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ON LOCAL SPECTRAL PROPERTIES OF RIESZ OPERATORS

JONG-KWANG YOO

ABSTRACT. In this paper we show that if T € L(X) and S € L(X) is
a Riesz operator commuting with 7" and Xg(F) € Lat(S), where F =
{0} or FF C C\ {0} is closed then T|Xg(F) and T|Xp(F) + S|Xs(F)
share the local spectral properties such as SVEP, Dunford’s property (C),
Bishop’s property (), decomopsition property (§) and decomposability.
As a corollary, if T € L(X) and Q € L(X) is a quasinilpotent operator
commuting with T then T is Riesz if and only if 7"+ @ is Riesz. We
also study some spectral properties of Riesz operators acting on Banach
spaces. We show that if 7, S € L(X) such that TS = ST, and Y €
Lat(S) is a hyperinvarinat subspace of X for which o(S|Y) = {0} then
ox(T)Y + S|Y) = 0« (T|Y) for o« € {0,010c)Tsur, 0ap}. Finally, we show
that if T € L(X) and S € L(Y) on the Banach spaces X and Y and T is
similar to S then T is Riesz if and only if S is Riesz.
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1. Introduction

Throughout this paper, let L(X,Y") denote the set of all bounded linear op-
erators from Banach space X to Banach space Y, and L(X) := L(X,X). As
usual, given T € L(X), let ker(T) and T(X) stand for the kernel and range of
T, the spectrum of T is denoted by o(7T') and the spectral radius of T is de-
noted by r(T'). For an operator T' € L(X), we denote by Lat(T) the lattice of
all closed T—invariant subspaces of X and M € Lat(T), let T|M € L(M) be
the restriction of T' to M. We say that a linear subspace M of X is said to be
T—hyperinavriant if SM C M for every bounded linear operator S € L(X) that
commutes with 7.
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Definition 1.1. An operator T € L(X) on a complex Banach space X is a Riesz
operator if for each A € C\ {0}, the spaces ker(T — AI) and X/(T — A\I)(X) are
both of finite dimension.

It is well known that 7' € L(X) is a Riesz operator if and only if T — X[ is a
Fredholm operator for every A € C\{0}, i.e. dim ker(T—AI) < oo and codim(7T—
A)(X) < oo. The spectrum o(7T") of a Riesz operator is at most countable
and has no non-zero cluster point. Furthermore, each non-zero element of the
spectrum is an eigenvalue. Moreover, the spectral subspaces associated with
non-zero elements of the spectrum are finite dimensional. The classical Riesz-
Schauder theory of compact operators establishes that every compact operator
is Riesz. Examples of Riesz operators are quasinilpotent operators and compact
operators, see [21].

In this note we show that if T € L(X) and S € L(X) is a Riesz operator
commuting with 7" and Xg(F) € Lat(S), where F = {0} or FF C C\ {0} is
closed then T'| X g(F) and T| X1 (F)+ S| Xs(F) share the local spectral properties
such as SVEP, Dunford’s property (C), Bishop’s property (8), decomopsition
property (6) and decomposability. We also study spectral properties of Riesz
operators.

The following localized version of single valued extension property was intro-
duced by Finch [17]. The single valued extension property has now developed
into one of the major tools in the local spectral theory and Fredholm theory for
operators on Banach spaces, see more details [1], [2], [23], [27], [28].

Definition 1.2. An operator T' € L(X) is said to have the single valued ex-
tension property at a point A € C (for brevity, SVEP at \) provided that, for
every open disc U C C centered at A, the only analytic function f : U — X that
satisfies the equation

(Wl —T)f(u) =0 forall pe U

is the constant function f = 0 on U. Moreover, T' is said to have SVEP if an
operator T' € L(X) has SVEP at every point A € C.

It is clear that T € L(X) has SVEP at every point of the resolvent set p(7T).
Moreover, from the identity theorem for analytic function it is easily seen that
T € L(X) has SVEP at every point of the boundary do(T") of the spectrum
o(T). In particular, T € L(X) has SVEP at every isolated point of o(T').

For T € L(X), the local resolvent set pr(x) of T at the point 2 € X is defined
as the set of all A € C for which there exist an open neighborhood U of A and
an analytic function f : U — X such that

(I —T)f(p) ==z forall peU.
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The local spectrum op(x) of T at x is then defined as or(x) = C\ pr(x). The
local analytic solutions occuring in the definition of the local resolvent set will
be unique for all # € X if and only if T" has SVEP. It is clear that op(z) is a
closed subset of ¢(T") and it may be empty. For every subset F' of C, we define
the local spectral subspace of T associated with F' is the set

Xr(F)={zx € X :0p(x) C F}.

It is clear from the definition that X7 (F) is a hyperinvariant subspace of X, but
not always closed. An operator T' € L(X) is said to have Dunford’s property
(C) (for brevity, property (C)) if the local spectral subspace Xr(F') is closed for
every closed subset F' of C.

For every closed subset F' of C, the glocal spectral subspace Xr(F) is defined
as the set of all z € X that there exists an analytic function f : C\ F — X
which satisfies

M-T)f(\) =z forall \e C\ F.
Clearly, Xr(F') is a hyperinvariant subspace of X and Xp(F) C Xp(F'). More-
over, Xp(F) = Xp(F) holds for all closed subsets F' of C precisely when T
has SVEP, see Proposition 3.3.2 of [23]. Recall that an operator T' € L(X)
is said to have the decomposition property (&) (for brevity, property (0)) if,
X = Xr(U) + Xp (V) for every open cover {U,V} of C.

Let O(U, X) denote the Frécht algebra of all X —valued analytic functions on
the open subset U C C endowed with uniform convergence on compact subsets
of U. An operator T' € L(X) is said to have Bishop’s property () (for brevity,
property (B)) if for every open subset U of C and for any sequence {f,}52; C
O(U,X), limpsoo(ptl — T)fr(n) = 0 in O(U, X) implies lim, oo fr(p) = 0
in O(U, X). Note that the property (/) implies that 7" has SVEP, while the
property () implies SVEP for T*, see [1], [7], [8]. We say that an operator
T € L(X) is said to be decomposable if, for every open cover {U,V} of C, there
exist Y, Z € Lat(T) for which

X=Y+Z oT]Y)CUand o(T|Z)C V.

Examples of decomposable operators are normal operators, generalized scalar
operators and spectral operators. Also, operators with totally disconnected spec-
trum are decomposable by the Riesz functional calculus. In particular, compact
and algebraic operators are decomposable, see [1], [19], [23]. It is clear that every
decomposable operator has property (4). It is well known that that T € L(X)
has property () if and only if its adjoint T* € L(X*) on the topological dual
space X* has property (), and the same equivalence holds when the roles of (/)
and (0) are interchanged. It is well known that T is decomposable if and only if
T satisfies both properties () and (J), see [8] and [23].

Lemma 1.3. Let T € L(X) and A € C, and let S = T + AI. Then the following
assertions hold:

(a) T has SVEP if and only if S has SVEP.
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(b) T has property (C) if and only if S has property (C).
(¢) T has property (8) if and only if S has property (B).
(d) T has property (8) if and only if S has property (9).
(e) T is decomposable if and only if S is decomposable.

Proof. (a) Suppose that T has SVEP. Let py € C be arbitrary and let U be an
open neighborhood of pg. Assume that f : U — X is an analytic function such
that (ul —S)f(n) = 0 for all u € U. Then U + X is a neighborhood of pg + A,
where U4+ A={pu+A:pe€U}. We define g: U+ X — X by

g(¢):==f(C—=A) forall ( €U+ A

Then clearly ¢ is analytic and (¢ — T)g(¢) = 0 for all ¢ € U + A. Since T
has SVEP, we have ¢ = 0 on U + X and hence f = 0 on U, so that S has
SVEP. Conversely, suppose that S has SVEP. Let &y € C and let V be an open
neighborhood of &y. Assume that h : V — X is an analytic function such that
(uI — T)h(u) = 0 for all u € V. Then clearly h(w — ) is ananlytic and

(Wl —S)h(w—=A)=0 forallw eV + \

Since S has SVEP, we have h = 0 on V and hence T has SVEP.

(b) We first prove that Xg(F) = Xp(F — ) for every subset F' of C. It suffices
to show that og(x) C F if and only if or(2) C F — X. Suppose that og(z) C F.
If w ¢ F—Xthen u+ XA ¢ F and hence p+ A € pg(x). Thus there exist a
neighborhood U of p+ A and an analytic function f: U — X satisfying

(wI =9 f(w) =2 forall weU.
We define g : U — A — X by
g(Q) = f(C+ ) forall (e U — A

Then clearly ¢ is analytic satisfying ((I — T)g(¢) = z for all { € U — A, so
that p € pr(z). We conclude that or(x) € F — A. Conversely, suppose that
or(x) CF —XIf p ¢ F then p— X\ € pr(x). Thus there exist a neighborhood
W of u — A and an analytic function h : W — X satisfying (wl — T)h(w) = x
for all w € W. Then W + X is a neighborhood of . We define & : W+ X\ — X by

E(C) :=h(¢ — A) forall (€W + A.

Then k is analytic such that ((I—S)k(¢) = x for all € W+, so that u € pg(x)
and hence og(z) C F. We conclude that Xg(F) = Xp(F — A) for all FF C C.
(¢) Suppose that T has property (3). Let U be an open subset of C, and
let {fn}52; € O(U, X) such that lim, oo (td — S)fn(p) = 0 in O(U, X). We
define g, : U — XA = X by ¢,(¢) := fu(¢+ ) for all { € U — \. Then clearly
{gn} COU — A\, X) and
lim ({1 —T)gn(¢) =0 in O(U — A\, X).

n—oo

Since T has property (), we have lim, s g, (¢) = 0 in O(U — ),
limy, 00 frn(p) =0 in O(U, X). This shows that S has property (
implication is similar.

X), and hence
). The reverse
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(d) Tt is well known that (8) and () are complete dual. This assertion follows
from (c) by duality.

(e) It is well known that an operator is decomposable if and only if it has
both properties (8) and (§). This assertion follows from (c¢) and (d). O

It is clear that if T € L(X) and S € L(Y) then o(T & S) = o(T) U o(5),
where X &Y = {z @y : v € X,y € Y} and |}z & | = (Jall? + |y]2)1/2

Lemma 1.4. Let T € L(X) and S € L(Y) on the Banach spaces X and Y.
Then T ® S € L(X ®Y) has SVEP if and only if both T and S have SVEP.
Moreover, orgs(x @y) = or(x)Uos(y) foralzdyec X Y.

Proof. Suppose that T'@ .S has SVEP. Let u € C and let U be an arbitrary open
neighborhood of u. Assume that f : U — X is an analytic function such that
(uI =T)f(A)=0forall A € U, and g : U — Y is an analytic function such that
(M — S)g(A) =0 for all A € U. Then we have

M = (T 9)(f(N) @g(\) = =T)f(N) + (A = S)g(A) =0
on U. It follows from the SVEP of T' @ S that
f®&g=0 onU.

Thus f =0 and g = 0 on U, and hence both T" and S have the SVEP. Conversely,
suppose that 7" and S have the SVEP. Let u € C and let V' be an arbitrary open
neighborhood of . f h = f @ ¢g: V — X @Y is an analytic function such that

M —-(T®S)h(A\)=0 onV.

Then clearly, (AT — T)f(A) =0 and (M — S)g(A\) =0 on V. By the SVEP of T
and S, we have f =0 and g =0 on V. Hence T'® S has SVEP.

Finally, we show that orgs(z ®y) = or(x) Uog(y) forall z @y € X @Y.
Let A ¢ opgs(x @ y). Then there exist a neighborhood N of A and an analytic
function k= f @ ¢g: N — X &Y such that

M- fNDAN=8S)gN=AN-Ta9)kN=xdy

for all A € N. Thus (A\I —T)f(A\) =z and (A — S)g(\) =y for all A € N, and
hence X € pr(z) N ps(y). It follows that or(z) Uos(y) C orgs(x B y).

On the other hand, if A € pr(x) N pg(y) then there exist a neighborhood W
of A and an analytic function f : W — X such that (A — T)f(\) = « for all
A € W, and an analytic function g : W — Y such that (Al — S)g(\) =y for all
AeW. Wedefine fag: W - XY by

(f®g)(\) = F(A) @ g(N)
for all A € W. Then clearly, f & g is analytic and
M-(TaS)(feg)=AM-T)f(N)e M -9g(\) =z&y
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for all A € W and hence A\ € prgs(x @ y). It follows that

ores(z®y) C or(z) Uos(y).
O

Lemma 1.5. Let T € L(X) and S € L(Y) on the Banach spaces X and Y.
Then T ® S € L(X ®Y) has property (C) if and only if both T and S have
properety (C).

Proof. By Lemma 1.4, orgs(z ®y) = or(z)Uos(y) forallz dy € X dY. It
suffices to show that (X & Y)res(F) = Xr(F) @ Ys(F) for every closed subset
F of C. For every closed subset F' of C,
@Y€ (XY )rgs(F) <= orgs(z®y) =or(z)Uos(y) CF

< or(z) C Fand og(y) C F

T Ec XT(F) and y € Ys(F)
It follows that (X ®Y )rqs(F) = X7 (F) @ Ys(F) for every closed subset F of C.
Suppose that T and S have property (C'). Then for every closed subset F of C,
X7 (F) and Ys(F) are closed, and hence (X @Y )rgs(F) is closed. It follows that

T @ S has property (C). Conversely, suppose that T ® S has property (C). By
Proposition 1.2.21 of [23], it then follows that T' and S have property (C). O

Lemma 1.6. Let T € L(X) and S € L(Y) on the Banach spaces X and Y.
Then T® S € L(X ®Y) has property (8) if and only if both T and S have
property (8). Dually, T ® S € L(X ®Y) has property () if and only if both T
and S have that property.

Proof. Suppose that both T and S have property (5). Let P, : X @Y — X be
the projection and P, : X @Y — Y be the projection. Let U be an arbitrary
open subset of C and let {f,}52; CO(U,X ®Y) be any sequence such that

M-TeS)f(\N)=0 nO(U,X&Y).
Then clearly, {P1f,} C O(U, X) and {P>2f,} C O(U,Y) satisfying
(M —T)Pifo(\) =0 in OU, X) and (M — S)Pafa()) =0 in O(U,Y).

Since T and S have property (3), we have P, f, =0 in O(U, X) and P5f,, =0
in O(U,Y). It follows that f,, = P1fn + Pof, =00on O(U, X ®Y). Hence T & S

has property (3).
Conversely, suppose that T @ S has property (8). Let V be an arbitrary open
subset of C and let {f,}22; C O(V, X) and {g,}52; C O(V,Y) such that

M -T)f,(A)=0 in O(V,X) and (Al —S)gn(A) =0 in O(V,Y).
We define f,, gn,:V = X BY by
(fn®gn)A) = fa(A) ®gn(A) forall XeV.
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Then {f, ® gn}o2; CO(V, X 8®Y) and
M-Ta®9)(fnN)@g.(N)=0in UV, X®Y).
Since T' @ S has property (8), we obtain
fo®gn=0 in O(V,X®Y).

It follows that f, = 0 in O(V, X) and g, = 0 in O(V,Y). We conclude that T
and S have property (). Finally, suppose that T'@® S has property (4). Then
(T®S)* =T*®S* has property (8), and hence T* and S* have property (/). It
follows from Theorem 2.5.18 of [23] that T' and S have property (8). The reverse
implication is similar. U

The surjective spectrum og,,(T) of T € L(X) is defined as the set of all A € C
such that (T — A)(X) # X. It is clear that o, (T) is a compact subset of C
that contains the boundary of o(T"). The approzimate point spectrum c4,(T") of
T is defined as the set of all A € C such that T'— Al is not bounded below. It
is well known that 04, (T) = 04p(T*) and 0op(T) = 054 (T*). For T € L(X),
the localizable spectrum oj,.(T) of T will be defined as the set of all A € C such
that X7(V) # {0} for each open neighborhood V of A. It is well known that
010c(T) is a closed subset of o(T) and that 0;,.(T) contains the point spectrum
and is included in the aproximate point spectrum of 7', see [18]. As shown by
Eschmeier and Prunaru [18], the localizable spectrum plays an important role in
the theory of invariant subspaces; see also [18] and [24]. The following property
is stable under commuting quasinilpotent perturbations: SVEP, property (C),
property (), property (J), decomposability.

Theorem 1.7. Let T € L(X) and Q € L(X) be a quasinilpotent operator
commuting with T. Then or(x) = oryg(x) for allz € X. Moreover, 0. (T+Q) =
04(T) for o, € {0, Tloc; Tsur, Oap t- Furthermore, the following assertions hold:
(a) T has SVEP if and only if T + Q has SVEP.

(b) T has property (C) if and only if T + Q has property (C).

(¢) T has property (B) if and only if T + Q has property (5).

(d) T has property (0) if and only if T + Q has property (3).

(e) T is decomposable if and only if T + Q 1is decomposable.

Proof. Theorem 2.2, Corollary 2.4, Corollary 2.6, Corollary 2.7, Corollary 2.8 of
[30]. O

Proposition 1.8. Let T € L(X) be a Riesz operator on a complex Banach space
X. Suppose that U is any open subset of C such that o(T)NU # ¢ then there is
a nonzero Y € Lat(T) such that o(T|Y) C U.
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Proof. Let V' be another open subset of C such that o(T) € V and {U,V} be
an open covering of C. By Theorem 1.4.7 of [23], T' is decomposable. Thus there
exist Y, Z € Lat(T) satisfying

X=Y+2Z o|Y)CUando(T|Z)CV.

If Y = {0} then o(T|Z) = o(T) C V, which is impossible by the choice of V. It
follows that {0} # Y € Lat(T) and o(T|Y) C U.. O

Corollary 1.9. Let T € L(X) be a Riesz operator on a compler Banach space
X. Then o(T) = 04p(T) = 0sur(T).

Proof. Suppose that o(T) # 04p(T). Let U = C\ 04p(T). Then U is an open
subset of C and UNo(T') # ¢. Thus there exist Y € Lat(T') such that o(T|Y) C
U by Proposition 1.8. Tt is clear that do(T|Y") is nonempty. Thus there exists
u € U such that

1€ 00(T1Y) € 0up(T1Y) € ap(T).
This is a contradiction, we have o(T) = 0,4, (T). It is clear that

o(T)=0(T") = 04p(T") = 0sur(T).

2. Main result

Let M be a subset of a Banach space X. The annihilator of M is the closed
subspace of X* defined by M+ := {f € X*: f(x) =0 for every x € X}, while
the pre-annihilator of a subset W of X ™ is the closed subspace of X defined by

We={reX: f(x)=0 forevery fecW}.
It is clear that if M is closed then +(M*) = M.

Theorem 2.1. Let T, S € L(X), where S is a Riesz operator such that T'S = ST.
Let Y € Lat(S) be a hyperinvarinat subspace of X for which o(S) = o(S|Y),
andletTh :=T|Y € L(Y) and Sy := S|Y € L(Y). If Ty has SVEP then Ty + S;
has SVEP.

Proof. We claim that S; is a Riesz operator. By Theorem 3.17 of [11], it suffices
to show that each spectral point A\ # 0 is isolated and the spectral projection
associated with {A} is finite-dimensional. We first show that (AT — S)(Y) =Y
for all A € p(S). It is clear that (A —S)(Y) C Y. Let A € C such that r(S) < |A]
and let Ry := (A — S)7'. Obviously, Ry = > >2 ;A7 ""1S". It follows that
Ry(Y) CY. Forevery f € Y and y € Y, we define g : p(T) — C by

g(A) = f(Ryy) forall \ep(T).
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Then ¢ is analytic and vanishs outside the spectral disk of S. Since p(S) is
connected, it follows from the identity theorem that f(Ryy) = 0 for all A € p(S).
Therefore Ryy € Y1+ =Y and so y = (Al — S)Ryy € (A — S)(Y). Hence
Y C (M - S)(Y), and we have (A — S)(Y) =Y for all A € p(S). Obviously,
Al — S is injective for all A € p(S). Thus p(S) C p(S1), and hence o(S7) C o(S).
Let p be an isolated spectral point of S, and hence an isolated point of o(S7).
Let P be the spectral projection associated with {u} and S, and let P; be the
spectral projection associated with {u} and S;. Then Px = Pyx for all z € Y.
Hence P, is the restriction of P to Y. Since P is finite-dimensional, P; is finite-
dimensional. We conclude that S; is also Riesz. Since T} has SVEP, it follows
from Theorem 0.3 of [2] that T} + S; has SVEP. O

Let T, S € L(X) such that T'S = ST, and let Y € Lat(S) be a hyperinvarinat
subspace of X for which ¢(S|Y) = {0}. Then cleraly, S|Y is a quasinilpotent
operator. We have the following.

Theorem 2.2. Let T, S € L(X) such that TS = ST, and let Y € Lat(S) be a
hyperinvarinat subspace of X for which o(S|Y) = {0}. Let Ty :=T|Y € L(Y)
and Sy := S|Y € L(Y'). Then the following assertions hold:

(a) Ty has SVEP if and only if so does Ty + 5.

(b) Ty has property (C) if and only if so does Ty + Si.

(¢) Ty has property (8) if and only if so does Ty + S;.

(d) Ty has property (0) if and only if so does Ty + Sj.

(e) Th is decomposable if and only if so does Th + S1.

Proof. Note that S, is quasinilpotent and 7757 = S177. So Theorem 1.7 applies.
O

Corollary 2.3. Let T, S € L(X) such that TS = ST, and let Y € Lat(S) be a
hyperinvarinat subspace of X for which o(S|Y) = {0}. Let Ty :=T|Y € L(Y)
and S1 = S|Y € L(Y). Then op,+s,(x) = op (x) for all x € Y. Moreover,
U*(Tl + Sl) = U*(Tl) fO’f’ Oy € {0; Olocs Osur Uap}-

Theorem 2.4. ([23]) Let T € L(X) be an operator on a Banach space X. Then
T is a Riesz operator if and only if T is decomposable and all the spaces Xr(F),
where ' C C\ {0} is closed, are finite dimensional.

Corollary 2.5. Let T € L(X) and Q € L(X) be a quasinilpotent operator
commuting with T. Then T is a Riesz operator if and only if so does T + Q.

Proof. By Theorem 1.7, op(z) = orig(x) for all z € X, we conclude that
Xr(F) = Xryg(F) for all closed FF C C\ F. So Theorem 1.7 and Theorem 2.2
applies. O
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Theorem 2.6. Let T € L(X) be a Riesz operator on a complex Banach space
X. Suppose that 0 is an isolated point of the spectrum o(T) then T is the sum
of an invertible and quasinilpotent operator.

Proof. Assume that 0 is an isolated point of the spectrum o (7). Then there
is a positive integer n € N such that {A € C: 0 < |A| < 1} C p(T). Let
U:={\xeC: %H < A} and V := {A € C: [A| < L}, Then {U,V} be
an open cover of C. By Thorem 2.4, T' is decomposable, and hence there exist

Y, Z € Lat(T) such that
X=Y+2Z, o|Y)CU and o(T|Z)CV.

Let A=T|Y and B = T|Z. Then clearly, T = A+ B. Since 0 ¢ U and o(A) C U,
we have 0 € p(A) and hence A is invertible. Since 0(B) € {A € C: || < 1}, we
obtain o(B) = {0}. It follows that B is quasinilpotent.

O

Theorem 2.7. Let T € L(X) and S € L(Y) on the Banach spaces X and Y. If
T is similar to S then T is a Riesz operator if and only if S is a Riesz operator.

Proof. Let A € L(X,Y) be a bounded invertible operator for which AT = SA.
Then clearly, o(T) = 0(S) and T is decomposable by Theorem 2.4. We first
show that S is decomposable. Let {U;,Us} be an open covering of C. Then
there exist X, Xy € Lat(T) such that X = X; + X5 and o(T|X;) C U; for
i=1,2. Let Y; = AX, for i = 1,2. Then clearly Y; € Lat(S) and Y = Y7 + Ya.
Since S|Y; is similar to 7| X; under the invertible restrictin A|X;, We have

o(SY;) =o(T|X;) CU; fori=1,2.

It follows that S is decomposable. Finally, we show that all the spces Yg(F),
where F' C C\ {0} is closed, are finite dimensional. Since T is Riesz, Xp(F) is
closed and dimX7(F') < co. By Proposition 1.2.17 of [23], we have the inclusions

05(Ax) Cop(z) forall x € X and o7(A™'y) Cos(y) forall yeyY.
It suffices to show that AXp(F) = Ys(F). If y € Ys(F') then
or(A7'y) Cos(y) € F,

and therefore Y;(F) € AX7p(F). On the other hand, if y = Ax for some z €
X7 (F) then

os(Az) Cop(zx) C F
and so y = Ax € Ys(F). This implies that AXp(F) C Ys(F) and hence
AXp(F) = Yg(F). Since dimXp(F') < oo, we obtain dimYg(F') < oo. We con-
clude that S is a Riesz operator by Theorem 2.4. The reverse implication is
similar. O

It is well known that for every FF C C, X (F) is a hyperinvariant subspace of
X. The spectrum o (S) of Riesz operator is at most countable and has no non-zero
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cluster point. Let T € L(X) and S € L(X) be a quasinilpotent operator com-
muting with 7', and let Y := X¢({0}). Then, by Proposition 1.2.16 and Proposi-
tion 1.2.20 of [23], Y is a hyperinvariant subspace of X and o(5|Xs({0})) C {0}
and hence X = Xg({0}). We have the following.

Theorem 2.8. Let T € L(X) and let S € L(X) be a Riesz operator commuting
withT. Let Ty := T|Xs({0}) and S1 := S|Xs({0}). Then the following assertions
are hold:

(a) Ty has SVEP if and only if so does Ty + 5.

(b) Ty has property (C) if and only if so does Ty + Si.

(c) T1 has property (8) if and only if so does Th + S;.

(d) Ty has property (0) if and only if so does Ty + Si.

(e) Ty is decomposable if and only if so does Ty + 5.

Proof. 1t suffices to show that S7 is a quasinilpotent operator commuting with
Ty. Clearly, T1.57 = S113. It follows from Theorem 2.4 that S is decomposable
and hence S has property (C'). By Proposition 1.2.16 of [23], Xg({0}) is a closed
hyperinvariant subspace of X, and hence, by Proposition 1.2.20 of [23],

o(51) = o(5]Xs({0})) < {0}

We infer that S; is a quasinilpotent operator commuting with 77. So Theorem
1.7 applies. O

Theorem 2.9. Let T € L(X) and let S € L(X) be a Riesz operator commuting
with T. Let F C C\ {0} be a closed, and let Ty := T|Xg(F) and Sy := S|Xs(F).
Then the following assertions are hold:

(a) If Ty has SVEP then Ty + S1 has SVEP.

(b) If Ty has property (C) then Th + S1 has propety (C).

(c¢) If Ty has property (B) then Ty + Sy has property (3).

(d) If Ty has property (§) then Ty + S1 has property (6).

(e) If Ty is decomposable then Ty + Sy is decomposable.

Proof. Tt follows from Theorem 2.4 that S is decomposable and hence .S has prop-
erty (C). By Proposition 1.2.16 of [23], X (F) is a closed hyperinvariant subspace
of X, and hence, by Proposition 1.4.7 of [23], Xg(F) is finite-dimensional. Thus
o(Sy) is finite, say o(S1) = {p1, 2, -+ ,pn}. For i =1,2,--- ;nlet P; € L(X)
denote the spectral projection associated with S; and with the spectral set
{w:}, and let X; := P;(X). From standard spectral theory it is known that
P+ P+ -+ P, =1, that Xy, X5, -+, X, are closed linear subspaces of X
which are each invariant under both 77 and S1, and that X = X1 Xo®-- - X,,.
For i = 1,2,--- ,nlet 4; := T1|X; € L(X;) and B; := S1|X; € L(X;). Then
clearly, A;B; = B;A; and

'+ 5=(A1+B1)® A2+ B2)®--- B (A, + By).
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Obviously, o(B;) = o(B|X;) = {u:} and hence o(B; — pu;I) = {0} i.e. B; — u;l
is a quasinilpotent operator, for all : = 1,2, -+ ,n.

(a) Suppose that 77 has SVEP. Since SVEP is inherited by the restrictions
to closed invariant subspaces, then A; has SVEP, we conclude that A; + ;I has
SVEP by Lemma 1.3. Since A; + B; = (A; + u;1) + (B; — piI) and B; — ;I is
quasinilpotent, then, by Theorem 1.7, A; + B; has SVEP, and hence T} + 51 =
(A1 +B1)® - @ (A, + By) has SVEP by Lemma 1.4.

(b) Suppose that T; has property (C). Then, by Propposition 1.2.21 of [23],
A; has property (C), and hence A; + p;I has property (C) by Lemma 1.3.
Since B; — u;1 is a quasinilpotent operator, which shows that, by Theorem 1.7,
A;+ B; = (4; + wI) + (B; — ;1) has property (C). By Lemma 1.5, it then
follows that 71 +S1 = (A1 + B1) @ - - - @ (A, + By,) has property (C), as desired.

(¢) Suppose that T; has property (3). Since the restriction of an operator
with property (3) to a closed invariant subspace certainly inherits this property,
A; has property (3) and we have A; + p;I has property () by Lemma 1.3. We
conclude that, by Theorem 1.7, A; + B; = (A; + p;I) + (B; — ;1) has property
(8), so that Lemma 1.6 ensures that 77 + 57 has property (5).

(d) Note that (8) and (d) are complete dual. This assertion follows from (c)
by duality.

(e) Note that T; is decomposable if and only if it has both property (3) and
(0). This assertion follows from (c) and (d). O

It is well known from Corollary 2.2 of [20] that if S € L(X) is compact and
a(S) ={0, A1, Az, - - - } then the space Xg(C\ {0}) is not closed.

Corollary 2.10. Let T € L(X) and suppose that S € L(X) is compact which
commutes with T. Suppose that Xg(C\ {0}) is closed. Let Ty :=T|Xs(C\ {0})
and Sy := S| Xs(C\{0}). Then Ty and Ty + Sy share the local spectral properties
such as SVEP, Dunford’s property (C), Bishop’s property (), decomopsition
property (8) and decomposability.

Proof. Theorem 2.8 and Theorem 2.1 of [20]. d

We say that an operator S € L(X) is polynomially Riesz if there exists a
non-zero complex polynomial p(z) such that p(S) is Riesz.

Corollary 2.11. Let T € L(X), S € L(X) be a polynomially Riesz operator
commuting with T. Let Ty := T|X,5)({0}) and Sy := S|Xp5)({0}) for some
non-zero complex polynomial p(z). Then Ty and Ty + Sy share the local spec-
tral properties such as SVEP, Dunford’s property (C), Bishop’s property (8),
decomopsition property (§) and decomposability.



On local spectral properties of Riesz operators 285

Corollary 2.12. Let T € L(X), S € L(X) be a polynomially Riesz operator
commuting with T and let ' C C\ {0} be a closed. Let Ty := T|Xps)(F)
and Sy := S| Xy(s)(F') for some non-zero complex polynomial p(z). Then Ty and
T, +S1 share the local spectral properties such as SVEP, Dunford’s property (C),
Bishop’s property (), decomopsition property (§) and decomposability.
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