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NUMERICAL METHOD FOR A SYSTEM OF CAPUTO
FRACTIONAL DIFFERENTIAL EQUATIONS WITH
NON-LOCAL BOUNDARY CONDITIONS

S. JOE CHRISTIN MARY AND AYYADURAI TAMILSELVAN

ABSTRACT. A class of systems of Caputo fractional differential equations
with integral boundary conditions is considered. A numerical method
based on a finite difference scheme on a uniform mesh is proposed. Supre-
mum norm is used to derive an error estimate which is of order k — 1,
1 < k < 2. Numerical examples are given which validate our theoretical
results.

1. Introduction

Differential equations of fractional order have been the point of interest
of many studies due to their frequent appearance in numerous applications
in fluid mechanics, viscoelasticity, biology, physics and engineering. Systems
of fractional differential equations have been extensively used in science and
engineering applications over the past few decades to model complex real-world
problems [3,4,14,17,19,26]. The Caputo definition of fractional order derivative
is used in this paper. The Caputo fractional derivative of order 1 < xk < 2
[6,14,19] of v(x) is defined as

Dfv(x) = ﬁ /Ox(a? — 8) " (s)ds.

It is unfortunate that many of the systems of fractional differential equations
do not have precise analytic answers, consequently approximation and numer-
ical techniques need to be applied for acquiring the solution of such systems.
Various computational methods are used to solve systems of fractional differen-
tial equations for this purpose. For example, Adomian decomposition method
[18,23], the variational iteration method [7], the differential transform method
[8], the homotopy perturbation method [18], the homotopy analysis method
[13], and the fractional natural decomposition method [20].
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Stynes and Gracia [25] proposed a finite difference method for approximating
the fractional derivative two-point boundary value problem and demonstrated
that it is of O(N~(*=1) 1 < k < 2 convergent. The same authors [11] in-
vestigated Caputo fractional differential equations with Robin boundary value
problems using central difference scheme for the convection term. Kopteva
and Stynes [15] used a collocation method to solve the fractional differential
equation that was transformed into a Volterra integral equation to obtain an
approximate solution using a post-processing scheme. In [16], an upwind finite
difference method is suggested to solve a fractional differential equation with in-
tegral boundary condition. Santra and Mohapatra [21,22] recently investigated
fractional order Volterra integro-differential equations as well as time fractional
order partial integro-differential equations of the Volterra type. To solve the
linear/nonlinear systems of fractional differential equations, Daftardar-Gejji
and Jafari [5,12] used the Adomian decomposition procedure, which provides
numerical solution to any order with the desired precision. In [2], a multi-
step Adams method is constructed to solve the system of fractional differential
equations.

Motivated by the works of [16,25,27], we discuss the following class of sys-
tems of fractional differential equations with integral boundary conditions:

) L19(z) = —Dfvi(z) + bi(z)v](z) + crivi(z) + ciov2(2) = fi(x),
Lo0(x) = —Dfvg(x) + ba(x)vh(x) + ca1v1 () + ca2va(x) = fa(z),

where 9(z) = (v1(z),v2(x)), x € D = (0, 1) with integral boundary conditions

@) {3101( )=v1(0)—a1v1(0)=g1, Bioi(1 fo ay(z)vi(z)dz=go,
Bavs(0) =v2(0) —agvh (0) = Bgvg( 1) fo as(x vg(ac)dx 94,

where the functions by (x), by (:10)7 c11(x), ci2(x), ca1(x), coa(x), fi(z), folx)
are sufficiently smooth on D = [0, 1]. Here D” is the Caputo fractional deriva-
tive of order 1 < K < 2. We assume that
(Ay) bj(z)>0,i=1,2,z€ D,
(AQ) 612(1,‘) <0, 021(.’13) <0, 011(1‘)4-612(.73) > 0, co1 (1‘)+622(1‘) >0, zeD,
(As) a;(z) is nonnegative and 1 — fol a;(z)dx >0, i =1,2,
(Ag) a; > L5, i=1,2.
All the above four conditions are necessary for comparision principle.
Notations.
(1) DN = {z 3" and DN = {z;}]"!
(2) C™°(0,1] denotes the space of functions v € C[0,1]NC™(0, 1] such that
[v@ (z)] < C(1 + 2'97%) for i = 0(1)n and z € (0,1] for all positive
integer n and § € (—oo, 1).
(3) C denotes a generic positive constant independent of N. It should be
noted that C' can have different values at different places.
(4) The maximum norm is defined as ||v(2)||c = max lv()].
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The outline of this paper is as follows: In Section 2, maximum principle,
stability result and bounds on the derivatives of the solution are proved. The
numerical method is explained in Section 3. In the same section, the discrete
maximum principle and mesh selection are discussed. The convergence analysis
is discussed in Section 4. In Section 5, two numerical examples are presented
to support our results which demonstrate the effectiveness of the numerical
method presented. Conclusion of this paper is given in Section 6.

2. Maximum principle and derivative bounds

In this section, maximum principle and stability result for the system (1)-(2)
are proved and we derive the estimates for the solution and its derivatives.

Theorem 2.1 (Maximum principle). Suppose that v(z) = (vi,vs), ¥ € CH(D)N
C?7(0,1] satisfies Biv1(0) > 0, Byvi(1) > 0, Bawa(0 ) >0, Baua(1) > 0,
L19(z) > 0 and L39(x) >0, x € D. Then v(x) >0, z € D.

Proof. Define the test function #(z) = (t1(x),t2()) as ti(z) = t2(x) = 1+
a1 + ag + . Then t(x) > 0, Vo € D, Byv1(0) > 0, Byvi(1) > 0, Bav1(0) > 0,
Biva(1) > 0, L1(z) > 0 and La(z) > 0, Va € D.

We define,
- s () e (555 )
£ = max 4 max , max .
zeD \ ti(z) ) zeD \ ta(x)
Then there exists a point x, € D such that
(m(fﬂ)> —or <v2<l“>) —  or both,
tl (,’L‘*) tQ(SU*)
Also, we have (v + pt)(z) > 0, Vo € D. Suppose that theorem is not true.

Then p > 0.
”1> (z«) = p and z, = 0. Therefore (v; + pt1) attains its minimum

Case 1: T
at x,.. Then

0< Bl(vl + ,Otl)(O) = (’01 + ptl)(O) — 041(’01 + ptl)/(O) =0.

Case 2: (2’1> (z) = pand z,. € D. Therefore (vy + pt1) attains its minimum
at x,.. Then

0 < L1(0+ pt)(zs) = — DE(v1 + pt1)(xs) + bi(ze) (01 + pt1) (24)
+ 11 (@) (v + pta) (@) + cra(@s) (v2 + pta)(24).
By Lemma 3.3 of [1], we get D% (vy + pt1)(z.) > 0. Therefore

L1(v+ pt)(zs) < 0.
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1

at x.. Then

Case 3: (*t”l) (z+) = p and z, = 1. Therefore (v; + pt;) attains its minimum

0 < Bi(vi + pt1)(1) = (v1 + pt1)(1) — /0 a1 (z)(v1 + pt1)(x)dz < 0.

In all the above three cases we arrived at a contradiction. Therefore p > 0.
This proves that vi(x) > 0. In the same way, we can prove that va(x) > 0.
Hence o(z) >0,z € D O

Theorem 2.2 (Stability result). Let v(x) be the solution of (1)-(2). Then
vi(z)| < Cmax {[Biv1(0)], |Bivi(1)], [B2v2(0)], [ Bv2(1)], [|£19]|p, [|£20[ D }

VeeD, i=1,2.

Proof. Let C be a constant. We define the barrier functions

dE(z) = CMti(z) +vi(z), v €D, i=1,2,

where M = max {max {IB,w:(0)[}, max {|Bivi(1)]}, max {sup Iﬁivi(f)l}}-
1=1,2 1=1,2 1=1,2 ¢eD

Then for i = 1,2
Bio(0) = ¢ (0) — cip (0)
= CM(l + (651 + Qg — Oéi) + (’Uz(O) — Oéi’l)i(()))
>0

and
Bigif(1) = ¢ (1) — au (1)
— oM {ti(l) - / 1 ai(x)ti(x)dm] 4+ Bvs(1)
>0, 0
by a suitable choice of C'. Furthermore, we get

LigE(x) = —DEpT +bi(2)pt + en(@)ef (2) + c1a (@) ()
=CM [bl (.’13) + (611<.’1?) + 612(.1‘))251(3?)] + Ly (I)
>0

by a proper choice of C'. Similarly, we can prove that £2§0§E($) > 0. By
applying maximum principle, we obtain the required result. O

Theorem 2.3 (Derivative bounds). Let b;(z), c;j(x), fi(x),a;(x) € C™7(0,1],
i,7 = 1,2 for somen € N withn > 2 and 7 < 2 — k. Then, (1)-(2) has a
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unique solution v(z) with v(x) € CY(D)NC™*1(0,1] and DEv(z) € C™27%(0,1].
Further, there exists a constant C such that

‘U(T)(xﬂ < Cifr=0,1,
! T | CxrTifr=2,3,...,n+1.

Proof. From Theorem 2.1 it follows that the problem (1)-(2) has only the trivial
solution o = 0 when f; =0, ¢ = 1,2 and g; = 0, j = 1(1)4. Applying the
arguments as given in Theorem 2.2 of [16], we can prove the problem (1)-(2)
has a unique solution ¥(z) with v(x) € C*(D) and D%¥(z) € C™?~*. Then,
Theorem 3.4 of [25] yields the bounds on the derivative of the solution #(x). O

3. Discrete problem

Let N be a positive integer. The domain D is partitioned into N subintervals
0=29 <21 <---<zy =1 Set a uniform mesh z; = jh with the step size
h=1/N for j =0(1)N.

Discretization of (1)-(2) is: Find V(x;) = (Vi(x;), Va(z;)), x; € DV such that

3) {L{ij) = =D 1, Vi) + ba ) DVa () + enn () Vi) + enn(a)Vala),
LYV (x5) = =Df 1, Va(y) + ba(25) D™ Va(a;) + ca1 () Vi () + can(a;) Valay),

BiVi(xo) = Vl(l’()) — OleJrvl(xO) =q,

N _
BiVi(ew) = Vi(ay) = 3 @l Jrasalhley - g, ) € D,
j=1

(
( =

ByVa(zo) = Va(wo) — ae DT Va(wo) = g3,
(

N _
ByVs fEN) _ V2(93N) _ Z az(zj_1)Vz(mj_;)-k—az(zj)Vz(mj)h = g, V:I}j c DN,
=1

where
Vi(zj11) — Vi(zy) Vi(z;) = Vi(wj-1)
h h

and DY ;_ is the Ly discretization [24] of the Caputo fractional derivative given
by

y1=1,2,

DYVi(z;) = , D7 Vi(z;) =

J—1
DEVi(x;) = m ;wjfl (Vi(zi42) = 2Vi(wi41) + Vi(@1))

with
wi = (=) = (G —1-1)F.

Theorem 3.1 (Discrete Maximum Principle). Assume that the mesh function

W (x;) = (Wi (xy), Pa(x;)) satisfies By (xo) > 0, BiWy(xn) > 0, BaWa(wg) > 0,

BoWy(xn) > 0, LYW (x;) > 0 and LYW (x;) >0, Ya; € DN. Then ¥(x;) > 0,
ij € DV,
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Proof. Let E = (ejl)%\ugl denote the (2N + 2) x (2N + 2) matrix associated

with the discretization of (3)-(4). The structure of the matrix E is as follows:
the 0" row of matrix is

eoo =1+a1h™ ep = —a1h™!, e =0 if 1 =2(1)2N +1,
the N*" row of matrix is

eno = —@h, ent = —hay(z;) if 1=1(1)N -1,

eny =1— (2 )h en; =0 lfl—N-i-l()QN—‘rl,

the (N + 1) row of matrix is

ent1,=0 if I=0(1)N, eny1nv41 =1+ ash ',
EN+1,N+2 = —Ozgh_l, EN+1,0 = 0if =N+ 3(1)2N +1,

the (2N + 1)** row of matrix is

eant11 =0 if 1=0(1)N, eani1N+1 = 7a2(2m0)h7
eaN41,N+141 = —hag(z;) if 1=1(1)N —1, eayt12841 =1 — aQ(IL’N)h’
the j"(j = 1(1)N — 1) row of matrix satisfies
—w, b
€0 = h'fl“(;vj— k) ML 1(;1)’
e SR C
e = —wj_| Jrhilsz?_)”l : Wj_j4+2 bl(];c])(nﬂ niien)

+ njicii(xy),
€j N+l = 012(333')7 EN+1+j5,1-1 = 021(%‘)’
—U)j bg(l‘l)
EN+1+5,N+1 = heT(3 — n) — Nj1 n

—w;_1 + 2w; bo(x bo(x
EN+1+j,N+2 = I L 152 2(22) + i1 <2(1) +022(£L'1)> ,

T3 —r) I I
. _ _ Wi+ 2w i1 — Wji42
N+14j§,N+1+1 AT (3 — 1)

b2($ )
+ hj (NN 4145, N 4141 = IN+145,N+2+1)

+ (N 144N+ 141)c22(25),
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where

)1 ifj=1
it = 0 otherwise,
{j(2n) - (] - 1)(27K)a ] = 13273a' )

Y=o, j<o.

From Section 4.1 of [25] and Theorem 3.1 of [16], we get

€00, eN+1,N+1 > 0, eor,ent1,nvy2 <0,

€0, eN+14j,N+1 < 0 for j =1(1)N — 1,

ej1,eN+14j,N+2 > 0 for j =3(1)N — 1,

€jjr EN+1+4.N+145 > 0 for j = 11N —1,

eji,entit+jN+141 <O0for j=1(1)N -1, and 1 =2,3,...,5— 2,7 — 1,5+ L
From the assumption (A2), we obtain

€j,N+1, EN+1+j,1—1 = 0.

Next, we show that the matrix F is an M-matrix, i.e., all the off diagonal
entries of E are non-positive and there exists a vector @ > 0 such that Eu > 0

([10)).

We define the matrix E’ as
(5) B — TWN-D)p(N=2) ()

where T®*) := (tg’;))ﬁf;’:gl is an elementary matrix with

t(k-) L €k0 EN+1+k,N+1
i = M0 T kMo — — M5, N+1+kTI,N+1-
€00 EN+1,N+1

By the construction of E’,
ey = eji for I > 1 and Vj,
eip=0forj=1,2,...,N -1,

arh™! ash™1
1—eg1+eN+1+gN+2+ T+ oah1 ejo + 1+ agh- TEN+1+4,N+1;

we have for j = 1(1)N — 1,

2N+1 . 2N+1
/ 70
e =R
gl 1 J
1=0 1+ k™ 1=0
€50
= ——————+c11(x;) +ci2(x;) >0
1+ah! ( ]) 2( J) ’
2N+1 2N+1

_ EN4144,N+1
/ — _ AN
Z ENt144,0 = 1+ agh 1 + Z EN+1+44,1
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__ EN+14j,N+1
1+ agh_l
Using Theorem 4.4 of [25] and Theorem 3.1 of [16], we get E’ as an M-matrix
and (E')~! exists with (E’)~! > 0. Then (5) implies that
E~t = (B 'rWN-Dp(N=2) ()

exists and E~! > 0. By the hypothesis, we get ¥(z;) > 0, Va; € D, which
concludes the proof. O

+ CQl(CL'j) + ng(xj) > 0.

4. Convergence analysis
We provide an error estimate for the discrete problem (3)-(4) in this section.

Theorem 4.1. Let v(x;) be the solution of (1)-(2) and V(z;) be the solution
of the discrete problem (3)-(4) on the mesh DV . Then, by the hypothesis of (1)
and the hypothesis of Theorem 2.3, we have

[V (2;) — vi(x;)] < CN~C7Y forall 5 = 0(1)N, i =1,2.
Proof. Let zj = VN (z;) — v;(x;).

The truncation error is defined as Z = (zo, 21, ..., 22n+1)7 . Then,

20 = 1 (v’l (w0) — DTy (o)

)

b

N— —

IN41 = Q3 <v§(m0) — DTy (z0)

TN N a1(T;—1)v1(2;— a1\T;) V1T
ZN:_/ IERI o (2 oa)or (1) anag)on (o)

0 = 2

TN N ] ' 4 .
ZoN+4+1 = 7/ as(z)vs(z)dx + Z az(a:]_l)vz(:vj_12) + ag(x])vg(gcj)h7

xo ]:1

zj = (Bv1); — fi(z)),
aNt1+j = (Bv2); — folzj) for j = 1(1)N — 1.

First, we show that the bounds for the error function |z;|.

Case (i): If j = 0, then
h t
/ (/ vy (s) ds)dt’
0 0

< C«]\jf(nfl)7

] = =
h

from Theorem 2.3.
Case (ii): If j = N, we utilise Theorem 2.3 to deduce that

2] < oW (vmn S vmm)

< CN—(K—1)7
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where x4 < Aj < x5,
Case (iii): If j =2(1)N -1
zj = (Dfvi(x;) — D p,v1(x)) + b () (v)(25) — D™ vi(x;))
=T1(z;) + Ta(x).

These two terms are bounded separately. By using mean value theorem for
integrals, for some p; € (2, x;41), we obtain

J=1 h2—k

T1($j) _ Wj—1 |: ”(01) - Ul(xl+2) - 21/1($l+1) + Ul(l‘j) .

———|v
= T(B—r) [ h2
For [ > 1, we can conclude that

j_l’LU' ll'/"73
T ()] < Vil
Ti(a)l < O3 Ty
"

by again using mean value theorem and the bound on v{’. Now, applying
Lemma 4.5 of [25], we get

Ty ()] < Cj' .
If [ =0, then

h
Ty(a)] < ]ml_) [ = o) as

W
+ ’m[vl(@) —2v1(z1) + U1(x0)]‘.
Using Theorem 2.3 and mean value theorem, we get
(J B 1>1_K w;
T N < C C
‘ l(fE])‘— (/43—1)1—‘(2—163)—'_ F(3—/§)
<C@G-1it
Next,
1 I ° "
|To(z5)| = 7 / / vy (t) dt )ds
S=Tj—1 t=x;
< Chx;ff.

Hence, hj <1 and x > 1 imply that
[To(z))] < O — 1)~
Combining the bounds of Ti(z;) and T>(z;) we obtain
|zj| < C(j — 1) " for j = 2(1)N — 1.

Case (iv): If j = 1, then using the definition of Euler’s Beta function, we have

|71 (z1)] < ﬁ /:(:m — s)1=ryl(s) ds
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| g n(e2) ~ 20 e
CT(2 — m)T(k — 1)
< C.
Now,
[Ba(an)] = o) | 2EL 100

<C,

where we have used mean value theorem. Adding these bounds, we get |21 < C.
Likewise, we can demonstrate for |z;|, j = N + 1(1)2N + 1.
We conclude in all four cases that
CN-G=1 if j =0, N + 1,
Cifj=1,N+2,

6 | <
©) 23] < C(j— 1)1 if j =2(1)N — 1, N + 3(1)2N,
CN-(=1) if j = N 2N.
Define 2’ := (20, 21, 25, - - - » 2y Zhn41) " - Thus,
20 w5 bl(xl)
7 —— J _
@ AT T e {h”l’(?;—m)Jrnﬂ h ]
o ZN+1 w bg(l‘l)
® Ny = AN T {hHF(S ) T |

Multiplying j** equation of (7) and (8) by
(14 a1h™H)A (3 — k) and (14 agh™H)A"T(3 — k)

wj wj

, respectively

we have for j =1(1)N —1

. 14+ a1h HRET(3 — b h*y(3 —
PEICEE e L I i L LR
wj h ’U)j
écv]\/'f(/ifl)7
" (1 + axh ™ HA*T'(3 — k)
INt14g] = ) AN+1+j
Wj
bo(x h5y(3 — K
+[1+77j1 2(hl)' V(wj )]ZNH
< ON~=1),

The desired result follows from (6). O
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5. Numerical exemplification
TABLE 1. Evaluated maximum and uniform errors and their
rates of convergence of Example 5.1 for different values of x
and N.
/N 64 128 256 512 1024 2048 4096 8192
L1 | Vi [1291e01 | 1.280¢-01 | LI85e-01 | 9.860c-02 | 7.330¢-02 | 4873c-02 | 2.927¢-02 | L.63Le-02
: 3.144e-03 | 1.202e-01 | 2.662e-01 | 4.260e-01 | 5.907¢-01 | 7.354e-01 | 8.436e-01
Vo | 1.430e-01 | 1.4116-01 | 1.288¢-01 | 1.065¢-01 | 7.887¢-02 | 5.2146-02 | 3.120-02 | 1.734¢-02
1.9786-02 | 1.305¢-01 | 2.749¢-01 | 4.335¢-01 | 5.971e-01 | 7.406e-01 | 8.473¢-01
L3 | Vi | 7070c-02 4156c-02 | 2.288¢-02 | 1.207c-02 | 6.208¢-03 | 3.1500-03 | L586e-03 | 7.963¢-04
: 7.662¢-01 | 8.611¢-01 | 9.228¢-01 | 9.591e-01 | 9.789¢-01 | 9.893¢-01 | 9.946¢-01
V| 7.0506-02 | 4.105¢-02 | 2.244¢-02 | 1.178¢-02 | 6.047¢-03 | 3.063¢-03 | 1.542¢-03 | 7.736¢-04
7.800¢-01 | 8.712¢-01 | 9.293¢-01 | 9.628¢-01 | 9.809¢-01 | 9.903¢-01 | 9.9519-01
L5 | Vi [5.060c-02 2:728c-02 | 1.420c-02 | 7.254c-03 | 3.666e-03 | 1.842c-03 | 9.238¢-04 | 4.625¢-04
: 8.912e-01 | 9.414e-01 | 9.695e-01 | 9.845¢-01 | 9.922¢-01 | 9.962e-01 | 9.981e-01
Vo | 5.125e-02 | 2.7486-02 | 1.426e-02 | 7.269¢-03 | 3.660e-03 | 1.8436-03 | 9.237e-04 | 4.623¢-04
8.990e-01 | 9.464e-01 | 9.725¢-01 | 9.862¢-01 | 9.932¢-01 | 9.967e-01 | 9.985¢-01
L7 | Vi | 4035c:02] 2.110e-02 | L.0S0e-02 | 5.464c-03 | 2.747c-03 | 1377c-03 | 6.8050-04 | 3.449¢-04
: 9.350e-01 | 9.664c-01 | 9.831e-01 | 9.918¢-01 | 9.962¢-01 | 9.983¢-01 | 9.993¢-01
Vo | 4.156-02 | 2.167e-02 | 1.107e-02 | 5.593¢-03 | 2.8106-03 | 1.408¢-03 | 7.044e-04 | 3.522¢-04
9.392¢-01 | 9.692¢-01 | 9.850¢-01 | 9.930e-01 | 9.971e-01 | 9.990¢-01 | 9.999¢-01
Lo | Vi |3:440¢-027 1.776e-02 | 9.015¢-03 | 4.5400-03 | 2.277¢-03 | 1.140c-03 | 5.703¢-04 | 2.846¢-01
: 9.573¢-01 | 9.786¢-01 | 9.896¢-01 | 9.952¢-01 | 9.981¢-01 | 9.994e-01 | 1.002¢4-00
V2 | 3.607¢-02 | 1.855¢-02 | 9.406¢-03 | 4.733¢-03 | 2.372¢-03 | 1.187¢-03 | 5.935¢-04 | 2.965¢-04
9.592e-01 | 9.801e-01 | 9.908¢-01 | 9.962e-01 | 9.989¢-01 | 1.000e+00 | 1.001e+00
EN [ 1.291¢-01 | 1.289¢-01 | 1.185¢-01 | 9.860¢-02 | 7.339¢-02 | 4.873¢-02 | 2.927¢-02 | 1.631¢-02
rV | 3.144e-03 | 1.2026-01 | 2.662e-01 | 4.260e-01 | 5.907e-01 | 7.354e-01 | 8.436e-01
EY [ 1.430e-01 | 1.411e-01 | 1.288e-01 | 1.065e-01 | 7.887-02 | 5.2146-02 | 3.120e-02 | 1.734e-02
¥ | 1.9786-02 | 1.305e-01 | 2.749¢-01 | 4.335¢-01 | 5.971e-01 | 7.406e-01 | 8.473e-01

In this section, the theoretical results obtained in the preceding section are
tested experimentally. For the following two test problems, the errors and
rate of convergence for the proposed numerical method are provided. For our
numerical solution, we use the double mesh principle [9] to estimate the error
and compute the order of convergence.

Example 5.1.

—Dfv(x) + %3 + 1> vi(x) + 6vi(x) — 2ve(x) =2, z € D,

—vag(l’) +

with the boundary conditions

5+ 1)1}5(36) —2v1(x) + 6va(x) =1.2, z € D,
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0.4 L L L L L L L L L

FIGURE 1. Approximate solutions of Example 5.1 for N = 26
and k = 1.3.
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FI1GURE 2. Error plot of Example 5.1.
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le 5.2.

—Dfvy(x) + (%3 + ) vi(x) + 6v1(x) — 2ua(x) = €*, z € D,
v

L(x) — 2v1(x) + 6va(x) =cosz, x € D,
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TABLE 2. Evaluated maximum and uniform errors and their
rates of convergence of Example 5.2 for different values of k

and N.

k/N 64 128 256 512 1024 2048 4096 8192
11 Vi ] 5.073e-02 | 4.791e-02 | 4.088e-02 | 3.127e-02 | 2.146e-02 | 1.333e-02 | 7.651e-03 | 4.145e-03
’ 8.264e-02 | 2.286e-01 | 3.866e-01 | 5.432e-01 | 6.862e-01 | 8.017e-01 | 8.841e-01
Vo | 1.149e-01 | 1.064e-01 | 8.806e-02 | 6.447e-02 | 4.193e-02 | 2.473e-02 | 1.360e-02 | 7.168e-03
1.108e-01 | 2.733e-01 | 4.498e-01 | 6.206e-01 | 7.615e-01 | 8.620e-01 | 9.247e-01
13 Vi ] 1.909e-02 | 1.046e-02 | 5.506e-03 | 2.827e-03 | 1.433e-03 | 7.214e-04 | 3.619e-04 | 1.812e-04
’ 8.675e-01 | 9.265e-01 | 9.615e-01 | 9.804e-01 | 9.902e-01 | 9.951e-01 | 9.976e-01
Vo | 7.922e-02 | 4.539e-02 | 2.454e-02 | 1.280e-02 | 6.544e-03 | 3.309¢-03 | 1.664e-03 | 8.343e-04
8.033e-01 | 8.872e-01 | 9.389e-01 | 9.681e-01 | 9.837e-01 | 9.918e-01 | 9.959%-01
15 Vi | 1.530e-02 | 7.954e-03 | 4.057e-03 | 2.048¢-03 | 1.029e-03 | 5.157e-04 | 2.581e-04 | 1.291e-04
’ 9.437e-01 | 9.712e-01 | 9.858e-01 | 9.931e-01 | 9.968e-01 | 9.986e-01 | 9.995e-01
Vo ]5.934e-02 | 3.172e-02 | 1.643e-02 | 8.365e-03 | 4.220e-03 | 2.119e-03 | 1.062e-03 | 5.316e-04
9.036e-01 | 9.490e-01 | 9.738e-01 | 9.869e-01 | 9.935e-01 | 9.969¢-01 | 9.985e-01
17 Vi | 1.354e-02 | 6.938e-03 | 3.509e-03 | 1.764e-03 | 8.841e-04 | 4.423e-04 | 2.211e-04 | 1.105e-04
’ 9.653e-01 | 9.831e-01 | 9.922e-01 | 9.968e-01 | 9.990e-01 | 9.999¢e-01 | 1.001e+00
Vo ] 4.896e-02 | 2.549e-02 | 1.301e-02 | 6.574e-03 | 3.302e-03 | 1.654e-03 | 8.279¢-04 | 4.140e-04
9.411e-01 | 9.701e-01 | 9.853e-01 | 9.931e-01 | 9.970e-01 | 9.989¢-01 | 9.998e-01
1.9 Vi | 1.258e-02 | 6.399¢-03 | 3.224e-03 | 1.617e-03 | 8.097e-04 | 4.048e-04 | 2.023e-04 | 1.013e-04
’ 9.760e-01 | 9.887e-01 | 9.952e-01 | 9.984e-01 | 1.000e+00 | 1.000e+00 | 1.000e-01
Va | 4.296e-02 | 2.207e-02 | 1.118e-02 | 5.626e-03 | 2.820e-03 | 1.411e-03 | 7.056e-04 | 3.526e-04
9.609e-01 | 9.808e-01 | 9.910e-01 | 9.962e-01 | 9.988e-01 | 1.000e+00 | 1.000e+00
EpY | 5.073e-02 | 4.791e-02 | 4.088¢-02 | 3.127e-02 | 2.146e-02 | 1.333e-02 | 7.651e-03 | 4.145e-03
Y | 8.264e-02 | 2.286e-01 | 3.866e-01 | 5.432¢-01 | 6.862e-01 | 8.017e-01 | 8.841e-01
E5' | 1.149¢e-01 | 1.064e-01 | 8.806e-02 | 6.447e-02 | 4.193e-02 | 2.473e-02 | 1.360e-02 | 7.168e-03
i | 1.108e-01 | 2.733e-01 | 4.498e-01 | 6.206e-01 | 7.615e-01 | 8.620e-01 | 9.247e-01

FIGURE 4. Approximate solutions of Example 5.2 for N = 26

and the value of Kk = 1.3.
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The exact solution to these examples is not known. The rate of convergence
is calculated using the double mesh principle which is defined as
EY = max [VV(x;) — V*(2;)] and EN = max EY,
z;,€DN K
where V¥ (z;) and V2N (z;) are computed solutions with N and 2N mesh
points. The rate of convergence is obtained from

EN EN
N =log, <E2N> and rV = logQ(—EQN).

EYN and EY in Tables 1 and 2 denote the maximum errors of V; and V, and r{Y
and r denote the order of convergence with respect to V; and Vs, respectively.
The numerical solutions are depicted in Figure 1 and Figure 4. The error plots
of Examples 5.1 and 5.2 are given in Figure 2 and Figure 5. Figures 3 and 6
depict the loglog plot of the maximum pointwise errors for the solutions V; and
V5 of Examples 5.1 and 5.2.

6. Conclusion

We used the finite difference scheme on a uniform mesh to solve a class of sys-
tems of fractional differential boundary value problems with integral boundary
conditions. Two examples are provided to demonstrate the validity of the nu-
merical method we have proposed. We have proved that our numerical method
is of the order of Kk — 1, 1 < Kk < 2, as seen in Table 1 and Table 2. The
error plot in Figures 2 and 5 shows that as N increases, the maximum errors
decrease. The loglog plot in Figures 3 and 6 validates our theoretical error
bound which is of O(N~(*~1). We are working on a numerical method for the
class of fractional differential equations with integral boundary conditions for
Caputo fractional derivative of various orders.
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