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Abstract. In the setting of extended quasi b-metric spaces, we introduce a new concept

called “extended A-contraction”. We then use our concept to prove a common fixed point

result for a pair of self mappings under a set of conditions. Also, we provide the concepts

of extended B-contraction and extended R-contraction. We then establish a common fixed

point under these new contractions. Our results generalize many existing result of fixed point

in metric spaces. Furthermore, we give an example to illustrate and support our result.

1. Introduction

It is widely known that fixed point theory is an appealing mixture of pure
and applied mathematical analysis used to explain some conditions in which
mappings provide perfect solutions.
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Recently, fixed point theory has undergone a great deal of development,
especially through the use of new generalizations of contraction [1, 9, 15, 24, 26]
and also by enfeebling or extending the axioms that characterize a metric space
to get many different spaces, such as quasi metric spaces [2, 12, 19], b-metric
spaces [14, 18], extended b-metric spaces [8, 10, 13, 20, 25], extended quasi
b-metric spaces [22], and so on.

Moreover, Shatanawi et al. obtained some fixed point results for a gener-
alized ψ-weak contraction mappings [16], w-compatible mappings [17], cyclic
mappings of Ω-distance [21], and Mizoguchi-Takahashi-type theorems in tvs-
cone metric spaces [23].

In[6] Akram et al. defined “A-contraction” as a new proper class of Kan-
nan’s contractions, along with several other well-known contractions. This
contraction was used by the authors to prove some fixed point theorems for
self-mappings [3, 4, 5, 6, 7].

In this paper, we are interested in investigating the common fixed point
theorem under extended A-contraction conditions in the setting of extended
quasi b-metric space after proving that we give example to validate our results.

2. Preliminaries

Firstly, we present a definition and an example of extended quasi b-metric
space which we require in the sequel.

Definition 2.1. ([11]) Let X be a nonempty set and θ : X ×X −→ [1,∞).
An extended b-metric is a function dθ : X × X −→ [0,∞) such that for all
x, y, z ∈ X, we have

(i) dθ(x, y) = 0 iff x = y;
(ii) dθ(x, y) = dθ(y, x);

(iii) dθ(x, z) ≤ θ(x, z)
[
dθ(x, y) + dθ(y, z)

]
.

Then the pair (X, dθ) is called an extended b-metric space.

(1) If dθ satisfying just (1) and (3), then (X, dθ) is called an extended
quasi b-metric space.

(2) if dθ satisfying just (1) and (3) and θ = s, s ≥ 1 be a given real number
then (X, ds) is called a quasi b-metric space.

Example 2.2. ([22]) Define θ : {1, 2, 3} × {1, 2, 3} → [1,∞) by θ(x, y) =
max{x, y} and dθ : {1, 2, 3} × {1, 2, 3} → [0,∞) by dθ(1, 1) = dθ(2, 2) =
dθ(3, 3) = 0, dθ(1, 2) = dθ(1, 3) = dθ(2, 3) = 6 and dθ(2, 1) = dθ(3, 1) =
dθ(3, 2) = 5.
Then (X, dθ) is an extended quasi b-metric space which is not an extended
b-metric space.
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Some fundamental concepts, like convergence, Cauchy sequence, and com-
pleteness in the setting of extended quasi b-metric space, are defined as follows.

Definition 2.3. ([22]) Let {xn} be a sequence in (X, dθ). Then, the sequence
{xn} converges to x ∈ X if lim

n→∞
dθ(xn, x) = lim

n→∞
dθ(x, xn) = 0.

Definition 2.4. ([22]) Let (X, dθ) be an extended quasi b-metric space. Then

(1) A sequence {xn} in X is said to be left-Cauchy, if for every ε > 0
there exists a positive integer N = N(ε) such that dθ(xn, xk) < ε for
all n ≥ k > N .

(2) A sequence {xn} in X is said to be right-Cauchy, if for every ε > 0
there exists a positive integer N = N(ε) such that dθ(xk, xn) < ε for
all n ≥ k > N .

(3) A sequence {xn} in (X, dθ) is said to be Cauchy, if it is left-Cauchy
and right-Cauchy.

Definition 2.5. ([22]) Let (X, dθ) be an extended quasi b-metric space. Then

(1) (X, dθ) is said to be left-complete, if every left-Cauchy sequence is
convergent in X.

(2) (X, dθ) is said to be right-complete, if every right-Cauchy sequence is
convergent in X.

(3) (X, dθ) is said to be complete, if every Cauchy sequence is convergent
in X.

Now, the following definitions and results related to A-contraction are re-
quired in the main results.

Definition 2.6. ([6]) Let R+ denote the set of all non-negative real numbers
and A be the set of all functions τ : R3

+ → R+ satisfying:

(i) τ is continuous on the set R3
+ (with respect to the Euclidean metric

on R3).
(ii) ζ ≤ κη, for some κ ∈ [0, 1) whenever ζ ≤ τ(ζ, η, η), ζ ≤ τ(η, ζ, η) or

ζ ≤ τ(η, η, ζ) for ζ, η ∈ R+.

Definition 2.7. ([6]) On a metric space (X, d), a self-mapping T is called
A-contraction if for all x, y ∈ X and some τ ∈ A,

d(Tx, Ty) ≤ τ(d(x, y), d(x, Tx), d(y, Ty)).

Definition 2.8. ([6]) On a metric space (X, d), a self-mapping T is called

(1) B-contraction if there exists a β ∈ [0, 1) such that for all x, y ∈ X,
d(Tx, Ty) ≤ βmax{d(x, Tx), d(y, Ty)}. (2.1)
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(2) R-contraction if there exist non-negative numbers κ1, κ2, κ3 satisfying
κ1 + κ2 + κ3 ≤ 1 such that for all x, y ∈ X,

d(Tx, Ty) ≤ κ1d(Tx, x) + κ2d(Ty, y) + κ3d(x, y). (2.2)

Akram et al. [6] investigated comparison of an A-contraction with B-
contraction (2.1) and R-contraction (2.2), they get

Theorem 2.9. ([6]) Every B-contraction and R-contraction in a metric space
are an A-contraction.

3. Main results

Definition 3.1. Let (X, dθ) be an extended quasi b-metric space. We say
that the pair (T, S) of mappings T and S is an extended A-contraction if
there exists α ∈ (0, 1) such that for all x, y ∈ X, we have

dθ(Tx, Sy) ≤ τ
(
αθ(x, y)dθ(x, y), αθ(Tx, x)dθ(Tx, x), αθ(Sy, y)dθ(Sy, y)

)
and

dθ(Sy, Tx) ≤ τ
(
αθ(y, x)dθ(y, x), αθ(x, Tx)dθ(x, Tx), αθ(y, Sy)dθ(y, Sy)

)
for some τ ∈ A provided that τ is non-decreasing on its variables.

Theorem 3.2. Let S, T : X → X be two continuous mappings on a complete
extended quasi b-metric space (X, dθ) such that dθ continuous in its variables.
Assume the pair (T, S) is an extended A-contraction, where α ∈ (0, 1) and
θ is bounded by 1

α . Then, the pair of the mappings T and S has a common
fixed point x∗, that is, Tx∗ = x∗ = Sx∗, provided that κ < α, where κ is the
constant satisfies condition (ii) of the definition A.

Proof. Let x0 be a given point in X. Put x1 = Tx0 and x2 = Sx1. Continuing
in the same way, we construct a sequence {xn} in X such that

x2n+1 = Tx2n and x2n+2 = Sx2n+1, ∀n ∈ N ∪ {0}.

Now, we shall prove that {xn} is a left-Cauchy sequence. To this end, we
have

dθ(x2n+1, x2n) = dθ(Tx2n, Sx2n−1).

By using extended A-contraction condition, we get

dθ(Tx2n, Sx2n−1) ≤ τ
(
αθ(x2n, x2n−1)dθ(x2n, x2n−1),

αθ(Tx2n, x2n)dθ(Tx2n, x2n),

αθ(Sx2n−1, x2n−1)dθ(Sx2n−1, x2n−1)
)
.
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Therefore

dθ(x2n+1, x2n) ≤ τ
(
αθ(x2n, x2n−1)dθ(x2n, x2n−1),

αθ(x2n+1, x2n)dθ(x2n+1, x2n),

αθ(x2n, x2n−1)dθ(x2n, x2n−1)
)
.

Since θ is bounded by 1
α and τ is non-decreasing in its variables, we get

dθ(x2n+1, x2n) ≤ τ
(
dθ(x2n, x2n−1), dθ(x2n+1, x2n), dθ(x2n, x2n−1)

)
.

Let ζ = dθ(x2n+1, x2n) and η = dθ(x2n, x2n−1). Then ζ ≤ τ(η, ζ, η), as a result
there is κ ∈ [0, 1) such that ζ ≤ κη. Hence

dθ(x2n+1, x2n) ≤ κdθ(x2n, x2n−1).
holds for all n ∈ N . Thus we obtain

dθ(x2n+1, x2n) ≤ κdθ(x2n, x2n−1) ≤ κ2dθ(x2n−1, x2n−2) ≤ . . . ≤ κ2ndθ(x1, x0).
Thus

dθ(x2n+1, x2n) ≤ κ2ndθ(x1, x0).
From here, one can easily show that {xn} is a left-Cauchy sequence.

Now, on a similar manner for right-Cauchy sequence, we have

dθ(x2n, x2n+1) = dθ(Sx2n−1, Tx2n).

By using extended A-contraction, we obtain

dθ(Sx2n−1, Tx2n) ≤ τ
(
αθ(x2n−1, x2n)dθ(x2n−1, x2n),

αθ(x2n, Tx2n)dθ(x2n, Tx2n),

αθ(x2n−1, Sx2n−1)dθ(x2n−1, Sx2n−1)
)
.

Since θ is bounded by 1
α and τ is non-decreasing in its variables, we get

dθ(x2n, x2n+1) ≤ τ
(
dθ(x2n−1, x2n), dθ(x2n, x2n+1), dθ(x2n−1, x2n)

)
.

Now, let ζ = dθ(x2n, x2n+1), η = dθ(x2n−1, x2n). Then ζ ≤ τ(η, ζ, η). By
Definition 2.6, there is κ ∈ [0, 1) such that ζ ≤ κη. So we have

dθ(x2n, x2n+1) ≤ κdθ(x2n−1, x2n).

holds for all n ∈ N. Consequently, we have

dθ(x2n, x2n+1) ≤ κdθ(x2n−1, x2n) ≤ κ2dθ(x2n−2, x2n−1) ≤ . . . ≤ κ2ndθ(x0, x1).
So

dθ(x2n, x2n+1) ≤ κ2ndθ(x0, x1).
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From here, one can easily show that {xn} is a right-Cauchy sequence. Conse-
quently {xn} is a Cauchy sequence.

Since X is a complete space, {xn} converges to some x∗ ∈ X. So, we obtain

lim
n→∞

dθ(x2n, x
∗) = lim

n→∞
dθ(x

∗, x2n) = 0 = dθ(x
∗, x∗)

and

lim
n→∞

dθ(x2n−1, x
∗) = lim

n→∞
dθ(x

∗, x2n−1) = 0 = dθ(x
∗, x∗).

Now, to show that Tx∗ = x∗, we have

dθ(Tx
∗, x2n) = dθ(Tx

∗, Sx2n−1).

Apply contraction condition

dθ(Tx
∗, Sx2n−1) ≤ τ

(
αθ(x∗, x2n−1)dθ(x

∗, x2n−1), αθ(Tx
∗, x∗)dθ(Tx

∗, x∗),

αθ(Sx2n−1, x2n−1)dθ(Sx2n−1, x2n−1)
)

= τ
(
αθ(x∗, x2n−1)dθ(x

∗, x2n−1), αθ(Tx
∗, x∗)dθ(Tx

∗, x∗),

αθ(x2n, x2n−1)dθ(x2n, x2n−1)
)
.

Since θ is bounded by 1
α and τ is non-decreasing in its variables, we get

dθ(Tx
∗, x2n) ≤ τ

(
dθ(x

∗, x2n−1), dθ(Tx
∗, x∗), dθ(x2n, x2n−1)

)
.

Letting n −→∞ in above inequality, the continuity of dθ and τ implies that

dθ(Tx
∗, x∗) ≤ τ

(
dθ(x

∗, x∗), dθ(Tx
∗, x∗), dθ(x

∗, x∗)
)

= τ
(

0, dθ(Tx
∗, x∗), 0

)
.

By Definition 2.6, there is κ ∈ [0, 1) such that

dθ(Tx
∗, x∗) ≤ κ0 = 0,

which implies that x∗ is a fixed point of T .
For continuous mapping S, we have

dθ(Sx
∗, x∗) = lim

n→∞
dθ(Sx

∗, x2n) = lim
n→∞

dθ(Sx
∗, Sx2n−1) = dθ(Sx

∗, Sx∗) = 0.

This implies that x∗ is a fixed point of S.
For the sake of the uniqueness, suppose that there exist another common

fixed point of T and S say y∗. Thus, we have

dθ(x
∗, y∗) = dθ(Tx

∗, Sy∗).
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By contraction condition, we have

dθ(Tx
∗, Sy∗) ≤ τ

(
αθ(x∗, y∗)dθ(x

∗, y∗), αθ(Tx∗, x∗)dθ(Tx
∗, x∗),

αθ(Sy∗, y∗)dθ(Sy
∗, y∗)

)
≤ τ

(
dθ(x

∗, y∗), dθ(x
∗, x∗), dθ(y

∗, y∗)
)

= τ
(
dθ(x

∗, y∗), 0, 0
)
.

Let ζ = dθ(x
∗, y∗) and η = 0. By Definition 2.6, we get ζ ≤ τ(ζ, η, η) for some

κ ∈ [0, 1), thus ζ ≤ κη. Therefore

dθ(x
∗, y∗) ≤ κ0 = 0.

So x∗ = y∗. It follows that x∗ is a unique common fixed point in X, This
completes the proof. �

Example 3.3. Let X = [0, 1], define a mapping θ : X × X → [1,∞), by
θ(x, y) = 1 + |x − y| and define dθ : X × X → [0,∞) by dθ(x, y) = |x − y|.
Then (X, dθ) is a complete extended quasi b-metric space.

As well, define the mappings S, T : X → X by S(y) = y
3 and T (x) = sin(x)

2 .
Then, we have

dθ(Tx, Sy) =
∣∣∣sin(x)

2
− y

3

∣∣∣.
Take y = 3x, for some x ∈ X, we obtain

dθ(Tx, Sy) =
∣∣∣sin(x)

2
− x

∣∣∣.
From Figure 1, we find that

dθ(Tx, Sy) ≤ 2

3
|x− 3x|

=
2

3
dθ(x, y).

Now, define τ : R3
+ → R+ by τ(ζ, η, %) = 1

4(ζ + η + %) for all ζ, η, % ∈ R+.
It is clear that τ is a well-define, continuous and non-decreasing function on
R3
+ and ζ ≤ 2

3η, whenever ζ ≤ τ(ζ, η, η) or ζ ≤ τ(η, ζ, η) or ζ ≤ τ(η, η, ζ) for

all ζ, η ∈ R+. Since, we have dθ(Tx, Sy) ≤ 2
3dθ(x, y), from Definition 2.6 for
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τ , we observe that

dθ(Tx, Sy) ≤ τ
(
dθ(x, y), dθ(Tx, Sy), dθ(x, y)

)
= τ

(
|x− y|,

∣∣∣sin(x)

2
− y

3

∣∣∣, |x− y|)
= τ

(
|x− y|,

∣∣∣sin(x)

2
− 3x

3

∣∣∣, ∣∣∣3x
3
− y

∣∣∣)
= τ

(
|x− y|,

∣∣∣sin(x)

2
− x

∣∣∣, ∣∣∣y
3
− y

∣∣∣)
= τ

(
dθ(x, y), dθ(Tx, x), dθ(Sy, y)

)
.

Let α ∈ (0, 1). Since θ is bounded by 1
α , we get

dθ(Tx, Sy) ≤ τ
(
αθ(x, y)dθ(x, y), αθ(Tx, x)dθ(Tx, x), αθ(Sy, y)dθ(Sy, y)

)
.

On a similar manner, we can get

dθ(Sy, Tx) ≤ τ
(
αθ(y, x)dθ(y, x), αθ(x, Tx)dθ(x, Tx), αθ(y, Sy)dθ(y, Sy)

)
.

 sin(x)
2

- x

2 x-3 x

3

5 10 15 20
x

5

10

15

20

25

y

Figure 1. Comparison between
∣∣∣ sin(x)2 − x

∣∣∣ and 2
3 |x− 3x|.

Corollary 3.4. Let T : X → X be a continuous mapping on a complete
extended quasi b-metric space (X, dθ), where dθ is continuous in its variables.
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Assume there exist α ∈ (0, 1) and τ ∈ A such that

dθ(Tx, Ty) ≤ τ
(
αθ(x, y)dθ(x, y), αθ(Tx, x)dθ(Tx, x), αθ(Ty, y)dθ(Ty, y)

)
and

dθ(Ty, Tx) ≤ τ
(
αθ(y, x)dθ(y, x), αθ(x, Tx)dθ(x, Tx), αθ(y, Ty)dθ(y, Ty)

)
hold for all x, y ∈ X. If τ is non-decreasing on its variables and θ is bounded
by 1

α , then the mapping T has a unique fixed point in X provided that κ < α,
where κ is the constant satisfies condition (ii) of the definition A.

Proof. It follows from Theorem 3.2 by taking S = T . �

Corollary 3.5. Let T : X → X be a continuous mapping on a complete quasi
b-metric space (X, ds). Assume there exist α ∈ (0, 1) and τ ∈ A such that

ds(Tx, Ty) ≤ τ
(
αsds(x, y), αsds(Tx, x), αsds(Ty, y)

)
and

ds(Ty, Tx) ≤ τ
(
αsds(y, x), αsds(x, Tx), αsds(y, Ty)

)
hold for all x, y ∈ A. If τ is non-decreasing on its variables and s ≤ 1

α , then
the mapping T has a unique fixed point in X provided that κ < α, where κ is
the constant satisfies condition (ii) of the definition A.

Proof. It follows from Theorem 3.2 by taking θ = s, s ≥ 1 and S = T . �

Definition 3.6. A pair (T, S) of the self-mappings T and S in frame of an
extended quasi b-metric space (X, dθ) is said to be an

(1) extended B-contraction, if there exist β ∈ [0, 1) and α ∈ (0, 1) such
that for all x, y ∈ X,
dθ(Tx, Sy) ≤ βmax{αθ(Tx, x)dθ(Tx, x), αθ(Sy, y)dθ(Sy, y)} (3.1)

and

dθ(Sy, Tx) ≤ βmax{αθ(x, Tx)dθ(x, Tx), αθ(y, Sy)dθ(y, Sy)}. (3.2)

(2) extended R-contraction, if there exist non-negative numbers κ1, κ2, κ3
satisfying κ1 + κ2 + κ3 ≤ 1, α ∈ (0, 1) such that for all x, y ∈ X,

dθ(Tx, Sy) ≤ κ1αθ(x, y)dθ(x, y) + κ2αθ(Tx, x)dθ(Tx, x)

+κ3αθ(Sy, y)dθ(Sy, y) (3.3)

and

dθ(Sy, Tx) ≤ κ1αθ(y, x)dθ(y, x) + κ2αθ(x, Tx)dθ(x, Tx)

+κ3αθ(y, Sy)dθ(y, Sy). (3.4)
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Proposition 3.7. Every extended B-contraction and extended R-contraction
in an extended quasi b-metric space are an extended A-contraction.

Proof. First, assume that the pair (T, S) is an extended B-contraction. Then
there exist β ∈ [0, 1) and α ∈ (0, 1) such that for all x, y ∈ X, we have

dθ(Tx, Sy) ≤ βmax{αθ(Tx, x)dθ(Tx, x), αθ(Sy, y)dθ(Sy, y)}
and

dθ(Sy, Tx) ≤ βmax{αθ(x, Tx)dθ(x, Tx), αθ(y, Sy)dθ(y, Sy)}.
Define τ : R3 → R+ by τ(ζ, η, %) = βmax{η, %} where β ∈ [0, 1). In addition

(i) If ζ ≤ τ(ζ, η, η), then ζ ≤ βmax{η, η} = βη. Here, we take κ = β ∈
[0, 1).

(ii) If ζ ≤ τ(η, ζ, η), then ζ ≤ βmax{ζ, η}. Because β < 1, we conclude
that max{ζ, η} = η. So ζ ≤ κη. Here, we take κ = β ∈ [0, 1).

(iii) If ζ ≤ τ(η, η, ζ), then ζ ≤ βmax{η, ζ}. Because β < 1, we conclude
that max{ζ, η} = η. So ζ ≤ κη. Here, we take κ = β ∈ [0, 1).

Then, we get τ ∈ A.

Case 1. Taking ζ = αθ(x, y)dθ(x, y), η = αθ(Tx, x)dθ(Tx, x) and
% = αθ(Sy, y)dθ(Sy, y), for all x, y ∈ X, α ∈ (0, 1), then we get

βmax{αθ(Tx, x)dθ(Tx, x), αθ(Sy, y)dθ(Sy, y)}

= τ
(
αθ(x, y)dθ(x, y), αθ(Tx, x)dθ(Tx, x), αθ(Sy, y)dθ(Sy, y)

)
.

On a similar manner:

Case 2. Taking ζ = αθ(y, x)dθ(y, x), η = αθ(x, Tx)dθ(x, Tx) and
% = αθ(y, Sy)dθ(y, Sy), for all x, y ∈ X,α ∈ (0, 1), then we get

βmax{αθ(x, Tx)dθ(x, Tx), αθ(y, Sy)dθ(y, Sy)}

= τ
(
αθ(y, x)dθ(y, x), αθ(x, Tx)dθ(x, Tx), αθ(y, Sy)dθ(y, Sy)

)
.

Consequently, every extended B-contraction is an extended A-contraction.

Next, assume that the pair (T, S) is an extended R-contraction. Then there
exist non-negative numbers κ1, κ2, κ3 with κ1 + κ2 + κ3 ≤ 1, α ∈ (0, 1) such
that for all x, y ∈ X.

dθ(Tx, Sy) ≤κ1αθ(x, y)dθ(x, y) + κ2αθ(Tx, x)dθ(Tx, x)

+ κ3αθ(Sy, y)dθ(Sy, y)
(3.5)

and

dθ(Sy, Tx) ≤κ1αθ(y, x)dθ(y, x) + κ2αθ(x, Tx)dθ(x, Tx)

+ κ3αθ(y, Sy)dθ(y, Sy).
(3.6)
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Define τ : R3 → R+ by τ(ζ, η, %) = κ1ζ + κ2η + κ3%. Then τ is continuous.
Moreover, we have

(i) ζ ≤ τ(ζ, η, η) = κ1ζ + κ2η+ κ3η implies (1− κ1)ζ ≤ (κ2 + κ3)η and so
ζ ≤ κη, κ = κ2+κ3

1−κ1 ∈ [0, 1).

(ii) ζ ≤ τ(η, ζ, η) = κ1η+ κ2ζ + κ3η implies (1− κ2)ζ ≤ (κ1 + κ3)η and so
ζ ≤ κη, where κ = κ1+κ3

1−κ2 ∈ [0, 1).

(iii) Similarly, ζ ≤ τ(η, η, ζ) = κ1η + κ2η + κ3ζ implies that
(1− κ3)ζ ≤ (κ1 + κ2)η and so ζ ≤ κη where κ = κ1+κ2

1−κ3 ∈ [0, 1).

So, we conclude that τ ∈ A.

Case 1. Taking ζ = αθ(x, y)dθ(x, y), η = αθ(Tx, x)dθ(Tx, x) and

% = αθ(Sy, y)dθ(Sy, y)
)

, for all x, y ∈ X and α ∈ (0, 1), then we get

κ1αθ(x, y)dθ(x, y) + κ2αθ(Tx, x)dθ(Tx, x) + κ3αθ(Sy, y)dθ(Sy, y)

= τ
(
αθ(x, y)dθ(x, y), αθ(Tx, x)dθ(Tx, x), αθ(Sy, y)dθ(Sy, y)

)
.

Case 2. Taking ζ = αθ(y, x)dθ(y, x), η = αθ(x, Tx)dθ(x, Tx) and

% = αθ(y, Sy)dθ(y, Sy)
)

, for all x, y ∈ X and α ∈ (0, 1), then we obtain

κ1αθ(y, x)dθ(y, x) + κ2αθ(x, Tx)dθ(x, Tx) + κ3αθ(y, Sy)dθ(y, Sy)

= τ
(
αθ(y, x)dθ(y, x), αθ(x, Tx)dθ(x, Tx), αθ(y, Sy)dθ(y, Sy)

)
.

Hence, we conclude that every extended R-contraction is an extended A-
contraction. This completes the proof. �

Corollary 3.8. Let the pair (S, T ) of self-mappings T and S on a complete
extended quasi b- metric space (X, dθ) be an extended B-contraction, where dθ
is continuous in its variables, α ∈ (0, 1) and θ is bounded by 1

α . Then T and
S have a unique common fixed point in X provided that β < α, where β is the
constant that satisfies condition (1) of Definition 3.6.

Proof. From Proposition 3.7, we know that every extended B-contraction is an
extended A-contraction. Hence by Theorem 3.2, we get the desired result. �

Corollary 3.9. Let the pair (S, T ) of self-mappings T and S on a complete
extended quasi b- metric space (X, dθ) be an extended R-contraction, where
dθ is continuous in its variables, α ∈ (0, 1) and θ is bounded by 1

α . Then T
and S have a unique common fixed point in X provided that κ < α, where
κ = max

{
κ1+κ2
1−κ3 ,

κ1+κ3
1−κ2 ,

κ2+κ3
1−κ1

}
such that κ1, κ2 and κ3 are the constants that

satisfy condition (2) of Definition 3.6.
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Proof. From Proposition 3.7, we know that every extended R-contraction is an
extended A-contraction. Hence by Theorem 3.2 we have the desired result. �

4. Conclusion

Due to the large number of the active research papers and the significant
development of metric spaces in parallel with the generalization of different
type of contractions, we have introduced a new concept called “extended A-
contraction” in the context of extended quasi b-metric spaces. Next, we made
a generalization of the main result presented in [6] by M. Akram et al. Also,
we have provided an example to illustrate and support our main result.

References

[1] M. Abdul Mannan, M. Rahman, H. Akter, N. Nahar and S. Mondal, A study of Banach
fixed point theorem and it’s application, Amer. J. Comput. Math., 11 (2021), 157–174.

[2] K. Abodayeh, T. Qawasmeh, W. Shatanawi and A. Tallafha, εϕ-contraction and some
fixed point results via modified ω-distance mappings in the frame of complete quasi metric
spaces and applications, Inter. J. Electrical Comput. Eng., 10 (2020), 3839–3853.

[3] G. Akinbo, M.O. Olatinwo and A.O. Bosede, A note on A-contractions and common
fixed points, Acta Universitatis Apulensis, 23 (2010), 91–98.

[4] M. Akram and Nosheen, Some fixed point theorems of AG-contraction mappings in G-
metric space, J. Faculty Eng. Tech., 20 (2013), 1-11.

[5] M. Akram and A.A. Siddiqui, A fixed point theorem for A-contraction on a class of
generalized metric spaces, Kor. J. Math. Sci., 10 (2003), 1–15.

[6] M. Akram, A.A. Zafar and A.A. Siddiqui, A general class of contractions: A-
contractions, Novi Sad J. Math., 38(1) (2008), 25–33.

[7] M. Akram, A.A. Zafar and A.A. Siddiqui, Common fixed point theorems for self maps of
a generalized metric space satisfying A-contraction type condition, Int. J. Math. Anal.,
5 (2011), 757–763.

[8] R. Jain, H.K. Nashine and J.K. Kim, Positive solutions for a nonlinear matrix equation
using fixed point results in extended Branciari b-distance spaces, Nonlinear Funct. Anal.
Appl., 27(4) (2022), 709–730

[9] H. Kerim, W. Shatanawi and A. Tallafha, Common fixed point theorem for set-valued
maps on modular b-gauge spaces, Palestine J. Math., 11(3) (2022), 626–635.

[10] A. Mukheimer, N. Mlaiki, K. Abodayeh and W. Shatanawi, New theorems on extended
b-metric spaces under new contractions, Nonlinear Anal.: Modelling and Control, 24
(2019), 870–883.

[11] B. Nurwahyu, Fixed point theorems for cyclic weakly contraction mappings in dislocated
quasi extended b-metric space, J. Funct. Spaces, 2019 (2019), 1–10.

[12] I. Nuseir, W. Shatanawi, I. Abu-Irwaq and A. Bataihah, Nonlinear contractions and
fixed point theorems with modified ω-distance mappings in complete quasi metric spaces,
J. Nonlinear Sci. Appl., 10 (2017), 5342–5350.

[13] T. Qawasmeh, W. Shatanawi, A. Bataihah and A. Tallafha, Fixed point results and
(α, β)-triangular admissibility in the frame of complete extended b-metric spaces and
application, U.P.B. Sci. Bull., Series A, 23 (2021), 113–124.



Common fixed point theorems in extended quasi b-metric spaces 263

[14] A. Rabaiah, A. Tallafha and W. Shatanawi, Common fixed point results for mappings
under nonlinear contraction of cyclic form in b-metric spaces, Nonlinear Funct. Anal.
Appl., 26(2) (2021), 289–301

[15] S. Reich, Kannan’s fixed point theorem, Boll. Un. Math. Ital., 4 (1971), 1–11.
[16] W. Shatanawi, Some fixed point results for a generalized ψ-weak contraction mappings

in orbitally metric spaces, Chaos Solitons and Fractals, 45(4) (2012), 520–526.
[17] W. Shatanawi, On w-compatible mappings and common coupled coincidence point in

cone metric spaces, Appl. Math. Letter, 25(6) (2012), 925–931.
[18] W. Shatanawi, Fixed and common fixed point for mapping satisfying some nonlinear

contraction in b-metric spaces, J. Math. Anal., 7 (2016), 1–12.
[19] W. Shatanawi, Fixed and common fixed point theorems in frame of quasi metric spaces

based on ultra distance functions, Nonlinear Anal.: Modelling and Control, 23 (2018),
724–748.

[20] W. Shatanawi, K. Abodayeh and A. Mukheimer, Some fixed point theorems in extended
b-metric spaces, Sci. Bull., Ser. A, Appl. Math. Phys., Politeh. Univ. Buchar., 80 (2018),
71–78.

[21] W. Shatanawi, A. Bataihah and A. Pitea, Fixed and common fixed point results for
cyclic mappings of Ω-distance, J. Nonlinear Sci. Appl., 9 (2016), 727–735.

[22] W. Shatanawi, T. Qawasmeh, A. Bataihah and A. Tallafha., New contractions and some
fixed point results with application based on extended quasi b-metric spaces, U.P.B. Sci.
Bull. Series A, 83 (2021), 39–48.
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