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A NOTE ON WEAK EXCLUDED MIDDLE LAW

CHANYOUNG SUNG

ABSTRACT. Intuitionistic Zermelo-Fraenkel (IZF) set theory is a
set theory without the axiom of choice and the law of excluded
middle (LEM). The weak excluded middle law (WEM) states that
-V -y for any formula . In IZF we show that LEM is equivalent
to WEM plus the condition that any set not equal to the empty set
has an element.

1. Introduction

Intuitionistic set theory is a set theory based on intuitionistic logic
which is just classical logic minus LEM. Its axiomatic formulation known
as [ZF system consists of the following axioms :

Extensionality: VaVy[Vz(z € x <> z € y) — = = y]

Empty set: JxVy—(y € x)

Pairing: VaVy3zVw(w € z > w =z Vw =y)

Union: Va3yVz[z € y < Jw(w € z A 2z € w)]

Power set: YxIyVz[z € y <> Yw(w € z — w € )]

Infinity: 3z[0 € 2 AVy(y € 2 — y U {y} € x)]

Separation schema: Va3zVy(y € x <> y € a A ¢(y)) where z is not

free in ¢(y)

e Collection schema: Va[(Vx € a Ty ¢(x,y)) — (IbVx € a Jy €
b ¢(z,y))] for all formulas ¢(z,y) where b is not free in ¢(z,y)

e ¢ induction schema: Va[(Vy € a ¢(y)) — ¢(a)] — Vap(a) for every

formula ¢(a)

By extensionality the empty set is unique and denoted by (). These
9 axioms are chosen so that LEM is not deduced from them, and the
combination of IZF and LEM gives Zermelo-Fraenkel (ZF) set theory.
The above first 7 axioms constitute intuitionistic Zermelo (IZ) set theory.
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A weaker form of LEM is WEM and it is equivalent to De Morgan’s

law
(N ¢) = (e V —9)
where ¢ and ¢ are any formulas.([1])

There are many conditions which are sufficient to derive LEM in
1Z. For example, it is well-known from Diaconescu’s theorem that 17
combined with the axiom of choice implies LEM.! One can also get
LEM by adding to IZ the axiom of foundation (or regularity) stating
that Vz[Jy € * — Jy(y € z AVz(z € y — —(z € x)))], i.e. every
inhabited set has an €-minimal element. As usual “inhabited” means
“having at least one element”.

In this article, we add another theorem of such type by asking what
condition is needed to get LEM from WEM. Indeed, we show

THEOREM 1.1. In IZ, LEM is equivalent to WEM plus the condition
that every set not equal to () is inhabited. In IZF, the same statement
is true.

2. Proof of Theorem 1.1

It’s enough to show the case of IZ.

One direction of the proof is almost trivial. Suppose LEM holds.
Then first WEM holds obviously. Let X be any set which is not (.
Assuming to the contrary that there does not exist element in X. By
extensionality, X = (). By employing LEM, this contradiction confirms
that X is inhabited.

To prove the other direction, let ¢ be any formula. We have to show
1V ). By separation schema, we set

A:={z € {0}|(z =0) Ay}
We claim that A # () <> 1. If ¢ holds, then A = {0} and hence A # 0.
If A # (), then there exists an element € A by the assumption. By the
definition of A, x must be 0 and 1 holds.
Now by invoking WEM,

holds. This completes the proof.

Un fact it is provable in IZ that LEM holds iff every doubleton has a choice
function.
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3. Discussion

In [2] Brouwer, the founder of the doctrine of intuitionistic mathe-
matics, called WEM the simple principle of testability, saying that every
assignment ¢ of a property to a mathematical entity can be tested, i.e.
proved to be either non-contradictory ——¢ or absurd —¢. Jankov [3]
proved that WEM axiomatizes the strongest super-intuitionistic logic
having the same positive fragment as the intuitionistic propositional
calculus. By our result, WEM plus an acceptable existential claim that
every set not equal to ) is inhabited, can revive LEM and hence many
important existence theorems of traditional mathematics such as the
Bolzano?Weierstrass theorem, the extreme value theorem, the interme-
diate value theorem, etc.

Intuitionistic logic proves triple negation elimination

Y = Y
so that one cannot further weaken WEM simply by adding more nega-
tion signs such as ——p V =——p. For other characterizations and gen-
eralizations of WEM, the interested reader may refer to [4, 5] and the
references therein.

References

[1] J. L. Bell, Intuitionistic set theory, College Publications, 2014.

[2] L. E. J. Brouwer, Consciousness, philosophy, and mathematics, Proceedings of
the Tenth International Congress of Philosophy (Amsterdam, 1948) Volume 2,
North-Holland Publishing Company, Amsterdam, 1949.

[3] V. A. Jankov, Calculus of the weak law of the excluded middle (in Russian),
Rossiiskaya Akademiya Nauk. Izvestiya Seriya Matematicheskaya 32 (1968), no.
5, 1044-1051.

[4] T. L4vicka , T. Moraschini, and J. G. Raftery, The algebraic significance of weak
excluded middle laws, Math. Logic Quaterly 68 (2022), no. 1, 79-94.

[5] A. Sorbi and S. A. Terwijn, Generalizations of the weak law of the excluded
middle, Notre Dame J. Formal Logic 56 (2015), no. 2, 321-331.

Chanyoung Sung

Department of Mathematics Education
Korea National University of Education
Cheongju 28173, Republic of Korea
E-mail: cysung@kias.re.kr


 https://publish.uwo.ca/~jbell/INTBOOK(Repaired).pdf
https://www.sciencedirect.com/science/article/pii/B9780720420760500544
https://iopscience.iop.org/article/10.1070/IM1968v002n05ABEH000690/pdf
https://arxiv.org/abs/2108.09168
https://typeset.io/papers/generalizations-of-the-weak-law-of-the-excluded-middle-3tmxn152fn



