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GEOMETRIC INEQUALITIES FOR
WARPED PRODUCTS SUBMANIFOLDS IN
GENERALIZED COMPLEX SPACE FORMS

MoHD AQuiB, MOHD AsrLAaM, MICHEL NGUIFFO Boyowm,
AND MOHAMMAD HASAN SHAHID

ABSTRACT. In this article, we derived Chen’s inequality for warped prod-
uct bi-slant submanifolds in generalized complex space forms using semi-
symmetric metric connections and discuss the equality case of the in-
equality. Further, we discuss non-existence of such minimal immersion.
We also provide various applications of the obtained inequalities.

1. Introduction

Since the celebrated theory of J. F. Nash of isometric immersion of a Rie-
mannian manifold into a suitable Euclidean space gives very important and
effective motivation to view each Riemannian manifold as a submanifold in a
Euclidean space, the problem of discovering simple basic relationships between
intrinsic and extrinsic invariants of a Riemannian submanifold becomes one of
the most fundamental problems in submanifold theory. The main extrinsic in-
variant is the squared mean curvature, and the main intrinsic invariants include
the classical curvature invariants: the Ricci curvature and the scalar curvature.

Apart from Hermitian geometry, the theory of product manifolds has impor-
tant physical and geometrical aspects. In physics, the spacetime of Einstein’s
general relativity could be considered as a product of 3-dimensional space and
1-dimensional time, both having their metrics, thus its topology is generated
by the metrics of these spaces. There are also nice applications of product
manifolds in Kaluza-Klein theory, brane theory and gauge theory. In 1969, R.
L. Bishop et al. [5] introduced a generalized case of Riemannian product mani-
folds to study manifolds of negative sectional curvature called warped product
manifold. They defined warped products as follows:

Let us consider a Riemannian manifold M; of dimension n; with Riemannian
metric g1, Ms of dimension ne with Riemannian metric go and o be positive
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differentiable functions on M;. Consider the warped product manifold M; x M,
with its projections ¢1 : My x My — Mj and 1o : My X Ms — Ms. Then, their
warped product manifold M = M; X, My is the product manifold equipped
with the structure

9(X,Y) = g1(t1: X, 11.Y) + (00 11)g2(12:. X, 12.Y)

for any vector fields X,Y on M, where * denotes the symbol for tangent maps.

Due to its usefulness, many research article has been published in this area
[6,7,9-12,14,16,19].

On the other hand, as a generalization of the complex space form Tricerri
and Vanhecke [18] introduced the notion of generalized complex space form.

Afterwards, many interesting results have been proved in this ambient space
[1,3,4,15,17].

In this article, our main aim is to obtain Chen’s inequality for warped prod-
uct bi-slant submanifolds of generalized complex space forms endowed with
semi-symmetric metric connections. We also obtained various application of
the derived results.

2. Preliminaries

Let J and g be an almost complex structure and a Riemannian metric on
an almost Hermitian manifold M, respectively. Then, M is said to be:
e a nearly Kaehler manifold if (VxJ)X = 0.
e a Kaehler manifold if V.J = 0 for all X € TM, where V is the Levi-
Civita connection of the Riemannian metric g.
e a generalized complex space form, denoted by M(fi, f2), if the Rie-
mannian curvature tensor R satisfies

R(X,Y)Z = fi{g(Y.2)X — g(X,Z2)Y}
+ fo{g(X, J2)JY — g(Y,JZ)JX +29(X,JY)JZ}

for all X,Y,Z € TM, where f; and f, are smooth functions on M(f1, f2).

Let M-™ be an almost Hermitian manifold and M™ be a submanifold 37°"
with induced metric g. Let V be an induced connection on the tangent bundle
TM and V* be an induced connection on the normal bundle T+M of M.
Then, the Gauss and Weingarten formulas are given by

VxY =VxY +h(X,Y),
VxN=-AyX + V%N,
where X, Y € TM, N € T+*M and h, Ay are the second fundamental form
and the shape operator, respectively.
The relation between the shape operator and the second fundamental form
is given by



GEOMETRIC INEQUALITIES FOR WARPED PRODUCTS SUBMANIFOLDS 181

for vector fields X,Y € TM and N € TLM.i
Let R and R be the curvature tensors of M(c) and M, respectively. Then,
the Gauss equation is given by

R(X,Y,Z,W) = R(X,Y,Z,W)
(1) +g(h(X7 Z),h(Y,W))—g(h(X, W)7h(Y7Z))7

X Y. ZWeTM.

The notion of the semi-symmetric linear connection was introduced by Fried-
mann and Schouten [13]. If w is the 1-form given by w(X) = ¢g(X,U) for any
vector fields X,Y,U € T'M and the torsion tensor T of a linear connection
satisfies the relation

T(X,Y) = w(y)X —w(X)y,
then such a linear connection is said to be semi-symmetric. If a semi-symmetric
connection satisfies

Vg =0,

then it is said to be a semi-symmetric metric connection V. ~ o
Further, with respect to semi-symmetric metric connection V on M(c) the
curvature tensor R can be written as

R(Xv Yv Z7 W) = R(Xv Y7 27 W) - O[(Y, Z)g(Xv W)
(2) + (X, Z2)g(Y, W) — a(X, W)g(Y, W) + oY, W)g(X, Z)
for any X,Y, Z, W € TM, where « is a (0, 2)-tensor field defined by

a(X, V) = (Vxw)Y —w(X)wY + %w(P)g(X, Y)

forall X, Y € TM.
_Let M be an n-dimensional submanifold of a generalized complex space form
M(f1, f2) of complex dimension m. Then, we know that

JX = PX + QX,

where P and @ are the tangential and normal components of JX, respectively
and X € TM.
It should be noted that:

e The submanifold is said to be an anti-invariant submanifold if P = 0.
e The submanifold is said to be an invariant submanifold if Q = 0.

Let {ej,...,en} be an orthonormal basis of the tangent space TM of M. Then,
the squared norm of P at p € M is defined by

IPIP =) g*(Jeires).

ij=1

Let # C T, M at a point z € M be a plane section. If {e1,...,e,} is the
orthonormal basis of T, M and {e,41,...,€2,} is the orthonormal basis of
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T M at any x € M, then the sectional curvature K(7m) of a Riemannian
manifold M is given by

T(z) = Z K(e; Nej),
1<i<j<n
where 7 is the scalar curvature. On the other hand, the mean curvature vector
field H on M is given by

n

H= - Zg(h(ei, ei)).
i=1
Definition. A submanifold is said to be a minimal submanifold if the mean

curvature vector H vanishes identically, that is H = 0.
We also recall the definition of slant submanifolds.

Definition ([11]). Let M?™ be an almost hermitian manifold. Then, a sub-
manifold M™ of M?™ is said to be slant if for each given point z € M™ and for
any non-zero vector X € T, M, the angle §(X) between JX and T, M is free
from the choice of X.

Definition ([19]). Let M?™ be an almost hermitian manifold. Then, a sub-
manifold M™ of M2?™ is said a bi-slant submanifold if there exists a pair of
orthogonal distributions D; and Dy such that
(i) TM™ = D; @ Dy,
(ii) JD1 L Dy and JDy L Dy;
(iii) For ¢ = 1,2, each distribution D; is slant with a slant angle 0;.

Indeed, bi-slant submanifolds englobe not only slant submanifolds but semi-
slant submanifolds, hemi-slant submanifolds, CR~-submanifolds also. The first
author assembled it in the following table [2]:

Table 1. Definition

M M Dy D, 01 02
S.N.
(1) | M | bi-slant slant slant slant angle | slant angle
(2) | M | semi-slant | invariant | slant 0 slant angle
(3) | M | hemi-slant | slant anti- slant angle | &
invariant
4 | M |CR invariant | anti- 0 5
invariant
(5) | M | slant either D1 =0 or D=0 | either 61 =0>=0 or 01 =02 # 0

Further, a slant submanifold is said to be
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e invariant if the slant angle 6 = 0.
e anti-invariant if the slant angle § = 7.
e proper slant if the slant angle 6 € (0, 7).

Furthermore, since M™ is a bi-slant submanifold, we define an adapted or-
thonormal frame as:
n = 2d; + 2dy follows
{e1,e2 =sect1Py,... e0a, 1,624, =seCt1 Py, ... €24, 11,
e2dy+2 = sectaPead, 41, - -, €2d,42ds—1, €2d1+2d, = 5€C 02 Pog, 424, 1}

Then, by setting g(ey, Jes) = —g(Jeq, e2) = —g(Jeq,sec b Pey), one can obtain
gle1, Jes) = —secb1g(Pey, Peg). Following ((2.8) in [12]), we get g(e1, Jea) =
cos f1g(e1, es). This implies
9 cos?f; foreachi=1,...,2d; —1,
g (e’i’ Jej) = 2 .
cos® @y for each j=2dy +1,...,2d; +2ds — 1.

Hence, we have

n

Z gQ(Jei7ej) = (n1 cos? 01 + ny cos? 6y).

i,j=1

Now, we recall the following well-known algebraic lemma for later use.
Lemma 2.1 ([10]). Forn > 2, let a1, ...,an,b be real numbers such that

n 2 n

(Zai) —(n- 1)(Zag —i—b).

i=1 i=1

Then 2ayas > b with equality holding if and only if
a1 +ax =a3 ="+ = Qp.

Finally, we conclude the section with the following relation between sectional
curvature and Laplacian of warping function for warped product by B. Y. Chen
[8]. According to him, we have

A
(3) > Y Kleine) =nm=" =ns(A(no) —[|Vol?),
1<i<n) m+1<j<n 7

where A is the Laplacian operator.

3. Chen’s inequality for warped product submanifolds in
generalized complex space forms

In this section we state and prove the main result of the article. More
precisely we have the following result.
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Theorem 3.1. Let M2m<0) be the generalized complex space form and ¢ :
M"™ = M{" x, M3? — M?™(c) be an isometric immersion of warped product
bi-slant submamfold into M*™(c). Then,

(4) ne—- < — ||7—l||2 +ningfr + A — f?(i’ml cos? 01 + 3ns cos 92)

where A denotes the trace of o and 61 and 05 are slant functions along My and
My, respectively. The equality case holds in (4) if and only if ¢ is a mized
totally geodesic isometric immersion and the following satisfies

Ho _m
Hy  ny’
where H1 and Ha are the mean curvature vectors along M and M3?, respec-
tively.
Proof. From (1), (2) and the Gauss equation with respect to the semi-symmetric
metric connection, we have
= f{9(YV, 2)X — g(X, 2)Y'} + fo{9(X, JZ)JY
—9(Y,JZ)JX +29(X,JY)IZ} — a(Y, Z)g(X, W)

Putting X =W =e¢;, Y = Z = ¢j, i # j and by summing after 1 <4,j <n, it
follows from the previous relation that

27 = fln(n — 1) + fo (3n1 cos? 01 + 3ns cos? 92)
(5) +2(n — DA+ n?[[H]]? — ||h]>.
Let us assume that

0 =271 — fln(n — 1) — f2 (3TL1 COS2 91 + 3712 COS2 02)
2
n
0 —2(n— DA~ P
Then, we derive from (5) and (6) that
(7) n?|[H||* = 2(5 + [[*).
Thus, with respect to the chosen orthonormal frame, (7) takes the form

(Zh"+1)2:2{5+§:h"“ P S S )

i#] r=n+24,j=1

If we substitute a1 = A{f", ax = Y2, AT and ag = Y L i, the
above equation reduces to

(iai)Z—Q{é—kgaf—k > (hpthy? Z Z

i=1 1<i#j<n r=n+21i,j=1
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DL Ve

2<j#k<niy ni+1<s#t<n
Thus ay, as, ag satisfy the lemma of Chen (for n = 3), that is,
3 2 3
(Zai) :2(b+2af).
i=1 i=1

Then 2aja2 > b with equality holding if and only if a; + a2 = a3. In the case
under considering, this means

RTINS S

1<j<k<n, ni+1<s<t<n

® Sl e Y Y
-2

1<a<B<n r=n+2 a,f=1

Equality holds if and only if

ni n
(9) ZhZ—H _ Z h?{H.
=1 t=ni1+1

Again using the Gauss equation, we have

(10) ng% =7— Z k(ej Neg) — Z k(es Aet).

1<j<k<n ni1+1<s<t<n
Combining (3), (8) and (10) yields the following relation
A
ng—a =7 %nl (n1 — 1) — 3n4 fo cos? 6,
o

LA = 3 S (W — ()

r=n+11<j<k<n;

— %ng (n2 — 1) — 3na fa cos? Oy

(11) — (nz — 1)\ Z o (W = (05)?).
r=n+ln;+1<s<t<n

Taking into account (8) and (11), we find
Ao f1

ng— < 7 — —n(n — 1) +ninaf1 — (ng — 1A
o

— (ng — 1)A — 3nq fz cos? 01 — 3na fo cos? Oy — g

Using (6) in the above equation we obtain

A
nzl < erHH —|—n1n2f1 (2ﬂ—3)/\
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fo

-3 (31 cos? 0, + 3ny cos? 02),

which is the required inequality.
From (8) and (9), we conclude that the equality in (4) holds if and only if

2m  na 2m n
YD k=) Y =0,

r=n+1 i=1 r=n+1t=n1+1

and n1Hi = neoHo are partially mean curvature vectors on My and M3?,
respectively.
Moreover from (8), we obtain

hgﬁzo,v1gagn1,
n+1<p<n,
n+1<r<2m

and the converse is also true in case of warped product bi-slant submanifolds
into the generalized complex space form. This concludes the proof of the result.
O

An immediate consequence of Theorem 3.1 is the following.

Corollary 3.2. Let ]\;IQm(c) be the generalized complex space form and ¢ :
M"™ = M" x,M3? — M?™(c) be an isometric immersion from warped product
submanifold into M?™(c). Then we have the following inequalities:

Table 2.

SN.| M(fr,f2) [ M Inequality
(1) | M(f1, f2) | semi-slant

2
n2% < "THHW + ninafi + A — %(n1 +
n2c05292),

(2) | M(f1,f2) | hemi-slant .
net2 < ZHIP 4+ manefi + A -

% ?n1 cos? 91) s

(3) | M(f1,f2) | CR

2
ng > < nT”H”Q +ninafi + A — nl%,
(4) M (f1, f2) slant .
na 2% < 2 ||H|]? +ninafi + A — 22 (ncos® 6),
(5) | M(fr,f2) | invariant .
nofe < || M + nanafi + A — 3n1 &2,
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SN.| M(fi,f) | M Inequality
© | M(h fo) | ant 2
invariant ng% < %||7—[||2 + nina f1 +)\—3n2f72,

Since we know that if M™ is a compact oriented Riemannian submanifold
without boundary, then we have the formula with respect to the volume element
dv:

(12) AcdV = 0.
Mﬂ,

Hence, as a consequence we obtain the following result.

Theorem 3.3. Let ¢ : M™ = M[" x, My?* — M?™(c) be a compact oriented
warped product bi-slant submanifold in the generalized complex space form.
Then, M™ is simply a Riemannian product if and only if

2f2

4
(13) H’H||2 > F(Snl cos? 01 + 3ng cos? 92) — n—nlngfl + A

2

Proof. We consider the warped product bi-slant submanifolds as a compact
oriented Riemannian manifold without boundary. If the inequality (4) holds,

n2(A(lno) — ||Vol[?)
2
< nz||7'l||2 +ningfi + A — %(3711 cos® 0y + 3ny cos® ).

Since M™ is a compact warped product submanifold, then from (12), we
obtain

n

/Mn (—n2\|vlg|‘2)dv < /Mn E Z(hZH)2 Fnnafy 4 A

i=1
(14) — %(3711 cos? 0] + 3ns cos? 92)} dV.
Now, let us assume that M™ is a Riemannian product and the warping function
o and o9 must be constant of M™. Then, from (14), we obtain the inequality
(13).
Conversely, suppose that the inequality (13) holds. Then from (14), we
obtain

0< / (ns]|Val||)dV < 0.

The above condition implies that ||[Vo||> = 0. This means that o is a constant
function on M™. Hence, M™ is simply a Riemannian product of M"* and MJ'?,
respectively. Thus, Theorem 3.3 is proved. ]

From the above theorem we have the following result.
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Corollary 3.4. Let o : M™ = M x, M3? — M?™(c) be a compact oriented
warped product bi-slant submanifold in the generalized complex space form.
Then, M™ is simply a Riemannian product if and only if

Table 3.

(fi, fo) | M Inequality
(f1, f2) | semi-slant

=l =l

||H||2 > 6f2 (Tll +no cos? 92) —|—/\—f—2n1n2f1

(2) | M(f1,f2) | hemi-slant
||H||2 > 6f2n1 cos? 01+ X\ — %nlngfl
(3) | M(f1,f2) | CR
_ [|H]|? 26f2n1+)\—7;%n1n2f1
(4) | M(f1, f2) | slant

[[H||? > 3fancos? 0 + N — “bnina fi

n2

(5) | M(f1, f2) | invariant
I[H|[2 > 3fan+ A — Zningfi

n2

(6) | M(f1,f2) | anti-
invariant [H|]> > X\ — Lninofi

Let ¢ be a positive differentiable C'*°-differentiable function. Then the Hes-
sian tensor of function ¢ is a symmetric 2-covariant tensor field on M™ defined
by

H? : X(M) x X(M) — F(M)
such that
H*(X,Y) = Hf, X'Y7
for any X,Y € X(M), where Hfj can be expressed by
o OO 5y 00
Y Qx;0x, 9 Oay,

Let us assume that ¢ = Ino. Then as a consequence of Theorem 3.1 and the
above relation, we conclude the following result.

Theorem 3.5. Let ]\~42m(c) be the generalized complex space form and ¢ :
M"™ = M{" x, M3? — M?™(c) be an isometric immersion of warped product
bi-slant submanifold into M?™(c). Then,
traceH®

o

n2
n2
4

The following corollary follows from Theorem 3.5.

< —||H||? +ninafi + X — %(Snl cos® 01 + 3ny cos® 6).
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Corollary 3.6. Let MQm(c) be the generalized complex space form and ¢ :
M"™ = M" x, M3? — M?*™(c) be an isometric immersion from warped product
submanifold into M?™(c). Then we have the following inequalities:

Table 4.

S.N. | M(fi,f2) | M Inequality
M(f1, f2) | semi-slant . ,
TLQ*”QCEH < %HHHQ + n1n2f1 + A=

% (nj + ng cos? 02),

(2) | M(f1, f2) | hemi-slant . )
n2% < nTHHHZ +ninafi + A —
%(m cos®6y),

(3) |M(fi.f2) | CR . s
TLQM S %H’HHZ + n1n2f1 + A —

34"
niYy*,

(4) | M(f1, f2) | slant . ,
nQ% < %HHHQ + nnofi + A —
3f2

=2 (n cos? 9),

(5) | M(f1, f2) | invariant . ,
ngtracl™ < |12 4+ nanafi + A —

o

_ 3”1%;
(6) | M(f1,f2) | anti- " 2
invariant TLQ% < ”TH’HHZ +ninafi + A —
37’12%,

4. Non-existence of warped product submanifolds in generalized
complex space forms

In this section we obtain the obstruction to the minimal immersion of warped
product submanifolds in the generalized complex space forms.

Theorem 4.1. For ¢ : M"™ = M" x, My?> — M?™(c), if
A
ng—a >ningf1+ A — %(3711 cos? 01 + 3ns cos? 92),
o

then M™ cannot be minimally immersed in M?*™(c).

Proof. From Theorem 3.1 and the definition of minimality, we have the required
non-existence result. U

Theorem 4.1 gives the following result.

Corollary 4.2. For ¢ : M" = M x, My? — M?*™(c), if
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Table 5.
SN. | M(f1,f2) | M Inequality
(1) | M(f1, fo) | semi-slant
nQ% > nmngfi + A — %(3711 +

3ny cos? 6;)

(2) | M(f1,f2) | hemi-slant

ng% >ningfi + A — %3711
(3) | M(f1,f2) | CR

HQ% >ningfi + A — %3”1
(4) | M(f1, f2) | slant

ny 22 > ningf1 + A — %E’mcos2 %

a

(5) | M(f1, f2) | invariant
n28% > ninafi + A — %Sn

a

(6) M(fl, f2) anti-
invartant ne2s > ny nafi + A

g

then M™ cannot be minimally immersed in M>*™(c).

Proof. From, Table 1 and the definition of minimality, we have the required
non-existence result. (]

Further, from Theorem 3.3 and the definition of the minimality we have the
following non-existence result.

Theorem 4.3. For p: M" = M x, M2 — M?>"(c), if
ﬁ<§(cos201+cos292) ( 3n? )17
fo 2% ng ni fa

then M™ cannot be minimally tmmersed in ]\Zf2m(c).

2n1n2

Proof. From, Theorem 3.3 and the definition of minimality, we have the re-
quired non-existence result. ([

Theorem 4.3 yields the following.

Corollary 4.4. Let o : M™ = M x, M3? — M?™(c) be a compact oriented
warped product submanifold in the generalized complex space form. If

Table 6.

(fi, fo) | M Inequality

(f1, f2) | semi-slant ] ]
f 3 1 2] 3 A
Loi( e (322

fi 3 cos? 6, 3n? A
f2 < 2 n2 +< >f2

M
M

(2) | M(f1, f2) | hemi-slant

2n1n2
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(fi,fo) | M Inequality
(f1,f2) | CR

NS

(4) | M(f1, f2) | slant ; ,
3 2 3 A
_ ]T; < 4n1nn cos™ 0 + <2n?n2)ﬁ
(5) | M(f1, f2) | invariant
S < 3n + ( 3n? )A
. f2 4Aning 2ning ) f2
(6) | M(f1,f2) | anti- ,
invariant fi< (22?n2>/\
then M™ cannot be minimally immersed in M?*™(c).
Proof. From Theorem 4.3 with Table 1, we obtain the required result. O

Theorem 3.5 yields the following obstruction result.

Theorem 4.5. Let ]\;[2’”(6) be the generalized complex space form and ¢ :
M™ = M"™ x5 My? — M?™(c) be an isometric immersion of warped product
bi-slant submanifold into M?™(c). If

traceH?
no L S e i+ A — %(3”1 cos® 01 + 3ng cos” b)),
ag

then M™ cannot be minimally immersed in M?*™(c).

Proof. The application of the definition of minimality to Theorem 3.5 yields
the required result. O

The following corollary follows from Theorem 3.5.

Corollary 4.6. Let ]\;[fm(c) be the generalized complex space form and ¢ :
M™ = M x, My? — M?™(c) be an isometric immersion from warped product
submanifold into M*™(c). If

Table 7.
S.N.| M(fi,f2) | M Inequality
(1) | M(f1, fo) | semi-slant
nQﬁtrage]HW > n1n2f1 + A\ — %(Th +
Ny cos? 92) ,
(2) | M(f1,f2) | hemi-slant
ng LGC;Hd) > n1n2f1 + A =
. % (m cos? 91),
®) | M. f2) | CR 4,
ng P > pyng fy 4 X — Tll%,
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S.N.| M(fi,f2) | M Inequality
(4) | M(f1,f2) | slant

¢
ng tracell” ~ o ing fi 4+ X — % (n cos? 9) ,

a

(5) | M(fi, f2) | invariant

t H?
ng U= > nyng f1 + A —3711%,

(6) | M(f1,f2) | anti-

. . ¢
invartant nQ% >ningf1+ A — 31@%,

Proof. Making use of Table 1 in Theorem 4.5, we have the required result. [
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