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TWO-WEIGHTED CONDITIONS AND
CHARACTERIZATIONS FOR A CLASS OF MULTILINEAR
FRACTIONAL NEW MAXIMAL OPERATORS

RuIl L1 AND SHUANGPING TAO

ABSTRACT. In this paper, two weight conditions are introduced and the
multiple weighted strong and weak characterizations of the multilinear
fractional new maximal operator M g are established. Meanwhile, we
introduce the S5,y 3(¢) and B,y 3(¢) conditions and obtain the char-
acterization of two-weighted inequalities for M, g. Finally, the relation-
ships of the conditions Sz ¢),5(¢), Ap,q),8(#) and B(z,q) g(¢) and the
characterization of the one-weight A ) 5(¢) are given.

1. Introduction and main results

In 1974, Muckenhoupt and Wheeden first introduced the A, 4y (R™) weights
and studied weighted estimates of fractional type operators in [12]. In 2010,
a class of multiple fractional type weights A4 (R") was defined by Chen
and Xue in [4] and the strong and weak type multiple weighted estimates
of the multilinear fractional maximal operator M, were given, here J =
(W1,wa, ..., wm) € Agpq) (R™) if and only if
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1
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1 / ( 1 / —p! ) P;

sup | — w; | dzx — [ w; ‘dx < 00,

Qe \ Q| Q };[1 ]‘:[1 Q) Q
where Q denotes the family of all cubes on R™ with sides parallel to the axes.
Simultaneously, the multiple fractional type weights Az q)(R") were also in-
vestigated independently by Moen in [10]. In order to study the two-weighted
inequality for the multilinear fractional maximal operator M,, the following
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A(p,q) condition was also defined in [10]

1

1
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[&,v]4,.., = sup |Q|~Ta "7 </ de) (/% ldx) < 00.
70 Qeo Ql Jg ZI:II QI Jg

It is proved that the Az o) condition characterizes the boundedness of M,, from
LP(wy) x LP2(wq) X + -+ x LPm(wy,) to LT (v). Since then, the two-weighted
problem has been studied extensively, for example see [7,14,15]. In 2016, a
multilinear analogue of Sawyer’s two-weight test condition was given by Li and
Sun to warrant the boundedness of M,, as follows in [9]

1

q
[(I}»,V]S(ﬁ,q) = sup (/ Mo (o1XQ,02XQ; - - .,omXQ)ql/dx>
Q

QeQ
m ) -1
X (Hai(Q)Pz) < 00,
i=1
where o; = wil_pi (i =1,2,...,m). In the same year, in order to obtain the

strong boundedness of M,, Cao and Xue gave the following Bz, condition

in [1]
(@, V] sup Q|a+l_1< ! /udx)é ﬁ ! /wdx
s VIBig = B B 7all i
w0 = ok @l o a1 J,
1 e
X exp —/ log | |w;, "dz | < oo.
<|Q| Q };[1 )

In 2012, the new maximal operator M, was introduced by Tang in [17] to
investigate the weighted LP inequalities for the pseudo-differential operators
with smooth symbols and their commutators

1
MoS0) = s i J, ok
where ¢(t) = (1 +1t)” for ¢ > 0 and v > 0, and the supremum is taken over all
the cubes Q). Now, we consider the following fractional new maximal operator
in [6]
1

Moo= 20 T J, ks
where 0 < 8 < 1 and the supremum is taken over all the cubes Q. As 5 =0,
we denote M, o by M, for simplicity, which is just the new maximal operator.
Obviously, as ¢(|Q|) = 1, My, f(x) =: M f(z) is called the Hardy-Littlewood
maximal operator.

Recently, to study the weighted norm inequalities for M, g, Hu and Cao
introduced a class of new weight function A, 5(¢) in [6], which included the
classical Muckenhoupt weight A,(R™) in [11]. Let w be a locally integrable
function on R™ which takes values in (0,00) at almost everywhere. We say



MULTILINEAR FRACTIONAL NEW MAXIMAL OPERATORS 197

that w € A, 5(p) with 1 < p < oo and 0 < § < 1 if there exists a constant
C > 0 such that for every cube @,
1

W </Qw($>dx) (/Qw(w)l‘p’dw) geye

Also, w belongs to A; g(¢) (0 < 8 < 1) means

i .
—————— | w(z)dz < Cw(x).
(e(QDIQD*™F Jq
To study the two-weighted inequalities of M, g in the multilinear setting,
we first give the following definition of the multilinear fractional new maximal
operator.

=

Definition 1.1. Let f: (f1, f2,-.., fm) be a collection of locally integrable
functions and 0 < 8 < 1. Then the multilinear fractional new maximal operator
is defined by

@B(JF = Ssup H |Q| |Q| 1 ﬁ/ |fz yz ‘dyzv

TEQEQ i— 1

where Q = Q(z,r) is denoted as a cube with sides parallel to the axes, x and r
denote its center and side length, and the supremum is taken over every cube

Q.
Remark 1.2. As B =0, My is called the multilinear new maximal operator
and will be denoted by M., which was introduced by Pan and Tang in [13].

Also, as ¢(|Q]) = 1, M (f)( ) =: /\/l(f)(:c) is said the multilinear maximal
operator (see [8]). Notlng that if 8 = -2 (0 < a < mn) and ¢(|Q|) = 1, then

M s ()(x) = Ma(f)(z) is just the multlhnear fractional maximal operator
in [4].

Next, we introduce a class of new multiple weight functions A4y ().

Definition 1.3. Let 0 < 8 <1, & = (w1, wa,...,wy) and p'= (p1,P2,- -, Dm)
such that 1 < py,p2,...,pm < 00. Suppose that % = p% + p% +--+ p% and
q > 0. Then & is said to satisfy the Az,q)5(¢) condition if

s <<|Q|>|Q|/ (HM) )é

T (aapias o ae) " <=

where (W fQ pzdx)7 in the case p; =1 (: = 1,2,...,m) is un-

derstood as (infg w;)~!
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Remark 1.4. In one-weight case, it’s obvious that A q)(R™) C Agzq),8(0)-
Specially, if m = 1, 8 = 0, and ¢(|Q|) = 1, then the A4 5(¢) condition
will be degenerated to the classical A, 4)(R™) condition in [12]. Thus, the new
multiple weights Az 4) 3(¢) are natural generalizations of the multiple weights
Apq)(R™) (see [4]) and the classical A, 4)(R™) weights (see [12]).

Now, we introduce the following two-weight conditions to study the charac-
terization of two-weighted inequalities for M., g.
Definition 1.5. Let 0 < 8 < 1, 0 < ¢ < o0, and % = p%“‘p%"‘"""f
with 1 < p1,p2,...,pm < 00. Suppose that o; = wil_pi (i =1,2,...,m),
@ = (wy,ws,...,wn) and each w; and v are nonnegative locally integrable
functions on R™. Then

(i) we say that (J,v) € Ag,q),s() if

. _ mﬁ—i—%—% # é
bt = supAIRNIQY™ 4 (o [ )

m —=
1 / 1-p! ) »]
X ——— [ w, “‘dzx < 00;
11 (@(IQI)IQI o
(ii) we say that (&, v) satisfies the Bz ) 5(¢) condition if
(9, 1B.0),6(0)

= su mBte—3 71 vdx :
= sup (e (IQNIQN (sﬂ(QI)QI/Q d )

U 1 T, .
- (H A1anial /Q“"d“”> o (W/@k’gg% d“’) -

i=1
(iii) we say that (&J,v) € S(z,q),8(p) if it satisfies

q

[&,y]s(ﬁ‘q)1[3(¢) = sup (/ /\/lg,,g(olx@,agx@,...,amXQ)qudx)
Qe Q

X (HO}(Q);> < 0.
i=1

Remark 1.6. From the structure of M, and the definitions of the conditions
A@a)» Siq and Bg gy in [10, 9, 1], it follows that the definitions of three

multiple two-weight conditions for M, g are natural. Taking ¢ = p and
v =uvz =[], w; i in (i), we say that & satisfies the A (¢) condition.
As o(|Q[) =1 and 8 = = (0 < a < mn), then (&,v) € Agp,q)-

Definition 1.7 ([3]). Let w; (i = 1,2,...,m) be nonnegative locally integrable
function on R, 1 < p1,p2,...,pm < 00 and % = p%+pi2+~-~+pi. We say



MULTILINEAR FRACTIONAL NEW MAXIMAL OPERATORS 199

that & belongs to Wge if

[]Ww—EEIé(/QHM%XQ )rid )(/ Hw“dx) 1<oo.

=1

The main aim of this paper is to consider the multiple weighted strong
and weak type estimates for the multilinear fractional new maximal operator
and study the characterization of two-weighted inequalities for M, 3. What
should be stressed is that the strong boundedness of M, cannot be obtained
as (WJ,v) € A, (see [10]). Thus, (dJ,v) has to satisfy the following certain
power bump condition for some h > 1,

1, =
o 1 a 1 —hp! hp}

sup |Q AtiTy </ qua;> H (/ w; hpldx) RPN

QReQ \Q| Q i1 |Q| Q

To show the boundedness of M, from LP!(w;) X LP2(wy) X -+ X LP™(w,y,)
into LI(v) in the two-weight A4 case, Cao and Xue added the condition
& € Wz° in [1]. However, we can prove that M, g is bounded from LP*(w1) X
LP2(wg) x - x LPm(wy,) to L(v) if and only if [&,v]4, ) ,(») < o0, which
extends some results in [10] and [1]. Before to state our main results, we also
need the following definition.

Definition 1.8 ([3]). Let w; (i = 1,2,...,m) be nonnegative locally inte-
grable function on R", o; = wilfpi and % = p% + p% +- 1+ 1% with 1 <
D1,D2,---,Pm < 00. We say that & € RHy if

Fa m -1
(b rH,; = sup </ aidx) " / aﬁdx < 0.
QGQ}_[l Qil;ll

In what follows, we always assume that C' is a positive constant which is
irrelevant to the main parameters, but it may take different values in different
lines. Occasionally, we will use the notation T': X — Y to mean T is a bounded
operator from X to Y.

Our main results are formulated as follows. We first give the multiple
weighted strong and weak characterizations for M, 3.

Theorem 1.9. Let0 < 3 < 1, %: p%—&-p%—%-wi—i with 1 < p1,p2, ..., Pm
< o0, and 0 < p < g < co. Suppose that & = (w1, ws,...,wy) and v are
nonnegative locally integrable functions on R"™. Then (J,v) € Agpq).8(¢) if
and only if My g is bounded from LP'(w1) x LP?(wa) X -+ x LP™(wy,) into
L1 (v).

Theorem 1.10. Let 0 < < 1,0< p < g < o0, and%zp%—kpiz—k-'-—!-p;
with 1 < p1,p2,...,Pm < 00. Suppose that w; (i = 1,2,...,m) and v are
weights. Then M, g is bounded from LP*(wq) X LP?(wa) X -+ - X LP™ (wy,) into

Li(v) if and only if (&,v) € A,q),8(0)-
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In addition, the two-weighted inequalities of M, g are obtained as follows.
Theorem 1.11. Let w; (i = 1,2,...,m) and v be weights, o; = wil_p;,
and & € RHp. Suppose that 0 < 3 < 1, % = p%—i-p%-i-----i-p%n with
1 < p1,p2ye.oyPm < 00, and 0 < p < g < co. Then the following statements
are equivalent:

(i) (@,v) € S(z9).8(0)-

(i) My g« LP*(wi) x LP?(wg) X - -+ X LP (wy,) — L(v).

Moreover, there exists a positive constant C' such that

(9, V]5(5,00,50) = 1Mo sllLos () x 222 (2 x Lo () 5 L)
1
< Ol k(95 V5 0y (01

Theorem 1.12. Let 0 < f < 1,0 < p < g < o0, 0 <7r <1, and

1 _ 1 1 4 .1 .y -
5 = T Tt o with 1 < p1,p2,...,0m < 00. Suppose that & =

(wi,wa,...,wm) and v are weights, o; = wil_pi (i=1,2,...,m), and (&,v) €
Bp.q),8(¢). Then there is a positive constant C' such that

=

Mo s(AllLa) < ClG VB o) | IillLri w)-
i=1

Now, we have the following relationships of the conditions S 5(¢),
A.q).8(p) and Bigg) 5(9)-
Theorem 1.13. Let wy,ws,...,wy, and v be weights, o; = wilfp; (i=1,2,...,
m). Suppose that 0 < 8 < 1, % = 1%1+1%2+'.'+p% with 1 < p1,p2, ..., Ppm <
00, and 0 < p < g < oo. Then

(i) There exists a positive constant C' such that for any 0 < r < 1 there holds

(9 V. 0) S 105 V85.00.000) < ClO VBG4 6(0)-

(i) fm=1,v=w, =0, and ¢ = p, then
_pP
15V B s 0) < WA, ()

Finally, we obtain the following characterization of the one-weight Az q) 3(¢).

e i_ 1,1, ., 41
Theorem 1.14. Let0 < 5 < 1+W,O<p§q<oo, (mdp—p1 +o ot

with 1 < p1,pa,...,pm < 00. If G € Awg).p(p), then for i = 1,2,...,m,
w;, " e Amp () and (IT%, wi)? € Apg p().

The article is organized as follows: Section 2 is devoted to giving some major
lemmas. The proofs of Theorems 1.9 and 1.10 will be given in Section 3. The
proof of Theorem 1.11 is given in Section 4. In Section 5, we show the proof of
Theorem 1.12 by using a key lemma. By combining Theorem 1.11 and Theorem
1.12, the proofs of Theorems 1.13 and 1.14 shall be given in Section 6.
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2. Some preliminaries

In this section, we first recall the notions of tent spaces. Let X be the cone
[0,00)™ minus the set of dyadic points, that is

X =10,00)" \ {(27'k1,2 ks, ..., 27ky,) : | € Z, k; € N}

X =X x {27!:1 € Z} denotes the upper half-space. Then for every couple
(y,p) € X, there exists only dyadic cube @ = @, which has the side length
p=2""and contains y. Write (y,p) € I'(z) if and only if z € Quyp-

For any F C [0,00)", define

reke
Thus,
(y,p) € E if and only if @Q,, C E.

We need the following lemmas, which are vital to the proofs of our theorems.

Lemma 2.1 ([1]). Let v be a nonnegative locally integrable function on R™
and 0 < p < oo. Then for all functions fi(y,p = 27') with a support contained

on Q[0, 0], there exist nonnegative scalars {\;}52,, functions {a;(y, p)};2; and
dyadic cubes {Q;}52, such that

~ L ~ 1
(2.1) supp a; are disjoint and |a;(y, p)| < v(Q;) "Xg; (y,p);

(2.2) Hﬁ:(y,p) = Z Aja;(y, p) a.e

Lemma 2.2. Let 0 < 8 < 1 and x,t € R*. For any k > 0 and fz
(f1, f2,---s fm) = 0, we define the following truncated version mazimal op-
erator,

MOD@ = s ] g

p | fi(yi)|dy;-
r€QEQ,|Q|<2¥ H 1 (e(lQ1) \Q|

Then there is C > 0 such that

— —

@ < oy [ o Mo A Pagat

where By, = [—2FF2 282" 1, f(2) = f(z—1), and ﬁf: (Tef1, Tef2s ooy Tefm)-

Proof. Using the similar arguments as the proof of [2, Lemma 3.3], we can
derive the conclusion of Lemma 2.2. Thus, the details are omitted here. (I
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3. Proofs of Theorems 1.9 and 1.10

Proof of Theorem 1.9. We only consider the case as 1 <p; <oo (i=1,2,...,m)
because with the minor modifications for the case of some p; = 1 as in the
linear situation. Let (J,v) € Ag,q),8(¢) and || fill riw,) =1 (i = 1,2,...,m).
Then using Holder’s inequality, we have

(Hlmmlmw /Q |fi|> ¥(Q)
< (p(QNIQNImH+i =) ( o |Q|/ >l
()]

a
i

<cll(f )

1
Since || fill Lri (w;) = 1, then [[;"; (fQ |fi\piwi) " < 1. Thus,

ﬁ (lQf) IQlﬁ/lfl 31(1:[(/@”1'%2')&)

Therefore,
Mo (@) < C (H (g (1282 <x>)”li> |

where MY is the weighted centered maximal function. Applying the fact that
M is of weak type (1,1) with respect to v, and weak-type Holder’s inequality

in [5], we have
ME Py, p%- a
H(W(m w))
i=1 v

Lr:oo(v)

m . L q
<C H M¢ [filPrei ) |17

. v v 1,00

1=1 L (v)

<C.

e

:js

( aan IQI/ )

X2

P
q

M s(F)ll Loy < C

s

For general f;, if we replace f; — 1,2,...,m), then

fi s
1=
1fill Lpi ;) ( >

1Mo p(F)l ooy < CH 1 fill Loi (i)

i=1
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Conversely, suppose that M, 3 is bounded from LP' (wq) x LP?(wg) X - - - X
LPm(w,y,) into L9°(v). Then for any A > 0, there holds

v({z e R" : M, g( () > A}) < < H [ fill L (M)) :

Let f; > 0. Fix a cube @ with [[\",(fi)g.s.s5 > 0, where (fi)g,p5 =:

W fQ fidz. For x € Q, from the definition of M, 5, we have

m

[[(f)aws < My s(fixe: faxas - fmxa)(@).

i=1

If TT2, (fi)o,p,8 > A, then using the above inequality, we have

Q C{z eR™: My 5(fixq, faxq,-- - fmxq@)(®) > A}.

Hence,

V(@) <v({z € R : My s(fixQs foxas -+ fmx@)(2) > A})

m q
C
< <>\ H ||fi||Lpi(wi)) .
=1

Set f; = wilfp;. Then

(e@IQ™ 4 (e |Q|/> ( sava ) <

Therefore, (&J,v) € Agg),5(¢). The proof is complete. O

A
o7
i

Proof of Theorem 1.10. Let M, g be bounded from LP*(wy) X LP?(wa) X - - - X
LPm (wy,) into L(v). Then the following inequality holds

m

() i)’

Assume that f; = wl-lfp; > (0. Then
mo+i— (-t > <c.

(ellQNIQN < D IQI/ > 1<¢(QI)QI /Q“’l =
©).

Therefore, we can obtain that (dJ,v) € Aq),5(
Conversely, suppose that (&J,v) € Agp,q),5(9). We first prove the bound-

edness for the dyadic version,

Mi,,@(f ZL' = Ssup H |Q‘ |Q‘ 1 ,3/ |fl Yi |dyl7

xEQE’D

jamE

i
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where D denotes the standard dyadic grid on R™ consists of the cubes
“k(0,1)" + j), k € Z, j € Z". Let a be a constant such that a > 2™m".
We take the following set,

=

Qp={xeR™: ./\/liﬁ(f)(a?) > a*}.

If Q is non-empty, then we write Q = Uj Qr; and every @Qi; is a maximal
dyadic cube satisfying

() |dy; < 2™ k.
’ <H o (|Qwjl |ij|)1 B/ij | fi(yi)|dy; < 2™"a

By the properties of dyadic cubes, we know that Q1 C Q) and Qr41); C
Qg for some j. Thus, it follows from Hélder’s inequality and the Az q) s()
condition that

(3.1) (/ (Mj;ﬁ(f’))q u)

' pi—1 1-pi\ 4
- (1:[ ‘Qk] |ij‘)1 B /QkJ | filw; 7 w; )
S H |Qk] |ij|) ij ‘fz (AJZ)

X(<so<|@kj>|c2kj|>1-ﬁ /Q ) </Q )

m
S C[C:J', V}A(ﬁ,q),/i(LP) Z H </ |ft pi(Uz
kj \i=1 \7@kj
m P
S 0[037 V}A(ﬁgq),g(tp) H (/]R |fl|p7wz>

i=1
For non-dyadic version, from Minkowski’s inequality and Lemma 2.2, it fol-
lows that

(3.2) ML) ) <

/ T_fOM ﬁort(ﬂ)dt

e
|Bk| La(v)
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C . ~
= 1Byl - T dt
< 1Bl Sy, It o M 0 T Dllzawy

c / P
< M T, qudt.
N |Bk| By, || #0 t(f)HL )

Since (&,v) € A(p,q),8(®), then we can get that (7,0, 7,v) € A(y,q),8(¢) inde-
pendently of ¢. Therefore, by the inequalities (3.1) and (3.2) we have

k) /2 - -
IMEEDllzaw) < ClEG ) A o015 / T2l

B =1

S C[Qv V]A(ﬁyq),g(ép) H ||fl||LPZ (wz)

i=1

Finally, letting k tend to infinity, the proof of Theorem 1.10 is finished. ]

4. Proof of Theorem 1.11

To obtain the conclusions of Theorem 1.11, we need the following lemma.

Lemma 4.1. Let0§ﬁ<1, TJr + - +—mwzthl<p1,p2,...,pm

oo. Suppose that w; (i =1, 2, co.,m) s nonnegatwe locally integrable function
onR™, o; = wilfpé, and & € RHy. Then there exists a positive constant C' such
that for all f € LP1(wy) X LP2(ws) X - -+ X LPm(wy,), one can find dyadic cubes

{Q;152, and nonnegative scalars {\;}52, satisfying

P

(4.1) S <[ filler s
J i=1

42)  MIGN @)X (@) < @ 1% 5Z>‘ 1_[‘7z @)

X M«p,ﬁ(al)(Qja R O-mXQ])(:I;)XQ7 (CL’)

for almost everywhere x € (0,00)™, where the truncated dyadic version mazimal
operator Mi’% is defined by

m

—

M@= L , .

z€Q€ED,QC(0,0)™

Proof. Since the inequality (4.1) has already been proved in [1], so we only
need to show the inequality (4.2). Write

1
i/ 03 O'Z‘d .
Ui(Qyp) /yp ‘f/ ‘ v

fily,p) =
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Then

ME () (x su 7i(Qyp) f:(y, p).
es()E) = erypeDQI:pc(o o)n 1:[ (1Qypl) IQprl’ﬁf(y 2

Set v = vz = [ O’E in Lemma 2.1. Then from the inequalities (2.1) and
(2.2), we have

- Ui(Qyp) T
I, nig,ps @)

Uz(Qyp)
- ZA 4590 H( (10w D@l

T Q)
S22 </ H") UG, ie,m="a

Jz 1 z:l

m

ety 2 (H“ (@) >H< TNy 00

1%5 Z)\ Hal Qj;)" "M (aleJ,-~-70mXQ,->(fU>XQj($)-

Therefore,

M (f)(fv)X(o oy (2)
RH ZA HO’I QJ p’ (0.1XQ37"'7UmXQj)(x)XQj(x)'

The proof is ﬁmshed. O
Proof of Theorem 1.11. (ii)=-(i). By the boundedness of M, g from LP*(w;) X

LP2(wy) X -+ X LPm(w,,) to Li(v) and o; :wilfp; (i=1,2,...,m), we have

(9, V] 9.000) < 5D Mg pllen o) o ) oxom o) Lo (0)

m m -1
1
< [T lloixellLriw,) (H Uz‘(Q)”)
=1 =1
= Sup M.l L1 (w1) x P2 (wa) - X LPm ()= L (1)

Therefore, we can get that (&J,v) € S 5(90).
(D)=(i ) We first prove the dyadic version, that is, we need to show

(4.3) IME 5(DlLaw) < Cl@ iy [, v]s q>,3(¢)H||f1||Lm<w,

i=1
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By using reflections and translations of the cone [0,00)™ as done in [16], it is
sufficient to show

40 R z
||M@,ﬁ<f) O 0 "HL‘Z(V < C[ ]R [W V S5, ), s(®) H ||f1||Lpt (wi)

i=1

From the S(z,q),5() condition, the inequalities (4.1) and (4.2), and Minkowski’s
inequality, we have

d,0 /1 A
M5 (F)x0.0m o)

= IMEL P01,

m
RHﬁZA HUI (/Q Mg,ﬁ(a-lej)'"?O-TTLXQj)qux>
J =1 J

< [Q]RH;, [&al/ St.a).8(2) Z N

ya
q

< C[Q]RHﬁ[Qv V]g(ﬁ,qm(w) H H.szim (wi)
=1

For non-dyadic version, since (&J,v) € S q),5(¢) and & € RHp, then we
know that (734, 7v) € S(p,q),8(¢) and 746 € RHj independently of t. Thus, by
the inequalities (3.2) and (4.3), we have

=

k) ;R . L. 1 M
IMEL ()l ) < Cl7) Hﬁ[ﬁw,nu]smqm@)m/ [T fill e e it

k=1

= Cld) i, [0, V)55 5(0) 1Tl e -

i=1
Finally, letting &k tend to infinity, this completes the proof of Theorem 1.11. [

5. Proof of Theorem 1.12

Before proving Theorem 1.12, we first give the following lemma, which can
be obtained by applying the similar arguments as the proofs of Lemma 4.1 and
[1, Lemma 5.1]. Thus, the details are omitted here.

Lemma 5.1. Let 0 < 8 < 1, zlv: p%—l—p%—l—---—i—p% with 1 < p1,pa,...,Ppm <
oo. Suppose that wi,ws, ... ,wy, are weights and 0 < r < 1. Then there
is a positive constant C' such that for almost everywhere x € (0,00)" and

fe LP(wy) x LP2(ws) X -+ X LPm (wy,), one can find functions {a;(y, p)}321,
dyadic cubes {Q;}52, and nonnegative scalars {\;}32, satisfying

61 a(y, p)

1 1 mo 1
. 1N~ - - 1 || CPide | v~ .
= el eXp(mczmQﬂ o i x) Yok

i=1
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(5.2) Hﬁ(ym) = ZAJCE‘(y,p) a.e
(5.3) 2N = CITIfiller
(5.4) Mi’;( ﬁ)(fﬂ)X(o,é))n ()
. Q;)
< 20,0100 (U oo™ )

i=1

1 MLEp—L
xexp | —————— log || o; " d2 | XQ, ()
(@(IQJ'I)QJ' o, 11 @

Proof of Theorem 1.12. Proceeding as we did in the proof of Theorem 1.11, in
order to prove Theorem 1.12, then it is enough to show the following inequality

m
IMES(Fx 0.6y lLaw) < ClLE VB o) LT IFill Lo wr)-

i=1

From the B4 3(¢) condition, Minkowski’s inequality, and the inequalities
(5.3) and (5.4), it follows that

—

[ 5 (F)x©0,00 7.0
f

— IMEL PP x00rl 3.,

VA ((H A )

IN

a
L7 (v)

1 1 '
p(mmm 2 gE”l )) e
< AP mﬂ+**l ; d ’
2% | (WlQ;biasD <<P(|Qj|)Qj| o, ””)
m 1 1 m
SR S [ [ "
X<H QD Jo,” ) eXp(so(leDIQj o e x))

SC B(p 2,8 l_A[HfZ”LT’z(w1

The proof is complete. (I



MULTILINEAR FRACTIONAL NEW MAXIMAL OPERATORS 209

6. Proofs of Theorems 1.13 and 1.14

Proof of Theorem 1.13. First, we prove (i) is true. By the Az ) 3(¢) condition
and the S(z,4).3(¢) condition, we have

1
I
i

s (M/Q”df);f[( v )"
< ( IQF)(|%)|)1 a> ”df”>1:[1</ Uidx)m
(/ My 5(01XQ, T2XQs - - -, TmXQ) z/dx> <Hgl )_

S(P @.8(®)

IN

I A

Thus,

[, V] 40,5 (0) < (D5 V]850 5(0)-

Combining Theorem 1.11 and Theorem 1.12, we have

[, V185,018 (0) < Mo 8llLo1 (1) x L2 (o) x o Lom (i)~ L) < ClO VB ) 4(0)-

Now, we prove (ii) holds. Let 8 =0, ¢ = p, m = 1, and v = w. Applying

. . 1-p; /.
Jensen’s inequality and o; = w,; " (i =1,2,...,m), we have

(pllQnIQN™ a7 (W/dex> <f[ - / am)
- (G L=+) Gramar L= #) ) |
" <<go(|czl|>|cz/czwdx>_lexp (<P(|Ql|)|Q|/QlOngx>>M

< [w]f‘:ﬁ@p)'

Thus, [0, V], 40) < [w]fﬂ((p). The proof of Theorem 1.13 is complete. [

Proof of Theorem 1.14. We first consider ofp; € Apmp, p(p) (i =1,2,...,m).
Lethi:p(m—i) andhjzi—pl (1<j#i<m). Then1l < h; < 0o and
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%zm—iz%—i— > Not1ngthat0<ﬂ<1+,then
¢ 1<j#i<m j
Q| el ( Q| )5
GO Guaner ~ arieree <\ivig) ="
Hence
1 ._p;> %ﬁ . ”:;%71 mp
(NN </Q“’ </Q ’ )
_ 1 _p'>mlp
<<¢<|Q|>|Q|>1—ﬁ /Q“"L
1 N e\
g (mm@wﬂ/@(ﬂ%) (r}“’> ) ’
where,
1 m % _hli e
TANIANL—E wj ij
((w(@)@)lﬂ/q)(jnl ) (W ) )
1 mo \\ o\ "
= | Gaanran (fQ (Uw)> #i(/Q“’j ) )
- i oL N 1
- (<sa<@|>@|>1-ﬂ/cy(j11“f) ) m(( qQnlan™ / “ >
_ - q % N %
1 1 —p'j »j
= (<so<c2|>@|>1-ﬁ/cg(g“’j) ) 1}(( T Jy )|
here_we have used that the inequality (6.1) and Holder’s inequality. Therefore,
i LN )
(w(QDIQN7 </Q°" ) </Qw )
q % 1 %
(( (J@nlen™ ﬁ/ (U )) U(( (J@nlen™ ﬂ/ ) ]
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<C.
Now, we consider ([T, w;)? E Apgp(p). Let ¢ = q;“ (t=1,2,...,m).
Since ¢>p, then ¢; >p;, 1= —+ —|— —i—— andm—-1=4 4+ 2L 4... L
q a4 " 4 @

Set r; = q.(m— 5) > 1. Thus, usmg the mequality (6.1) and Holder’s inequality,
we obtain

m q ﬁ m _% m'(j‘;l
e I
—_—— w; w;
a7 \J, \11 L\
1 m q vr%q m e %
<\ +—F~rn~r3 w; /w-qi> "
(w(Ql)lQl)lﬁ/Q E }:[1( Q1) IQl)1 ?Ja
1 / ‘ ’”( 1 / _,,<>13;
< AT w; EE— T
(pIQNIQN—? H E (p@NIQN** Jg
<C.
This completes the proof of Theorem 1.14. O
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