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SOME BOUNDS FOR THE ZEROS OF POLYNOMIALS

MAHNAZ SHAFI CHISHTI®*, MOHAMMAD IBRAHIM MIR P
AND VIPIN KUMAR TyAcrI®

ABSTRACT. In this paper, we find a bound for all the zeros of a polynomial in terms
of its coefficients similar to the bound given by Montel (1932) and Kuneyida (1916)
as an improvement of Cauchy’s classical theorem. In fact, we use a generalized
version of Holder’s inequality for obtaining various interesting bounds for all the
zeros of a polynomial as function of their coefficients.

1. INTRODUCTION

One of the classical results on the zeros of a polynomial having complex coeffi-

cients is due to Cauchy [5].

Theorem 1.1. All the zeros of the polynomial F(z) = 2" +a, 12" '+ +ai1z+ag
lie in the circle
(1.1) 2| <1+ M,

n—1

where M = max{|a;|}7—,.

Montel [9] and Kuneyida [3] have proved the following result by using the Holder’s

inequality as an improvement of Theorem 1.1.

Theorem 1.2. If F(2) = ap2" +a,_12"" ' +... + a1z +ag is a polynomial of degree
n, then for any p and q such that p > 1,q > 1 with % =1, all the zeros of F(z)
lie in

1
(1.2) 2] < (14 n» M%7,

@
where M = max |-L].
0<j<n—1'9n
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Although various results concerning the bounds for zeros of polynomials are avail-
able in literature [6, 11, 12, 13, 14], but the remarkable property of the bound in
(1.2) which distinguishes it from other such bounds is its simplicity of computations.

Kuniyeda [3] by using Holder’s inequality obtained the following result.

Theorem 1.3. For any p,q € (1,00] with % —i—% = 1, the polynomial G(z) =

2" 4 ap_ 12"+ -4+ a1z + ag has all the zeros in the circle

1
(1.3) 2] < <1+Ag>",

1

n—1 D

where A, = [Z |aj|p] "
=0

Another improvement in this direction was obtained by Mohammad [7] by using

well-known Hélder’s inequality as follows.

Theorem 1.4. If F(2) = ap2" +an_12"" ' +... + a1z + ag is a polynomial of degree

n, then all the zeros of F(z) lie in the circle

(1.4) |z] < [;{1+(1+4ag)5}]q,

_ n An—1n—r—Anan—r—1|p P . ptq __
where oy = {Zr:l \ i | } with p > 1 and 221 = 1.

2. MAIN RESULTS

In this paper, we have obtained certain bounds similar to that in Theorem 1.3 for
the zeros of polynomials as functions of their coefficients. In fact we use a generalized

version of Holder’s inequality [10] to prove the following.

n -
Theorem 2.1. Let P(z) = 2" + > an—jz"7 be a polynomial with non zero coeffi-

j=1
cients, then all the zeros of P(z) lie in
1
(2.1) 2| < max{L(p,q,t), L7 (p,q, 1)},

where ) .
n—1 1 p[n—=1 1 q

L(p,q,t) = [ 'Zo laj] _H‘pt] [ 'Zo la;] _t] ,t €10,1] and
J= J=

ith PEe
p,q € (1,00) with o =1
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The bound in Theorem 2.1 is sharp and the same can be seen for

1
P(z) :z”—ﬁ(z”_1+zn_2+'--+z+1).

Remark 2.2. Taking t = 1 in (2.1), we get all the zeros of P(z) lie in

1
(2.2) |z| < max{L,, L} },
1

n—1
where L =5 (5 [ay1) " & pug € (Loc) with 220 1.
7=0

The bound in (2.2) is due to Q. G. Mohammad [8].

Remark 2.3. Taking t = 0 in (2.1), we get all the zeros of P(z) lie in
n—1 n—1 %

23) < mad Sl (Tlasl) "}
j=0 §=0

The bound in (2.3) is an improvement of a result due to Montel [9].

Example 2.4. Let P(z) = 2*+0.0123+0.012240.012 4 1. Then by Theorem 1.1, all
the zeros of P(z) lie in |2| < 2, whereas if we use Theorem 2.1 with ¢t = 0,p = ¢ = 2,
all the zeros of P(z) lie in |z| < 1.03.

n .
Theorem 2.5. If P(z) = 2" + ) an—j2"7 is a monic polynomial of degree n with
j=1

non zero coefficients, then all the zeros of P(z) lie in

1

(2.4 o< i+ (am0) i

-

n—1 P
where M = max |aj|, A(p,t) = [ > |a]~|1_t+pt] p, 0<t<1landp,qe(1,00)

with p~t + ¢ 1 = 1.

Remark 2.6. For t = 1, (2.4) reduces to a result due to Kuniyeda [3], which in turn

for p = 2 = ¢ reduces to a result due to Carmichael [4], Kelleher [2], and Fujiwara

[1].

Remark 2.7. Taking t = % in (2.4) and letting ¢ — oo, we get the result due to
Cauchy [5].
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Remark 2.8. By taking ¢t — 0" in (2.4), the bound therein takes the form

(25) < [ (%_I\aﬂ)gM]é

=0
-1 a

<[ ()]

n—1
S1+M; if ) gl <1
=0

3 <

<

This shows that the bound in (2.5) is an improvement of the result due to Cauchy [5]
in the case when the sum of moduli of non leading coefficients of P(z) in Theorem

2.5 does not exceed 1.

Remark 2.9. Next by letting ¢ — oo in (2.5), it follows that all the zeros of the

polynomial P(z) in Theorem 2.5 lie in

n—1
] Smax{ijm},

J=0

which is a bound due to Montel [9].

Example 2.10. Let P(z) = 23 + 0.00322 + 0.002z + 1. Then by Theorem 1.1, all
the zeros of polynomial P(z) lie in |z| < 2, whereas by using Theorem 2.5 with
t =0,p = q =2, all the zeros of P(z) lie in |z| < 1.415.

3. PROOF OF THEOREMS

n .
Proof of Theorem 2.1. For a polynomial P(z) = 2" + ) a,—;2""7 with non zero
j=1
coefficients, we have

|P(2)| = |2" + an_12""* + ... + a1z + ag|

1 1 1 1
:|zn{1+an_1—i—an_22+...+a1 —|—a0}]
z z zn—1 P

. 1 1 _1 1
> 2" |1 |an—1] +‘an72|‘z‘2 + ...+ |aq] + |ao|

|2| |zt | 2|
n
=|zr“[1—z

S

Ap—j

zJ
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Using the generalized version of Holder’s inequality [10], for every p,q € (1, 00) with

1 1_1
-+ = =1, we have
p+q ,

1-t 1

I 3]

an,j Ay — j

2J

zJ

e [E]

J:1

P()] > |2 |1 - [Z

=1

[ n 1—t¢ 1. n 1—tdqt 1
1 1 |
= |2|" |1~ [E | lansl t“’t} [E i |an—jl' t] ]

j=1 7j=1

which further gives

e |z|"[1—[2|a |1t+pt]é[ |1~ H e

j:1
|z|”[1—|zn[zwan i +] S ot <1

J=1

Hence it follows that |P(z)| > 0 if

1
|z| > max{L(p,q,t), L~ (p, q,t)},

where

L) = [ 3 low i ] {Zyan =i

Hence it follows that all the zeros of P(z) lie in

1
|z| < max {L(p, q,t), L= (p, Q7t)} )

where

L(p,q,t [Za it t”’t] [Z!an it t}

This completes the proof of Theorem 2.1. O

n .

Proof of Theorem 2.5. Let P(z) = 2" + ) an—j2"7 be a monic polynomial of
j=1

degree n with non zero coefficients. Then we have
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|1P(2)

| =" +ap_12

1 1 1
=|z" {1 t+ap-1-tan25+..ta
z z zn—1

1
> [+ [1 - {|an1|
VA

j=1

2J

n=l4

Ap
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+ a1z + ag‘
1

o

—I—ao—

T lanosl s 4 o 4+ Jar] it + ao]— H
[— An—2|—= al — ap
o Tl et ol

J

Using the generalized version of Holder’s inequality [10], for every p, g € (1, 00) with

1411 weh
p—i-q , we have

r n
n _ An—j
P2 [l |1 30 |2 ]
L j=1
B n
an—j| 1
— n _
= |z|"|1 Z‘Zj‘l—k‘zj‘k
L 7=1
r n 1t ptic 1t qat1 g
An—j |an—;] » Ap— 1 a
> |z2]™ 1 — nJ nJ - —_—
= ‘Z| _ []Zl i <|z1|1_k ; |Z‘7‘k
| |1—t+pt 1 1
m (p—j P |1t
- ‘Z‘ 1- [Z |2 1= t+(1= k:pt] [Z |29 |1~ t+kqt} ]
Take k = 4 q1t+ ,sothat 1 —t+ (1 —k)pt =0 and 1 — ¢ + kqt = q. With this choice

of k, the above inequality takes

IP(2)| > |2]" [1 — ["Z(:)l |aj|1t+pt:|zl>|:

which further for |[z| > 1, M =

[P(2)] > |2

> [2["

max

je{0,1,....n—1} j=
1ot [ & 1 V717
U E
Jj=1 i
Ao 7]

_ - 1
®:%) [ (w”
Jj=1 i

1AM (1 i
-7 ()|

the form
zn: |an,j‘1_t
=1

i

1
n—1 )
o amd 4(p.0) = | 5 Jag!71] gives
=0

|29
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1
This gives |P(z)| > 0, if 1 — A(p, t)M% <|z|41—1> " > 0. That is, if

2 i+ () ] ‘

1
q

q
Hence it follows all the zeros of P(z) lie in |z| < [1 + (A(p, t)) Ml_t] , which
proves Theorem 2.5 completely. U

4. CONCLUSION

The results obtained in this paper give better bounds for the zeros of polynomi-
als as compared to the results available in literature. These results can be further
extended for polynomials with Quaternionic variables and to other fields, hence has
very good scope for further research. Hoélder’s inequality has been used by math-
ematicians to solve various mathematical problems, the application of generalized
form of Holders inequality can serve as a tool for researchers to obtain new results.
Besides, the zero bounds of polynomials has applications in various subjects like

Algebraic Number Theory, Fourier Analysis, Computer Science, Cryptography etc.

ACKNOWLEDGMENT

Authors are highly thankful to the anonymous reviewers and the Editor for their

constructive suggestions and for bringing the paper in the present form.
REFERENCES

1. M. Fujiwara: Ueber die Wurzeln der Algebraischen Gleichungen. Tohoku Math. J. 8
(1915), 78-85

2. S.B. Kelleher: Des Limites des zerosdun Polynome. J. Math. Pure Appl. 2 (1916),
169-171.

3. M. Kuniyeda: Note on the roots of algebraic equations. Tohoku Math. J. 9 (1916),
167-173.

4. R.D. Carmichael & T.E. Mason: Note on the roots of algebraic equations. Bull. Amer.
Math. Soc. 21 (1914), 14-22.

5. A.L. Cauchy: Exercises de mathematique. in Oeuvres 9 (1829), p.122.

6. M. Marden: Geometry of Polynomials. American Mathematical Society, 1949.

7. Q.G. Mohammad: On the zeros of polynomial. Amer. Math. Monthly 72 (1965), 35-38.



42

10.
11.

12.

13.

14.

MAHNAZ SHAFI CHISHTI, MOHAMMAD IBRAHIM MIR & VIPIN KUMAR TYAGI

Q.G. Mohammad: Location of the zeros of polynomials. Amer. Math. Monthly 74
(1967), 290-292.

P. Montel: Sur la limite superieure du module des racines dune equation algebrique. C.
R. Soc. Sci. Varsovie 24 (1932), 317-326.

X. Yang: Holder’s inequality. Appl. Math. Lett. 16 (2003), 897-903.

Z. Rubinstein: Analytical methods in the study of zeros of polynomials. Pacific J. Math.
13 (1963), 237-249.

N.A. Rather, I. Dar & A. Igbal: Generalizations of Enestrom-Kakeya theorem and its
extensions to analytic functions. J. Class. Anal. 16 (2020), 37-44.

N.A. Rather, I. Dar & A. Igbal: On the regions containing all the zeros of polynomials
and related analytic functions. Vest. Saint Petersburg Univ. Math. Mech. Astron. 8
(2021), 331-337.

N.A Rather, M. Shafi & I. Dar: On the Enestrom-Kakeya theorem. Appl. Math. E-
Notes 22 (2022), 660-667.

“RESEARCH SCHOLAR: SCHOOL OF BASIC AND APPLIED SCIENCES, SHOBHIT INSTITUTE OF EN-
GINEERING AND TECHNOLOGY (DEEMED TO BE UNIVERSITY) MEERUT, UTTAR PRADESH-250110,
INDIA

Email address: mahnazchishtil10@gmail.com

PSENIOR ASSISTANT PROFESSOR: DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KASHMIR,
SouTH CAMPUS, ANANTNAG, JAMMU AND KASHMIR, INDIA
Email address: ibrahimmath80@gmail.com

“PROFESSOR: SCHOOL OF BASIC AND APPLIED SCIENCES, SHOBHIT INSTITUTE OF ENGINEERING
AND TECHNOLOGY (DEEMED TO BE UNIVERSITY) MEERUT, UTTAR PRADESH-250110, INDIA
Email address: vipin@shobhituniversity.ac.in



