bF¢(M) # 0. Then, by
Theorem 2.13 (i) and our assumption, we have Anng(F¢(bM)) = Anng(F4(bM)).
Therefore, by [6, Corollary 3.9 (i)], we conclude that F¢(bM) = F¢(bM). Thus
Attp(F46M)) = Attr(F4(bM)). Therefore, the assertion follows from Theorem
2.13 (ii). 0

Theorem 2.17. Let a,b and ¢ be three ideals of a complete local ring (R, m) and
M a finitely generated R-module of dimension d > 0. Then

Attp(bHY(M)) = Attg(b34(M)) & Anng(bHY(M)) = Anng(bF(M)).

Proof. =): We can assume that b HY(M) # 0 and bF%(M) # 0 and so dim bM = d.

If Attr(bHY(M)) = Attr(bF%(M)) then by Theorem 2.3 (ii) and Theorem 2.13 (ii)
we conclude that Attr(HY(6M)) = Att(§¢(bM)). By [7, Theorem 2.5], it follows
that HY(6M) = §4(bM) and so Anng(H%(bM)) = Anng(§%(6M)). Thus by The-
orem 2.3 (i) and Theorem 2.13 (i) we have Anng(bH%(M)) = Anng(bF4(M)), as
required.
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«<): Assume that Anng(bH%(M)) = Anng(bF4(M)). By Theorem 2.3 (i) and
Theorem 2.13 (i), we have Anng HY(bM) = Anng §%(6M). Then by [7, Corollary
2.9] we conclude that HI(bM) 2 F4(bM) and so Attp(HI(6M)) = Attr(SL(6M)).
Now, the result follows from Theorem 2.3 (ii) and Theorem 2.13 (ii). O

Theorem 2.18 Let a and b be two ideals of a local ring (R, m) and M a finitely
generated R-module of dimension d > 0. Then

Supp (b3 (M) = Supp(F5(0M))

Proof. By Theorem 2.11, we can (and do) assume that bF?(M) # 0 and so by Corol-
lary 2.12 we have §¢(bM) # 0 and dimbM = d. But, by [2, Lemma 2.2] §¢(bM)
is an artinian R-module and so Supp(§¢(bM)) = {m}. On the other hand, F¢(M)
is artinian and so bF4(M) # 0 is artinian. Thus Suppp(bF¢(M)) = {m}. Since
Suppg(FL(bM)) = {m} we conclude that Suppg(FL(bM)) = Suppg(bFL(M)), as
required. O
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