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RICCI CURVATURE OF WARPED PRODUCT POINTWISE
BI-SLANT SUBMANIFOLDS

MEeRAJ ALl KHAN*, MOHD IQBAL, SARVESH KUMAR YADAV, AND MOHD
AsLAam

Abstract. In this paper, we study doubly warped product point-wise bi-
slant submanfolds of S-space form. Here we try to establish an inequality
containing the Ricci curvature, squared norm of mean curvature and the
warping function.

1. Introduction

The most fundamental problem in submanifold theory is to establish the
connection between the intrinsic and extrinsic invariants of submanifolds, and
also immersibility and non-immersibility of submanifolds. Bishop and O’Neill
[4] introduced the concept of warped products to study manifolds of negative
sectional curvature. O’Neill discussed warped products and explored curvature
formulas of warped products in terms of curvatures of components of warped
products. Motivated by this approach, Chen [6, 7, 8] studied immersibility and
non-immersibility of Riemannian warped products in Riemannian manifolds,
especially in Riemannian space forms. Since then, the study of warped product
submanifolds has been investigated by many geometers (see, e.g., [1, 2, 12, 13]
among many others). Meraj Ali Khan in [13] studied warped product pointwise
semi-slant submanifold in complex space form. The authors also studied in [22]
warped product bi-slant submanifolds. In [12], the author studied Ricci curva-
ture inequalities for skew CR-warped product submanifolds in complex space
forms. In [1], A. Ali studied warped product immersions into an m-dimensional
unit sphere S™ and complex space form. The same author also studied Ricci
curvature on warped product submanifolds of complex space forms and its
applications.

Doubly warped products can be considered as a generalization of singly
warped products which were mainly studied in [20, 21]. Olteanu [18], Sular
and Ozgiir [19], Matsumoto [15] and Faghfouri and Majidi in [10] extended
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some properties of warped product submanifolds and geometric inequalities
in warped product manifolds for doubly warped product submanifolds into
Riemannian manifolds. Many authors studied Ricci curvature on submanifolds
in different space forms such as complex space form [13], Kenmotsu space form
[3], cosymplectic space form [23], Sasakian space form [16] and generalized
Sasakian space form [11]. Recently, [14] studied Ricci curvature on warped
product pointwise bi-slant submanifolds of Sasakian space form and obtained
several inequalities between intrinsic invariant and extrinsic invariant.

In this paper, we have extended some results of [14] for doubly warped
product pointwise bi-slant submanifolds immersed in S-space form.

2. Preliminaries

Consider a manifold M?"*% along an f -structure of rank 2n. We take s
structural vector fields &1, &s,...,&s on M such as:

f&a:Oa naofzoa f2:_I+Z§a®na7

where 7, and &, are the dual forms to each other, therefore complemented
frames exist on f-structure. For f-manifold we define a Riemannian metric g
as

(Y, X) = g(fY, F2) + 3 _na(Y)na(2),
for vector fields Y and Z on M [17]. If M is an S-manifold, then we consider
the formulas [17]:

(1) Vyéa=—fY, YETM), a=1,...s
@ (Wf) 2 =L AgYf D +na(DFY ), Y.Z € T(M),

where V is the Riemannian connection of g. The projection tensor —f?2 de-
termines the distribution £ and f2 4 I determines the complementary distri-
bution 9t which is determined and spanned by &1,...,&s. It can be observed
that if Y € £ then 7,(Y) = 0 for all «, and for Y € 9, we have fY = 0. A
plane section II on M is said to be f-section if it is established by a vector
Y € £(p),p € M, such that {Y, fY} spans the section. We take the sectional
curvature of IT as the f-sectional curvature. If M is an S-manifold of constant
f-sectional curvature k, then its curvature tensor is as:

(3) RY, 20U = > {n*"YV)n’(U)f*Z - (20" (U)fY
a,B

— (Y, fUM(2)&s. + 9(fZ, U™ (Y)Ep}

b (2 0Py (Y ) 7)
b 0 0N Z - g7, SOV Y 4 20(Y, £2)5U),
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Y, Z, U € T(M). Such a manifold M(k) will be called an S-space form.
Examples of S-space forms are the Euclidean space E?"** and the hyperbolic
space H2"ts,

Let M be an m + s-dimensional submanifold of an n-dimensional Riemann-
ian manifold M equipped with a Riemannian metric g. We use the inner
product notation (-, -) for both the metrics g of M and the induced metric g on
the submanifold M. The Gauss and Weingarten formulas are given respectively
by

VxY =VxY +0(X,Y) and VxN=—-AyX 4+ VLN
for all X, Y € TM and N € T+M, where %, V and V' are respectively the
Riemannian, induced Riemannian and induced normal connections in M, M
and the normal bundle T+ M of M, respectively, and ¢ is the second funda-
mental form related to the shape operator A by (o(X,Y),N) = (AyX,Y).
The equation of Gauss is given by

(4) R(X,Y,Z,W) = R(X,Y,Z, W)+ {(o(X,W),a(Y,Z))
(0(X,2),0(Y,W)),

for all XY, Z,W € T M, where R and R are the Riemann curvature tensors
of M and M, respectively.
For any X € I'(T M), we can write

(5) $X = PX + QX,

where PX and QX are tangential and normal component of ¢ X. M is said
to be totally geodesic, totally umbilical and minimal according as o(X,Y) =
0,0(X,Y) =g(X,Y)H and H =0, where X,Y € I'(TM) and H is the mean
curvature.

The mean curvature vector H is given by H = —1

- m-+s
ifold M is totally geodesic in M if o = 0, and minimal if H = 0. If 0(X,Y) =
g(X,Y)H for all X,Y € TM, then M is totally umbilical.

trace(o). The subman-

Definition 2.1. [5] An immersion ¢ : M — M2"+S(k) is called pointwise
slant if, any point p € M, the Wirtinger angle 6(X) between ¢X and T,M
is independent of the choice of a non-zero tangent vector X € T, M which is
linearly independent of £&. The function 6 on M is called the slant function. A
pointwise slant submanifold is called pointwise proper slant if it contains no
points p € M such that cos = 0 at p.

In a pointwise slant submanifold, we have the following relations [5]:

P? =cos? 0[—I + n® ¢,
g(PU,PV) = cos?0g(U, V),
g(FU,FV) = sin? 0g(U, V)
for U,V € x(M).
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Definition 2.2. [9] A submanifold M of./T/I/Q”“(k) is said to be pointwise
bi-slant if there exist two distributions D?* and DY at any point p € M
satisfying the following conditions:

D% and DY are orthogonal.

TM = D% @ DP%.

¢D% 1 D% and D% 1L ¢pD?%.

The distributions D%t and DY are pointwise slant with slant functions
0, and 0y from T M to R.

Remark 2.3. e If 0; and 05 from TM to R are constant functions,
then M is called bi-slant submanifold.

e If one of 01 and 03 is 5, then M is called pointwise pseudo-slant sub-
manifold.

e Ifoneof 0y and 05 is 0, then M is called pointwise semi-slant submanifold.

e If0) = 0and 6 = 5 or 0y = 5 and 02 = 0, then M is called CR
submanifold.

If M is a pointwise bi-slant submanifold of MVQ"+S(IC), then for any X €
(T M) we have

(6) X =T\ X + TuX,

where Ty, Ty are projections from T'M onto DY, D> respectively. Using P} =
TyoP and P, =T 0 P in (5), we get

(7) pX =P X+ P,X+ QX
for all X € T'(TM). From (6), we have
(8) P?X =cos® 0;(—X + (X)), X € T(TM),i=1,2.
Let p € M and {e1, - ,em,ems+1 =&, " ,em+s = &s} be an orthonormal
basis of T, M. Then the mean curvature vector H(p) is defined as
1 m-—+s
H(p) = iy €5) .
(n) = —— ; o (eiei)
Also we define
m-+s
(9) loll* =" g(o (eie;), 0 (eirey))-
ij=1
The gradient of a smooth function f on M is denoted by V f and defined by
(10) g(Vf,X)=X].
Also we get
m—+s

(11) IVAIZ =" (es()*.

Jj=1
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The warped product of two smooth manifolds N; and N, with Riemann-
ian metric g1, g2 is denoted by Ni Xy Ny and defined by another Riemannian
manifold Ny x s No = (N7 x Na, g), where g = g1 + f2g2 and f: N; - Rt is a
smooth function. If f is constant then the warped product is said to be trivial
warped product. In M = Ny x; No, we have [4]

(12) VxZ=VzX = (XInf)Z
for any X € I'(T'N7) and Z € T’ (T'N2). Let £ be a k-plane section of T,M and
let X be a unit vector in £. We choose an orthonormal basis {e1,eq, -, ex}
of £ such that X = ey € {e1,ea, -+ ,er}. The Ricci curvature, denoted by
Rice(X), is defined by

k
(13) Rice(X) = Y Kia,

iZA

where K;; denotes the sectional curvature of the 2-plane section spanned by
{ei,e;}. Such a curvature is called k-Ricci curvature. The scalar curvature of
the k-plane section £ is given by

(14) T(L)= > K.

1<i<j<k
Let M = My, xy My, be a warped product pointwise bi-slant submanifold
of M?"+3(k) such that £ € ' (D). K;; and K;; are the sectional curvatures

of the plane sections in M™*+¢ and M?2"+3(k), respectively. Let dim My, =
2n;1 + s and dim My, = 2ny such that dim M = m+ s = 2n; + 2ngo + 5. Then,
from Gauss equation we get

> K

1<i<j<m+s
(15) 2n+s
ayd 2
= > Ky+ ) > {0{-}0}7]- = (o33) }
1<i<j<m+s r=m+s+11<i<j<m+s

From (14) and (15), we have
2n+s

(16) 7 (TpMo,) =7 (TyMo,) + > > {oue - (@)}

r=m-+s+11<i<j<2n;+s

2n+s

(17) 7 (TyMo,) =7 (TyMo,) + > S ool — (7))

r=m-+s+12n;+s+1<i<j<2ns
Since M™% is a warped product submanifold, we have [8]

(18) Z K;; = 2no (A(lnf) _ ||V1nf||2) _ 27127A(f)7

1<i<j<m+s f
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where A(f) is the Laplacian of the warping function f.

3. Main Results

Theorem 3.1. Let ¢ : M™5 = My xy My — Mv2n+s(k) be a DY -
minimal isometric immersion of a (m + s)-dimensional warped product point-
wise bi-slant submanifold M™*%* into M?"$(k), where My, , Mg, are point-

wise slant submanifolds with distinct slant functions 61,05, respectively, and
Eel (Del) . Then we have

(19) Ric(X) +2n2A(Inf) < 2no||Vinf|* + i —;38

(2n15 + 2ngs
— 4nyng — 2ng — 2ny + 2 + 58% — 45)

k+3s—4 k —
- %(52 —3s)+3 3(0082 01)
(m+ s)?
b e
if X €T (D%)
. 5 k+3s
(20) Ric(X) + 2na(Aln f) < 2ng||V(n f)|I* — 5 (4nys — 8ning — 4ng
k+3s—4
— dng — s+ 2+45%) — %(282—58)
ke — 2
+ 6 S(cos2 92)+MHHH2

1
if X eT (D%).

Proof. Let X € T, M be a unit tangent vector at p € M. Consider a lo-
cal orthonormal frame {€e1,€2, s €m,€mil, " s Cmts, Cmtstls " »€2nts) Of
M2 () such that

{61, €2, ,€2n,, €241 = &1, 1 €2m4s = syt 5 €20 420048 = €m+s}
is tangent to M. Assume that
{61, €9 = SecC 91P1€1, €3, €4 = S€C 01P163, trt , €20y —1,
€on, =sectyPrean, —1,€2n,11 =&}
is an orthogonal frame of DY, the distribution corresponding to My, and
{€2n,+2,€2n, 43 = secOaPrean, 2, €21, 44, €2n, 45 = s€C o Paeoy, 44,
© 3 €2ny+2n0, €20, +2n,+1 = S€C 02 Paeon, 1on, }

is an orthonormal frame of D2, the distribution corresponding to M,,. Set

X:€A 6{617627"' ; €my Em41 2517'” )eerS:gs}'
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Now, from Gauss equation we have
(21) (m+ )| H|* = 27 (T,M) + |lo||* — 27 (T, M) .
We expand (21) for our constructed frame as follows:

2n+s

(22) (m+ s’ H|* = 2r(T,M)+ > {0+ + 0pys — 0laa)’
r=m-+s+1
2n+s

+ @) -2 > Y ooy

r=m+s+1 1<i<j<m+s
i,j#A

2n+s

- 7(TM)+2 Y D (o)

r=m+si<j<m-+s

From (22) we get

2n+s
1 T T
(23) (s’ |HP = 20(GM)+5 Y ((0f + o o)’
r=m-+s
+ {2004 — (01 4+ + 05 )}
2n—+s

7 \2
+ 2 > > ()
r=m+s+11<i<j<m-+s m-+s
2n+s

-2 > > opol; = 28 (TM).

r=m-+s+1 i<j<m+s,
i, j#A

Using the DY -minimality of M™% in (23), we get

1
(24) (m+s)?[|H|* = 20(T,M) + S (m+s)*||H]J?
1 2n+s
+ 5 Z [{20214 - (05n1+s+12n1 +s+1
r=m-+s+1

+ et U::z+sm+s)}2] - 27_—(TPM)
2n+s

T \2 ror

+ E [ E (05;)" — Z 0;i0j;

r=m+s+1 1<i<j<m+s 1<i<j<m+s,

m-+s
+ ) (0ia)? + (o5;)°

0iA Oij
P—Y .=
Z#A 1<i<j<m+s

- Y

1<i<j<m+s,
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By virtue of (15) in (24), we get

1 ~
(25) SmtsVIH" = 20(TM) = 27T, M)
1 2n+s
3 > [{20ha
r=m-+s+1

- (U£n1+s+12n1+8+1+"'+U;1+s)}2

+ Z Kij — Z Ki;

1<i<j<m+s, 1<i<j<m+s,
i, JF#A i, JFA
m-—+s
T \2 T \2
+ (gia)” + G
i=1 1<i<j<
= <i<j<m-+s
ror
- 0ii0j5]-
1<i<j<m+s,
i, j#A

Using (16), (17) and (18) in (25), we have

1 . ~ ~
(26)  S(m+s)’|H|* = Rie(X)+7(T,Mo,) + F(TpMo,)
A ~
— M)+ 2m. 2 4 > Ky
f 1<i<j<m+s
2n—+s
+ Z [ Z {oiioj; — (UZj)Q}

r=m+s+1 1<i<j<2n1+s+1

m-+s
+ Z {005 — (04;)"} + Z(U:A)Q
2n1+s+1<i<j<m+s i=1
i#A
1 2n—+s
+ 5 Z {2044 — (030, 45112n1 + 5+ 1
r=m-4s+1

+ “'+U:n+s)}2

+ S (e)?= > ohojl

1<i<j<m+s 1<i<j<m-+s,
iL,jFA

Case-1: e4 is tangent to My, , i.e.,

ea €{er,e2, - €2n 4541} -
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We choose e4 = e¢; = X. Then from (26), we get
1 . ~ ~
(27) 5 (m + sPIHI® = Ric(X) +7(T,Me,) + 7(T,Ma,)

A ~
- Qf(TpM)+2n27f+ S K+ > (o1)°
2<i<j<m+s =2
2n+1
D S D SR =D SR
r=m+s+1 1<i<j<2ni+s+1 2n14+2<i<j<m+1
2n+s
SO S SR

2<i<j<m+1 r=m+s+1 1<i<j<2n1+s

+ > @)= > (i)
2n1+s+1<i<j<m+s 1<i<j<m+s
2n—+s

1 . e
+ ) Z {2011 - (U£n1+s+12n1+s+1 + -+ U':n+s)} .

r=m-2

Now, from (3), we get

~ k+3s—4
(28) Z R(ei,ej,ej,e;) = *%{(m+s)5725+52}
1<i<j<m+s
k+3s
4
k—s
P S e

1<i<j<m+s

+ {(m+5)27(m+5)57(m+5)+52}

For our constructed frame field, we obtained

2 . .
2/ N _ ) cos?By,  for1<i,j <2n,
9” (ei, pej) = { cos?fy, forl<i,j < 2ns.

Therefore

Z g* (e, pej) =2 (m cos? 0] + ny cos® 92) .

1<i<j<m+s

Thus we obtain

(29)  F(T,Mo,) + F(TL,Mo,)+ Y. Ki—25(T,M)

2<i<j<m+s
k+3
= — —; 8(2n13 + 2198 — 4ning — 2ny — 2ng + 2
k+3s—4 k—
+ 5s? —4s)+ L(SQ —35)—3 S(cos2 01).

2
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Also, we calculate

2n—+s
T T T T T s
(30) E [ § 051055 + E 03055 — E 03i05;]
r=m+s+1 1<i<j<2n1+s 2n1+s+1<i<j<m+1 2<i<j<m+s
2n+s 2n1+s 2n1+s m-+s
_ roTr T or
= [ 01105 — 03i0j;)-
r=m+s+1 j=2 1=2 j=2ni+s+1

Since M is D% -minimal, we have

(31) Z ol =—01

Therefore, from (30) and (31), we get

2n—+s

(32) > [ >, ohoj+ > ool — >, onoy]
r=m+s+1 1<i<j<2ni+s 2n1+s+1<i<j<m+s 2<i<j<m+s
2n+s 2n+s m-+s
== 2 @+ X >0 ohdl
r=m-s r=m+4s j=2n1+s+1
Again we find
2n+s 2 2
(33) Zr=m+s+1[Zl§i<j§2n1+s(o-;j) +22n1+s+1§i<jﬁm+1(o—;‘j)
2
- Z1§¢<j§m+s<afj) ]
o 2n+s 2n1+s m-—+s 2
= T Zir=m+s+1 -1 Zj:2n1+s+1(0:])
Also
2n+ 2
(34) Z/imisﬂ{?aﬁ - (U£n1+s+12n1+s+1 +oo Jvrwrs)}
_ 2n+s 2 2n+s m-—+s
=4 Zr:m—i—s—i—l(gil) —4 Zr:m+s+1 J=2n1+s+1 0{10;“]’

+(m+ s)? | HIJ.

Thus, using (29), (32), (33) and (34) in (27) we get
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1 . A
(35) 5m+ P IHIP = Ric(X)+ 2"27f
— k —;38 (2n1s + 2n2s — 4dning — 2n
—4
— 2np 42+ 5s° —4s) + ]{:—’—%(52 — 3s)
E—s 2n+s 2n1+s m-+s
iR e CLAOE D DD DD DN Ch
r=m-+s+1 i=1 j=2n;1+s+1
2n-+s m—+s
SED DI DRt
r=m-4s+1j=2n1+s+1
m+s 2n+s 2n+s m—+s
+ @) Y ()2 Y > ol
=2 r=m-s r=m-4s+1j=2n1+s+1
1
T+ me )|,
Neglecting the positive terms 7% (67,)* and
2n—+s 2n1+s m—+s )
> 2 2 (@)
r=m-+s+1 i=1 j=2n;+s+1
from the right hand side of (35), we get
. A k+ 3s
(36) Ric(X) + QnQTf < (2n18 + 2n9s — dning — 2ny — 2ng + 2
k+3s—4 — S
+ 552 —4s) — f(.ﬁ —3s)+3 5 (cos® 0y)
2n—+s 2n—+s m—+1
2
D DR GV D DD DR
r=m-+s+1 r=m-+s+1 j=2n;+s+1
Using (18) in (36), we get
(37) Ric(X)+2n2A(Inf) < 2no||Vin £
k+3 5
+ J; 3[2(n1+n2+5574)s
+ 2(1—n1—2n1n2 —ng)] — W(s2 — 3s)
+ 3k —° (cos® )
2n-+s 1 m—+1 2
- S et 3 gl
r=m-+s+1 j=2n1+s+1
m+ s)?
v Oy

4
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2
Neglecting the term Zii;sﬂ“ {0{1 - %Zj:2n1+s+l U;j} from (37), we

get the required equation (19).

Case-2. ey is tangent to My, i.e., ea € {ean,+5+1,"** , €m+s} - We choose
€A = emts = X. Then from (26), we get
1 2 2 . _ _ _ Af
(38) Jlm-+ sPIHIP = Rie(X) + 7T, May) +7(TyMay) = 27(T,M) + 200
1 2n—+s
T T T 2
+ 5 Z {(2a—m+5 - (U2n1+5+1 2n1+s+1 + -+ Om+5)}
r=m+s+1
2n—+s
DN D DR O LD DN Chk
r=m+s+1 1<i<j<2n1+s 2n1+s+1<i<j<m+s
m—+4s—1
" \2 7% 2
- > @)+ D> Ky Y (0imrs)
1<i<j<m+s 1<i<j<m+s—1 i=1
2n—+s
D SHED ST
r=m+s+1 1<i<j<2n1+s 2n1+s+1<i<j<m+s
1<i<j<m

Now, we calculate

(39) T(T,Mo) + T(LpMe)+ Y Kiy—27(LM)

1<i<j<m+s—1

k+3
= —; 5 (4n1s — 8nyng — 4ny —4n2—s+2+452)
k+3s—4 k—s
(40) - f(232—5s)+67 (cos?65) .

Again we find

2n+s

r=m+s+1 ~1<i<j<2ni+s 2n1+s+1<i<j<m+s 1<i<j<m
2n—+s 2n—+s m+s
_ T 2 r r
- (0m+s m+s) + Om+s m+s055-
r=m-+s+1 r=m-4s+1j=2n1+s+1

Also we obtain

2n+ 2
(42) Z/:Lm:_sﬂ {20;’;1—}-5 - (05n1+s+1 2n1+s+1 +o 0—77;L+sm+s)}

2n+
= 427'277;-5-&-1[(021-&-5 m+s)2 - 22n1+s+1§i<j§m+s U:n-i-s m+s}
+(m + 5)?| H]|?.
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Using (33), (39), (41) and (42) in (38), we get

1 2no A k
(43) §(m +8)?’|H|> = Ric(X)+ n2f ;o 238 (4n1s — 8ning — 4n1 — 4no
_4 —
— s+2+445%) — H%(QSQ —5s) + 6k 8(0052 02)
2n+s m 2n+s
+ Z Z(O{m+8)2 - Z (U:nst m+5)2
r=m++s+1 i=1 r=m+s+1
2n-+s m—+s
+ Z [ Z J:n-&-s m+SJJT'J' + Z (Jirj)2~
r=m+4s+1 j=2n;+s+1 1<i<j<m+s
m-+s
+ 2(omism+ 5)2 -2 Z OmtsM + 507
j=2n1+s+1
1
£ Lme s
. " 2
Neglecting the positive terms Zfl:irsﬂ " (oh ) and
2t 2 . .
S a1 2icicj<mas (0F;)" from the right hand side of (43), we get
2ns A -1
(19 Ric(x) + 2 Loc 9 gyt amms) + 7 (3eos?0, - 2)
2n+1 2n+1 m+1
- Z (Omsime1)” + Z Z Ot 1m4107;-
r=m-+42 r=m-42 j=2n142

Using (18) in (44), we get

(45)  Ric(X)+ 2n2A(nf) < 2nofVinff2 = ¥ J;?’S (4nrs — 8ning — dmy
—4
— dng —s+2+457) — H%(QSQ — 5s)
s 2n—+s
+ 6 (COS2 92) - Z {U:n+s m-+s
r=m-+s+1
m—+s 2
1 » m-+ s
S S SRR a7
Jj=2n1+s+1

2
. 2n+s r m+s r
Neglecting the ZT:';HSH {om+s mas — %Zj:§n1+s+1 O'jj} from (45), we
get (34). O

For the equality case:
(1) If H(p) = 0, then a unit vector X € T,,M orthogonal to { satisfies the
equality case of (33) or (34) if and only if X € N,,, the relative null space
at p.
(2) The equality case of (33) holds identically for all unit vectors tangent to
My, and orthogonal to £ at p if and only if p is a mixed totally geodesic
and DY -totally geodesic point at p.
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(3) The equality case of (34) holds identically for all unit vectors tangent
to My, at p if and only if p is a mixed totally geodesic point and either
D% _totally geodesic or D?>-totally umbilical point with ny = 1

For (1) we assume that H(p) = 0. Then for any unit tangent vector e4 €
{€e1,€2,"* ,€2n 45, €2n14+5+1s" " s Em+s}, the equality of (33) and (34) holds if
and only if the following conditions hold

() ST (01a) =0

2n+ + 2
(b) >0 ;’n:2il+s+1 (Ufj) =0

(c) 2074 = Z;”:J;fllJrerlajj such that r € {m +s+1,---,2n + s}.

The condition (a) implies that p is a mixed totally geodesic point. Thus using
DY _minimality of M™% and combining the conditions of (b) and (c), it is clear
that X = eq € N, the relative null space at p. The converse is trivial. For (2)
the equality condition of (33) holds if and only if the following conditions hold

2+ +s 2
(a) 22557 ?:2;1+s+1 (‘Tirj) =0
() 2 (0 = 0
(c) 200, = Z;’:giﬁsﬂajj,a e{l,--- 2m},re{m+s+1,---,2n+ s}

By virtue of D?'-minimality of M™¥* and condition (c), we get 0oo = 0, €
{1,-++,2n1 + s} and then combining conditions (a) and (b), we get o}; = 0 for
all i # j,i,5 € {1,2,---,2ny + s}, from which we get the desired result. For
(3), the equality case of (34) holds if and only if

2n+ + 2
(a) ZrimSJrs Z;'n:2il+s+1 (Uirj) =0,

(b) YU (0h,)* =0,
iFa
(c) 2074 = Z;nzth-s-sHUjij e {2n1+s+1,--- ,m+s},r € {m+s+
1,--,2n + s).

Using D?*-minimality of M™"* with the condition (c), we get o7, = o¥, |,
forng =1and o, =0VA € {2n; +s+1,--- ,m+ s}. Combining the condi-
tions (a) and (b), we get of; =0 for all i # j,i,j € {2n1 +s+1,--- ,m + s}.
Thus we get the desired results. (I

Corollary 3.2. Let ¢ : M™" = My xy M, — M2"+5(¢) be a D°-
minimal isometric immersion of a(m + s)— dimensional warped product point-
wise pseudo-slant submanifold M™%* into M?"**(c), where My and M, are



Ricci curvature of warped product pointwise bi-slant submanifolds 39

a pointwise slant submanifold with slant function 6 and an anti-invariant sub-
manifold, respectively, and £ € T’ (Da). Then we have

Ric(X) +2n2A(In f) < 2no||VIn f|* + i —;38 (2n1s + 2n2s — dning — 2ny — 2ne
+ 2+5s274s)7W(52733)+3 g8(00520)
+ WHHH{ if X €Dy,
Ric(X) + n2(Aln f) < n||V(n f)|* — i —;38 (4n1s — 8ning — 4dny — 4ns
—5+2+4s7) — %44(252 — 5s)
A e i x e,

4
where dim(Mpy) = 2ny + s and dim(M ) = 2ns.

Proof. Substituting #; = 6 for simplification and 6, = 5 in (19) and (20)
we get the result. O

Corollary 3.3. Let ¢ : M™% = Mpx My — M?2"+5(c) be a DT -minimal
isometric immersion of a(m + s) dimensional warped product pointwise semi-
slant submanifold M™*%* into M*"*"%(c), where M7 and My are an invariant

submanifold and a pointwise slant submanifold with slant function 0, respec-
tively, and £ € I’ (DT). Then we have

Ric(X) + 2na(Aln f) < 2no||V(In )% + @[Q(nl +no+ gs —4)s
+ 2(1 —n1—2nin2 —ng)| — W(s2 —3s)

E—s (m+s)?

+ 3
ierF(DT),
Ric(X) + 2n2(Aln f) < 2na||V(In f)? = ¥ 233 (4n1s — 8nina — 4ny
— 4n275+2+432)7W(23275s)
b 6E s ) +

ifXer (D“)) ,
where dim (Mr) = 2n; + s and dim (My) = 2n,.

Corollary 3.4. Let ¢ : M™ = Mpx M, — M?2"+5(¢) be a DT-minimal
isometric immersion of a(m + s) dimensional warped product CR submanifold
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M™Fs into M2"*+3(c), where My and M, are invariant and anti-invariant
submanifolds, respectively, and £ € T’ (DT), Then we have

Ric(X) 4+ na(Alnf) < nol|V(in )2 + ¥ L3 (s 4+ 25— 4)s
+ 2(1—n1—2nin2 —n2)| — 14:—’_32#4(52 — 3s)
n 3I€;s n (c;l) n (mZS)QHHH27
irxer (o),
Ric(X) +ne(Alnf) < no||V(nf)|® - K _;38 (4n1s — 8ninz —4ny — 4ng — s
+ 24457 — W(zf — 5s) + WHHH?,

ifXer (DL) ,

where dim (M) = 2ny + s and dim (M} ) = 2ns.

(1]

(2]

(3]
(4]
[5]
[6]
[7]
(8]
[9]
(10]
(11]

(12]

Proof. Substituting 6, = 0 and 6 = 7 in (19) and (20), we get the result.
O
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