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SIMPLE ZEROS OF L-FUNCTIONS AND THE WEYL-TYPE
SUBCONVEXITY

PETER JAEHYUN CHO AND GYEONGWON OH

ABSTRACT. Let f be a self-dual primitive Maass or modular forms for
level 4. For such a form f, we define

Ni(T)=|{p € C:[3(p)| <T, pis a non-trivial simple zero of L (s)}|.

We establish an omega result for N (T), which is Ni (T) = Q(Téfé) for

any € > 0. For this purpose, we need to establish the Weyl-type subcon-
vexity for L-functions attached to primitive Maass forms by following a
recent work of Aggarwal, Holowinsky, Lin, and Qi.

1. Introduction

Zeros of L-functions have drawn the attention of many mathematicians. We
expect that the Generalized Riemann Hypothesis for automorphic L-functions
(i.e., all non-trivial zeros of automorphic L-functions lie on the critical line
R(s) = 1/2) is true and the zeros are simple except for some occasional cases.

Even though we are far from verifying them, we know quite a lot about zeros
of L-functions. About 40 years later, after Selberg [24] proved that a positive
proportion of zeros of the Riemann zeta function ((s) lie on the critical line,
Hafner [18,19] obtained analogous theorems for modular L-functions and Maass
L-functions for the full modular group.

In the case of the Riemann zeta function, Conrey [12] showed that more
than two-fifths of the zeros are simple and lie on the critical line. For the
current best record on the number of zeros or simple zeros of the Riemann zeta
functions on the critical line, we refer to [9,16].

We have less knowledge of simple zeros for degree 2 L-functions. Conrey
and Ghosh [13] proved that the L-function attached to the Ramanujan tau-
series has infinitely many simple zeros. They showed that if an L-function
attached to a modular form for the full modular group has a simple zero, it
has infinitely many simple zeros. They checked that the L-function attached
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to the Ramanujan tau-series has a simple zero. Hence we know that it has
infinitely many simple zeros. In [13], the infinitude of simple zeros is stated
quantitatively, which depends on the subconvexity of L-functions. The first
named author [11] extended Conrey and Ghosh’s result to the case of Maass
L-functions for the full modular group. Strémbergsson [25] showed that some
specific three Maass L-functions have simple zeros. Hence, at least these three
L-functions have infinitely many simple zeros. One drawback of Conrey and
Ghosh'’s idea is that it requires the existence of a simple zero. In recent years
progress has been made in studying simple zeros of GL2(Ag) automorphic L-
functions. Booker [7] showed that L-functions of holomorphic newforms have
infinitely many simple zeros. The first named author, Booker, and Kim [§]
generalized this result to all GLy(Ag) automorphic L-functions.

We extend Conrey and Ghosh’s result to newforms for level 4. Let f be
a primitive form (i.e., a normalized Hecke newform), either a modular form
or a Maass form. There are two Dirichlet characters modulo 4. One is the
trivial character modulo 4, and the other, denoted by ¥, is the primitive odd
character of conductor 4. For Maass forms, we consider weight zero Maass
forms only. For modular forms, it can be a cusp form with the trivial character
or the character x depending on the parity of weight k. In addition, we assume
that our primitive forms are self-dual. This assumption is true for all primitive
forms in Sai(T'0(4)) since the Hecke operators are self-adjoint. This assumption
also seems true for primitive Maass forms of weight zero for level 4. If it is
not self-dual, our approach does not work. See Remark 3.

Let Ls(s) be the L-function attached to the primitive form f, let

N{(T):=[{peC:[S(p)| <T, pis anon-trivial simple zero of Ly (s)}|.
We have the following omega result for N7 (7).

Theorem 1. Let f be a self-dual primitive form for level 4. Then, for any
€e>0,

N3 (T) = Q. (T%—e) :

where the notation f = Q(g) means that # O(g).

Remark 1. (1) The exponent ¢ = 4 — % comes from the subconvexity Ly (k/2+

it) <. [t|3F for a primitive modular form f and L(1/2+it) < |t|57¢ for
a primitive Maass form f of weight zero. Hence, Lindelof Hypothesis implies
that N#(T') = Q(T2~°), which still takes up a very little portion among all the
7€eros.

(2) Recently, de Faveri [14] made impressive progress for modular forms for
arbitrary levels. He showed:

We can find a list of self-dual primitive Maass forms of level 4 from the website LMFDB.
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Theorem 1.1 (de Faveri). Let f € Si(To(N),&) be a primitive holomorphic
modular form of arbitrary weight k, level N, and nebentypus £. Then

N3(T) = (T°)
for any 6 < 22—7

To obtain Theorem 1, we need the Weyl-type subconvexity of Ly (s), which
is

Ly(k/2+it) <. [t]5Fe

for any € > 0. For modular forms for arbitrary level, Booker, Milinovich and
Ng showed that L;(k/2 + it) < |t|3 log |t| for |t| > 2. For Maass forms of
weight 0, Aggarwal [2] was the first who established the Weyl type subconvexity.
Afterward, Aggarwal, Holowinsky, Lin, and Qi [3] also obtained the Weyl type
subconvexity for modular forms for arbitrary levels using a simple Bessel delta
method. Following [3], we reconfirmed that Maass form L-functions satisfy the
Weyl type subconvexity.

Theorem 2. Let g € My(M, &) be a primitive Maass form of weight zero with
etgenvalue A, level M and nebentypus &. Then,

Ly(1/2 4 it) <ppe t5+€

The following theorem is the key point of the proof of the Weyl type sub-
convexity.

Theorem 3. Let € > 0 be an arbitrarily small constant. Let N, T,A > 1 be
parameters such that

NeALT.

Let V() € C2°(0,00) be a smooth function with support in [1,2]. Assume that
its total variation Var(V) < 1 and V) <; AJ for j > 0. For ~y real, define
¢(x) = —logz and f(x) =T¢(x/N) +~x. Let g € Mx(M,§) and Ag(n) be its
Fourier coefficients. Then

N1+5
T1/6°

iAg(n)e(f(n))V(%) < T1/3N1/2+e +

with the implied constant depending only on g, ¢, and €.

Remark 2. An anonymous referee informed us that a work of Fan and Sun [15]
also shows the Wely-type subconvexity for Maass forms.

In Section 2, we prove Theorem 1 for modular forms and in Section 3 we do
for Maass forms. Section 4 is devoted to the proof of the Weyl-type subcon-
vexity for Maass forms for arbitrary level by following [3].
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2. Simple zeros of modular L-functions

First, we recall the functional equation of a modular L-function and then
sketch the outline of the proof.

2.1. Functional equation

Let f(2) = Y.°0, A(n)e?™™* € Si(To(4)) or Sk (4, x) be a self-dual primitive

n=1
form. We associate the Dirichlet series to f:

Le(s) =Y An)n~*.

Since f is primitive, f is an eigenfunction of the Fricke involution Wy, which
is defined by

. 1

Wof = 4—’f/2,z—kf( - 7).
4z
Hence Wyf = nf with n = +i*. Especially if f € Si(4,x), then we can
determine 7 explicitly;
=744,

Since A(4) = (A(2))? = (2°7)? and (x) = 2i, we have n = (2i)2F—12-F = j,
Then we have the functional equation for L(s);

e A= () T = - (;/f)“m ) Ly(k—s).

For f € Sk(T'y(4)), we can determine the functional equation up to a sign;

(*z/f)sr(s)Lf(s) —+ (*2/3) Hr(k —$)Ly(k —s).

2.2. Outline of the proof

For the sake of convenience we omit the subscript f from L;(s) and Ay(s).
Cauchy’s residue theorem tells that the difference between the two integrals,

1 L L X
2.2 i Z k- )= (s)A i(w/2—8)s
(22) 271 J ket L (k= s) L (5)A(s)e ds

( 2 +e)
1 r L _
[ = () i(m/2—6)s
27TZ (k;lie) L (k S) L (S)A(S)e ds

equals

(2.3) - Z L'(p) <\/1> L(p)e!(™/2=9)r
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where the sum is over the non-trivial simple zeros p. By the functional equation
(2.1), we can express (2.2) as a single contour integral:

/ /
1 E(kz—s)L

(2.4) .

55 s T (5)A(5)1 (5, 6) s
2
where f(s,0) = e!(7/270)s 4 jk+1ei(n/2=0)(k=5)  We will show, in Section 2.3,
that (2.4) >, (1/6)P~¢ for some arbitrarily small § > 0 if L(s) has a simple
zero p = [ + itg.
With the Weyl-type subconvexity bound for L(s)

K
L(5 +it) g (L+ 1)1,

Stirling’s formula, and Phragmen-Lindel6f argument, we have

4\* o .
L'(p) (;g) F(p)el(f_‘s)p Ko 6_5‘t||t|w—%+e

for ¥ <o < B Let 5 =T and By = sup{B|p = B + it is a simple zero of

L(s)}. By the functional equation, Sy > g For sufficiently large T', the sum
(2.3) is

Bot(etl) Bo+(k+1)
Cpe D TR NI T

[t|<T e
p=pB+it: simple

Since there is an arbitrarily large 7' = } such that (2.4) >, T%~¢, Theorem 1
for modular forms follows.

Remark 3. If a primitive form f is not self-dual, the equation (2.2) is replaced
with

1 L/? L i(m/2—8)
2.5 — —=(k—s)=(s)As(s)e"\ /=73 ds
(25) i s TRE IO

1 L’? L ,
- Lk — 8)=L(s)As(s)e' /293 ds.
2mi Jigt—o Ly Ly
Then, by the functional equation, the equation (2.5) is equal to
1 L L .

(2.6) Lk —s)=L(s)As(s)e™/2=05 dg

omi Joeprio LF Ly

!/

Lo _
(k — s)L—f(s)Af(s)e’(”/Q_‘s)(k_s) ds,
7

!/

23 Ly

2mi J (k1 Ly

where € is the root number of Ls(s). If L¢(s) has a simple zero p = 8 + ito,
then L?(s) also has a simple zero k — p. By the arguments in Section 2.3, we
can see that there is an arbitrarily small § > 0 such that the two integrals in

(2.6) are > (%)ﬁf& and >, (%)kiﬁ%, respectively. Under the Generalized
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Riemann Hypothesis, we have 8 = k—( = % We cannot exclude the possibility
of the cancellation of the two integrals.

2.3. Estimates of integrals

S

Define X (s) be —iF+1EE=5) where H(s) = (‘/1) I'(s). Then we have an

H(s) 2 2
asymmetric functional equation L(s) = X (s)L(k — s). Then (2.4) equals
1 L
21 T ~(s)L'(s)(2m)~*(1/2)~°T 5)d
(2.7) ot Jss s 7 (9L (s)(2m) 7 (1/2)7°L(s) £ (5, 6)ds
1 X!

(s)L'(s)(2m)™°(1/2)7°T(s) f(s,0)ds.

2mi Jorsa o X
((5=+e)
We introduce a key lemma which is used to show the first integral in (2.7)

is divergent as 6 — 01 when L(s) has a simple zero.

Lemma 2.1 ([11, Lemma 1]). Suppose that the Dirichlet series

absolutely converges for o > o9 > 0. Then forl > o9, l+¢>0, and 0 < <
/4,
1 .
3 " F(s)(2n) 7%z (s 4 ¢) e (/2793
1

~ 2 oy

(i) Ea(3)(2m) 2" (s + ) (25in(5/2))°~° (2472) s,
where F(s) = Z;’;l W
By Lemma 2.1,
1 } / B )
T (&)L/(s)(2m)*(1/2) T (5)f (s,6) ds

2mi Jorpio L

is converted to

(2.8) i / Z Lza(n)@w)*s(l/?)*sf(s) (2sin(6/2)) " g(s, ) ds,
2m (o) S n

where
L, - _
f(s)L (s) = nEZI a(n)n™* and

g(s,0) = [(615/2)—5 +ik+1ei(7r/2—6)k(e—i6/2)—s )

Let us assume that L(s) has a simple zero p = 8 + it for 252 < g < &L
From the functional equation (2.1), we can say that 8 > k/2. Then %(S)L,(S)
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has a pole at s = p. We claim that its twist by the additive character (—1)"
still has a pole at s = p.

Lemma 2.2 ([13, Lemma 5)). Suppose that, for R(s) > £, we have

L, oy s
T = 2t
Then,
3 Hzlia(”) — 1 = 2a(s)] %@)L’(s) —40/(s)L/(s) 2%/@)0/(8)“8%

where a(s) = (1 — A(2)27%).

Since A(2) = +£2°7" it is easy to see that > (—1)71# also has a pole at

3—"'+ﬂ'(2n+k)
5 = p. On the other hand, the zeros of g(s,d) are k — Z——— for n € Z, as

§ — 0, the integrand of (2.8) still has a simple pole at s = 3 + it.

Lemma 2.3 ([6, Lemma 4]). Let 1(s) be meromorphic in the complex plane
and holomorphic for o > oy and of rapid decay in vertical strips in a right-half
plane. If ¥(s) has a pole at s = § + it, then for 1 > og

1
—/ P(s)r™%ds = (337([575)) asx — 0
@

2mi
for all e > 0.

Hence by Lemma 2.3,

1\7
2.8) > | =
28> (3)
for some arbitrarily small §.

The remaining integral to estimate is

(2.9) % i %(S)L’(s)@ﬂ')_s(l /2)7°T (5) £(s, ) ds.

k—2s
Since X (s) = —i* T (ﬂ) LE—2) " we have

2m T(s)
(2.10) %(s) = —2log <\2/f> - F%(k —s) - %(8%

By inserting (2.10) into the integral (2.9), we encounter the following three
integrals:

CRTV R L(s)(2m)~*(1/2)°T (s) f(s,8)ds,
TS (5 4o

(2.12) QL D)0 /2)—8%@ — )T (s) f(s,6) ds,
i
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(2.13) L L(s)(27)~*(1/2)°T" (s) f(s,0) ds

271 (%J’_e)
(2.11), by Lemma 2.1, equals

1
21 (%+e)

L/(s)(2m)7*(1/2)7°T (s) (25in(8/2)) " g(s, ) ds,

where L/(s) =— 3 7 | S AWIER Since I/(s) = £ L(s) = & [L(s)(1—2a(s))],
it is entire, and we can move the contour of mtegral (2 11) from R(s) = £t +e
to R(s) = € and we have (2.11) < 3. To show that (2.12) and (2.13) are

negligible, we need the following lemma.

Lemma 2.4 ([13, Lemma 2]). Suppose that |argz| < 5 and 0 < c < k. Then,
we have
1

5 o I(s)z %ds = e *logz

and

1 1—\/ 1—\/ 1 etz -1
_— T(s)—(k — Sds=e % = — 1—t)kt .
s L L= 9= s = (r (k) /O i dt)

Now we consider the following integral

1

— L'(s)(2m)75(1/2) 7T (s) e (/2795 g,
271 (%—&-e)

(2.14)

which we rewrite in the following form:

o0

1 1 ..
(215) % (1 Z b(n)(:FQﬂ'nigeiw)—sr/ (S) ds7
= 1) p=1

where L'(s) = = >.07 Aln) log" => . bf:f . By Lemma 2.4, the integral
(2.15) is equal to

= 1 +i6\  +(2mniler?)
= Z b(n) 10g(2F27rm§e )e 2

n=1
_ Z b(n) log(:Fzﬂ_n,L-%e:I:ié)e:tfmie:t%rm%(eiw—l)

n=1

M

1 .. : i
(=1)"b(n) log(:FQﬂ'niiei“s)e*QW"%(? sin(6/2))e*10/2
1

3
Il

[\
¥ -
.

X 1\n n) 1o ﬂ_niej:iz; -5
/( Z( 1)"b(n) log(+ )(zﬂ)—S(l/z)-S(zsin(6/2))‘semsf(s) ds,

k41 ns
% +e) n=1
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where the inverse Mellin transform of the gamma function is applied in the last
equality. Note that

i (=1)"b(n) log(Fmrnie

nS

iié)

iié)

n=1
B logn 2 (=1)™b(n) log(Fie
> (Il osn 5 e
n=1 n=1
d N
= (L) (1~ 20(5))) +log(Fmie*) - (L(s) (1 - 20(s))
We move the contour in (2.14) from R(s) = 2L + € to R(s) = ¢, and we

)
have (2.14) < (%)°. This implies (2.13) < (1)°.
2.4. An estimate of the integral (2.12)

Let

1 r’
F(S)f(k‘ )(27.(.) sy~$ :I:z(7r/2 6)sd8

)
(U ) 271'1 (%4_5) r

By Lemma 2.4, this equals

e <11:,(k) = /01 em; L - et dt> ,

where z = F2mive™™ = 27vsiné F i2nv cos§ = x T iy. Then we have
1 1

(2.16) wi(v,0)x < e*g”logg +min{1,xk}

and

(2.17) wi(v+1/2,6)1 +wi(v,0)+

1 1 1
e *dlog 5 + " min {l,xl_k} + 6 min {17 a:k} .
(2.16) and (2.17) are essentially shown in [13]. Then, we find the following
identity:
1 r 1\ 7% .
L'(s)[(s)—=(k — s)(2m)"* (2) eti(m/2=0)s g

27 (2t r

=— i A(n) log nwy (g,é)i

Note that (2.12) = F(§), + i*t1ei(7/2=0kp(§)_. To bound up (2.18), we
introduce an upper bound on a partial sum of the coefficients of L(s) and L(s).
Lemma 2.5. Let St =" (£1)"A(n)logn. Then,

S:I: < mk/271/6+6.

(2.18) F(6)1 =
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Proof. Let a(n) = 2 If we show that Y onem(ED) a(n) < m'/3+¢ Lemma

n%
2.5 follows from partial summation. Friedlander and Iwaniec [17] already ob-
tained that Y-, . a(n) < m/3+e,

For the modular form f(z) = .77, A(n)q", we consider its additive twist

o= s+ =f[( 5 1) - IEIRIOTE

Note that [5, Proposition 3.1] and the criterion for cusp form in [20] implies
g(z) is a cusp form of level 4 with Nebentypus x. The result of [17] holds if the
L-function has the standard functional equation and satisfies the Ramanujan-
Petersson conjecture. Since Ly(s) meets the two conditions, we have

> (=1)"a(n) < m!/Ere,

n<m O

Since the following series

- f: S- ((—1)%1 <”;F1 5>i +(=1)"w; (25)i>

absolutely converges by Lemma 2.5 and (2.17), and

1
lim S7(—1)"w ("+ ,5) —0

n—o0 2

by Lemma 2.5 and (2.16), we have

F(6)s = — i S ((—1)%1 (”; 1,5)i 4 (—1)"w (Za)i> .

Now, we have

- 1
F(): < E nk/2=1/6%€ |, (n—;— ,5) +w (gJ)i
n=1 +

S /216 sy L2 1 . 1
< Zn [e 6log5+nmm{1, (n8)F 1 + dmin q 1, (o)

n=1

1 5—gte
<(3)

which implies that (2.12) < ()7 6%,

In conclusion, if L(s) has a simple zero p = B+itg, then there is an arbitrarily
large T = % such that (2.4) >, T%~¢ and Theorem 1 for self-dual primitive
forms in Sax41(To(4), x) follows.
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Remark 4. The step from the second inequality to the third inequality is the
only place where the condition weight k > 2 is required. It would be interesting

Bl
to show that F'(0) < (4)? 57 for modular forms of weight one.

2.5. Newforms on I'g(4) with the trivial character

Assume that f is a normalized newform for I'g(4) with the trivial character.
In this case, the eigenvalue of f for the Th(= Usa) is zero. It is a general
phenomenon. For a given positive integer IV, let f be a cusp form of weight
k on T'o(N). If p is a prime number with p? | N, then T,(f) is a cusp form
on I'y(N/p) (see [4, Lemma 17]). Hence, in our case, T(f) becomes a form on
T'9(2), hence the eigenvalue A(2) should be zero.

Our computations for the form f become much simpler than the case of new-
forms on I'g(4) with x. For example, we need to show in Lemma 2.2 that when
L' (5) = 320°  a(n)n* has a pole p, then 3°° | (—1)"a(n)n~* still has the same
pole p. However, if A(2) = 0, then Y>> (=1)"a(n)n™* = =Y °  a(n)n"*.
Also, we have that S,, = —S;F. Without difficulty, we can see that Theorem 1
holds for primitive forms in Sax(T'(4)).

3. Simple zeros of Maass L-functions

Let f be a primitive Maass form for I'g(4) of weight 0 with eigenvalue i +
r2 for the Laplacian operator A = —y2<8‘9—; + g—;). The Fourier-Whittaker

expansion of f(z) is given as follows:

F(@) = 3 M) Vi (2nlnly) ™.

n#0

Again the eigenvalue A(2) = 0 as in Section 2.5. The L-function attached to f
is defined to be

Le(s)=>_ Ann~*
n=1

and it satisfies the functional equation

As(s) = (‘/z>sr(s+a+ir)r(s+a—ir> — A (1— ),

s 2 2

where ¢ = 0 if f is even, and a = 1 if f is odd. We can determine the
root number +1 in the functional equation. f is an eigenfunction of the Fricke
involution Wy, where Wy(f)(2) = f(52). Since WZ(f) = f, Wa(f) = +f. The
parity of f and the eigenvalue for W, determine the root number as follows:

Wa(f) =f | Walf) = —f
even + —
odd — +
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For the sake of convenience, we omit the subscript f from L¢(s) and Ay(s).
All the computations and estimates in this section are similar to those in [11].
For the sake of readers’ convenience, we repeat them here.

From now on, we assume that f is even. As in the case of modular forms,
we consider the integral

1 L L

Z(1— 8)Z(s)A(s) (s - %)f(s,é) ds,

3.1 —
( ) 21 (1+€) L L

where f(s,8) = /(7/270)s 4 ¢i(7/2=0)(1=5) and 4 in f(s,d) is the opposite of the
root number. The integral (3.1) is expressed as the following sum over simple
zeros of L(s).

(3.2) — > LpH(p)(p—1/2)e 2% 1 04(1),
0<R(p)<1

where H(s) = (%)SF(#)F(%) and Of(1) comes from trivial zeros of

L(1 — s) and simple poles +ir of H(s). By the Weyl-type subconvexity,
Phragmen-Lindel6f argument, and Stirling’s formula, we have

(32) <<f’5 Z TBTO‘F%-FG <<f,e N;(T1+6) . TﬂTO-&-%—i-e’

[t]<Te
p=pL+it: simple

where By = sup{f|p = B + it is a simple zero of L(s)}. As in the case of

modular forms, we show that (3.1) > (%)ﬁ—H/Q_6 for some arbitrarily small ¢
if there is a non-trivial simple zero p = 8 + itg. This implies Theorem 1 for
Maass L-functions.

Via Stirling’s formula, we can see

H(s)(s —1/2) = (‘f) r(SJ;“")r(S )5 =1/2)
— VBm(1/2)%(2m) T (s + 1/2) 4+ b(1/2)~*(27) ~*T(s — 1/2)
+ (1/2)7°(2m)7°T(s — 1/2)E(1,1(s),
where b is some constant and E(; - (s) is holomorphic and O(ﬁ) for R(s) > 1.
Let X(s) = +H0-5) Thep %(1 —s) = %(s) - %(s) and the integral (3.1)

H(s)
equals
1 L , s s
5t L, TV G e 5.0) ds
Lox

2mi Jopo X (s)L'(s)(2m) "°G1(s)f (s, 0) ds,

where G1(s) = V8r['(s + 1/2) + bI'(s — 1/2) + T'(s — 1/2) E1,(s).
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Lemma 2.1 transforms

1 L 1
— —(s)L' 1/2)7%(2m)~°T — 0)d
377 oy TOLOWDT @O (54 3) f(5,0)ds
into
1 = (=D™a(n), _ 1 6y s—1/2
sy L[ SOV Y D) s
(3.3) i (1o =2 ns (m) s+ 5 51112 g(s,0)ds
where
L Nt
L) =3 o,
n=1
9(875) _ (_i)1/2(6i6/2)—s+1/2 :|:6i(ﬂ—/2_6)i1/2(C_ié/g)_s+1/2.
However, as we pointed out in Section 2.5, > > % ==, @

because A\(2) = 0. If L(s) has a simple zero p = /5 + itg, the integrand in the

integral (3.3) has a pole at s = p. Hence by Lemma 2.3, (3.3) > (%)B—H/Z_€

for some arbitrarily small § > 0. The integral takes up the main term for (3.1).
Next, we consider

1 r

211 (14€) L

(s)L'(s)(1/2)*Sr(s - %)f(s,é) ds.

Again by Lemma 2.1, this integral is < (1/6)1/2“‘5.
For the integral
1 L

/ —S —S 1
377 Joy TOL WD TR (5= ) B ()7 (s:0) ds

by taking the absolute value on the integrand, we can see that it is O((1/0)¢).

Next, let us consider the integral

1 X' . .
—_— —(s)L'(s)(1/2) "% (2m) (b (s — 1/2) + (s — 1/2)E(1_’T)(s))f(s, 0)ds
2mi J(14e X

which is dominated by

1 X'
— —(s)L'(s)(2m)°T'(s — 1/2) f(s,0) ds.
i L O /2)1(5,9)
If we shift the contour of the integral to 1/2 + ¢, then
1 X' ,
. i ) 1/2)=5(27) T (s — 1/2 z(7r/2—6)(—s)d
st ) O /27 @ T~ 1/2)e :
1 X'

= — Z(s)L'(s)(1/2)7%(2m) "°T(s — 1/2)e'7/279(=9) g5,
| O e T =172

By the Weyl-type subconvexity bound and Stirling’s formula, the integrand is
O(|t|3+Le91tl) and this integral is O((1/8)3+¢).
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The remaining integral to estimate is

1 X'

(3.4) = S (L (9)(1/2) 7 (2m) "D (s + 1/2)f (5, 8) ds.

Recall that H(s) = (ﬁ)sl"(%)(g 52, By Stirling’s formula, we have H (s)

= (m)°T'(s — 3) E(2.r)(s), where E(5 ,(s) is holomorphic in the complex plane
except when s = 4ir — 2n for n = 0,1,2,... and E(3,(s) = V87 + O(1/s).
Then, we have

H(1 —s) 951 L (1/2 = 8)E (1 — s)
= CH(s) (™ T(s — 1/2)Eg.0)(5)
_ (71_)2371 ['(3/2—s)(s— 1/2)E(27r)(1 )
(s +1/2)(1/2 = 5)E2,(5)
— _(m)2et ['(3/2 = 8)E@m(1 - 5).
L(s+1/2)E2,(s)
Hence we have
%()—zlogﬂ—£(3/2—s —%(3—5—1/2 gz:;(l—s)—gi:s

. ’ . E(y .
Since L (2) = logz — & + O(1/]z]%), it is easy to see that Eiz,; (s) = O(ﬁ)

Then, the contribution of (2”(1 —8) + E(2 ;(s) to the integral (3.4) is

O((1/8)3) when we move the contour of integration from ¢ = 1+ ¢ to ¢ = 1/2.
We put the remaining part of Xyl(s) into the integral (3.4), and we have

1
211 (1+e

L'(s)(1/2)*(2m) " *Ga(s) f(s,6) ds

where Ga(s) = 2lognI'(s +1/2) — 1%(3/2 —s)'(s+1/2) —T'(s+1/2). Asin
the case of modular forms, we can show that

1 1 1/2+e
Gy L'(s)(1/2)7°(2m) *T(s + 1/2) f(s,6) ds < (5)
0 J(146)
and
1 / _s st/ 1 1/2+4€
5 (He)L (s)(1/2)7°(2m) T (s + 1/2) f(s,0) ds < <5) .
We define
wa(v,6)+ ! 1—V(3/2—s) [(s+1/2)(2m) 5v™*° pti(m/2=0)s g

27TZ (1+€) I
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The only left integral to estimate is
1 I/
— [ D()(1/2)7 @) = (3/2 — 9)T(s + 1/2) (5, ) ds,
210 J (146 T

which equals

(3.5) — i A(n) logn<w2 (g, 5)+ + i(m/2-0) (g’ 5))
n=1

In [11], we extended (2.16) and (2.17) to the following form.

Lemma 3.1. Suppose v > 1/2.
(1)
1/2 —x 1 : 1 :
wa(v,0)1 < v e logg—&—mm{L—z} , T =27mvsind.
x
(2)
1/2,6 0 ) 1 1 1 !
we(v+1/2,8)x +wa(v,0)+ K e ogg—i-m g5
. 1 1 . 1
+ d min{1, ?} + i min{1, ;}

Since the Petersson-Ramanujan conjecture for Maass forms has not been
established, we can not use the result of Friedlander and Iwaniec [17]. A result
of Chandrasekharan and Narasimhan [10] combined with the bound of the
Fourier coefficients by Kim and Sarnak [22] gives the following lemma.

Lemma 3.2. Let L(s, f) = >0 M) be an L-function attached to a cuspidal

n=1 ns

automorphic representation of GLa(Aqg) with A(n) <. nfT¢. Then,

5™ ) < -
n<z
. . . _ 7
In particular, when f is a Maass form, by taking 6 = &7, we have

Z /\(n) <<fe x0A4002841+e.

n<x

Proof. We apply [10, Theorem 4.1] to the L-function L(s, f). In our case, the
constants d, A and S correspond to 1, 1 and 1 + 0 + €, respectively. Since
L(s, f) is entire, we do not have the second big O-term. The first big O-term

is O (:ﬁ”"(i*“e)). For the third O-term, we have

Z IAn)| < (2 + x%_”)1+9+€ L plHote o g EH0-nte
< \/”;7<<x+z%*n
40+1
By taking 7 = gz%é, the O-terms are < 2270~ sos e, O
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Remark 5. In [11, Lemma 6], the first named author used the bound >~ ___A(n)

<, x'/3*t¢. However, this bound is true under the Petersson-Ramanujan con-
jecture. Lemma 3.2 can replace [11, Lemma 6].

n<z

By Lemma 3.1 and Lemma 3.2,

> n
A(n)1 (f,a)
; (n) log nws 50),
o0
n+1 n

S (o), a ()

nz::l (=1 (wQ 2 j:+w2 2 +

= 111 1 1 1
< z p0-40028414¢ [e*"‘s <§logg + Wlog 5) + dmin {1, )2 } + Wmin {1, EH

n=1

1 1 1.4002841+¢ 1 1 0.9002841+€¢ 1 0.4002841+¢ 1 0.9002841+€
< ‘5(1‘%5) (5) * (1°g5) (5) * (5) * (S)

1 0.9002841+€

]
and this implies (3.5) < (%)0'9002841“. Here we use that S, = —S;". Our
computations are summarized that (3.1) > (%)UHB_E for some arbitrarily

small § of L(s) has a simple zero p = 8 + itg, and Theorem 1 for even Maass
forms follows.

3.1. Odd Maass forms

When f is odd, all the computations can be carried out similarly as in
the case of even Maass forms. There is a slight change in the following main
integral;

1 L

(3.6) 5 AL )L () H (s)(ei/2=9)8 F ¢ilm/2=8)(1=9)) g
T J (14¢)

S . .
where H(s) = % r (S'H;'") r (S'HQ_”) and F is the opposite with the sign
in the functional equation.
Via Stirling’s formula, we also see

J— s+14ar r s+1—ur
2 2
=V21(1/2)7°(27) " T(s + 1/2) + b(1/2)~°(2m) °T'(s — 1/2)
+ (1/2)7°(27) °T'(s — 1/2)E(1 1y (s),
where b is some constant and E(; ,(s) is holomorphic and O(ﬁ) in Re(s) > 1.
Again, by Stirling’s formula, we have that H(s) = (7) T (s + 3) E@2,r)(s)
where E y(s) = V27 + O(ﬁ) is holomorphic in Re(s) > 0. Then, X(s) =
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H(;)S equals
['(3/2 —s)Ep)(1—s)
F(S + 1/2)E(27T) (8) ’

(7_‘_)2571

X/ T/ T/ EEz,r)
Y(s)—210g7r—?(3/2—3)—?(1/24-8)_%(1— Biom

(l)ﬁ+1/276
5

E/
_Pen

We leave it to the readers to show that (3.6) > for some arbi-

trarily small ¢ if L(s) has a simple zero p = 5 + itp.

4. The Weyl-type subconvexity

To prove Theorem 3, we follow [3] closely, where it says that their approach
also works for Maass forms with some effort. In [3], they introduced a simplified
Bessel d-method which arises naturally from the Voronoi summation formula.
Let My (M, &) denote the set of normalized Maass forms of weight zero with
level M, nebentypus ¢ and eigenvalue A = i +72 for r € (0,00). The following
Voronoi summation formula is a special case of [23, Theorem A.4]. Note that
gy = g € My(M,€) in their notation.

Lemma 4.1 (The Voronoi summation Formula). Let g € My(M,§). Let a, a,
¢ be integers such that ¢ > 1, (a,¢) =1, aa = 1 (modc) and (¢, M) = 1. Let
F(z) € C(0,00). Then there exists a complex number ny of modulus 1 (the
Atkin-Lehner pseudo-eigenvalue of g) such that
aMn\ </ n
- ()
< c > "M

ixg(n)e(‘?)( ”gf Z/\
Z? () )

where Fy(y) and Fy(y) is defined by

Fily) = - / " () {Jnas (47/Ty) — T (d/y)} da

S mwr

and
Fy(y) = 4ej cosh 7T’r‘/ F(x) Ko (4m/zy) do
0
Here €4 be the eigenvalue of g under the reflection operator.

The Voronoi summation formula in [23, Theorem A.4] is more general, where
it is only required that ((c M), @ M)) = 1. However, in our setting, ¢ = p will
be a large prime while M is fixed, so our condition (¢, M) =1 in Lemma 4.1 is
justified.
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Now, we establish a §-identity for Maass forms. For this purpose, we define
the following Bessel integrals:

Jr(a,b; X)

211

T (e —em) /ooo U(z/X)e(2ay/x){ Jair (4T0V/x) — J_gir(47b\/2)} dov

(e—TI'T‘ — emr
and
K, (a,b; X) = 4e4 cosh 7TT/ U(x/X)e(2ay/1) Ky (47by/z) dx
0
for a fixed non-negative valued bump function U € C$°(0, c0) with support in
[1,2], a,b > 0 and X > 1. Now, we can state a §-identity for Maass forms.

Lemma 4.2 (0-identity for Maass forms). Let p be prime and N, X > 1 be
such that X > p*/N and X'~¢ > N. Let m and n be integers in the dyadic
interval [N,2N]. For any A > 0, we have

(4.1) Com!t 1 3 e<a(m_")>.']7_<\/]f,\/ﬁ;)(>

1/2x3/4
p P oo p p
n Cym!/4¢(=1) 1 Z a(n+m) K vm @'X
pl/2X3/4 p ‘ p “\p p’
a (mod p)

= §(m =n) (1 + 0,0 <\/§77X>> +O0pua(X™),

where Cy = (14 1)/U(3/4), the 6(m = n) is the Kronecker § that detects the
condition m = n, and the implied constants depend only on r,U and A.

For the proof of the J-identity, we need several lemmas and notations. First,
we have

0 .
(4.2) / e J, (ax)z"t da
0

e T2 T (v + )T(1/2 — p) 1
=~ rGa)n T —psd) fRez/<Reu<§

which is [3, (3.5)]. Next, we define JF(a,a; X) to be

211

J;t(a7a’;X) = _(6771'7” —

) /OOO U(z/X)e(2av/x) Jair (4may/x) dz,

so Jr(a,a; X) = Jt(a,a; X) — J7(a,a; X). By applying the inverse Mellin

inversion of the function U and (4.2) to JF(a,a; X), we have

X 207 U(s)  T(2ir 42— 2s)[(2s — 3/2)

+ X)) = —
Jr ((L a; ) (e—‘n'r _ e7rT) /(g) \/E(_gﬂ-ia\/y)2—28 F(QZ’/‘ + 28 — ].)

ds,
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where U(s) is the Mellin transform of the function U, and (o) is the contour
R(s) = o with 3/4 < ¢ < 1. By shifting the contour to the line R(s) = 0, due
to the poles at s = 1/4 and 3/4, we have the following estimate for J;' (a, a; X),

omie™™  (1+i)U(3/4)X X
Jj(ava) == (e —em)  Am(a2X)1/4 +0 ((a2X)3/4) )

Similarly, we have

J (a,0;X) = —

T

omie™ (1 +4)U(3/4)X o X
(6771'7’ _ eﬂ"l‘) 47T((L2X)1/4 (G2X)3/4
and the following lemma follows.

Lemma 4.3. We have
Lo (1=0)UB/4)X X
JT(CL,CL,X) = W +O W
with the implied constant depending only on r and U.

For the case a # b, J,(a,b; X) is negligible under a certain condition for a,
b, and X. The following lemma is an analogue of [3, Lemma 3.2], and we skip
its proof.

Lemma 4.4. Suppose that b*X > 1. Then J.(a,b;X) = O(X~4) for any
A>0if |a—bVX > X€,

The analysis of K,(a,b, X) is quite simple. By the asymptotic K,(z) ~
/5 € ¢ for sufficiently large > 1 (see [1, 9.7.2]), we have:

Lemma 4.5. We have K,(a,b,X) = O(X~4) for any a,b > 0 and A > 0.
The implied constant depends only on A.

Now, we are ready to prove the J-identity. We see that the second sum is
absorbed into the error term O,y 4(X ™) by Lemma 4.5. For the first sum,
Lemma 4.3 gives the § term when m = n. Note that Lemma 4.4 implies that
Jr(vm/p,v/n/p; X) = Oy a(X~4) unless [m — n| < Xpy/N/X. However,
the condition on m and n does not hold except for the trivial case m = n
because m is congruent to n modulo p and X¢p/N/X < p. Hence, we proved
Lemma 4.2.

Let us recall that

S(IV) = Y- Ag(me(fm)V ()

NERINE

e(fm)V (%) S Ay (m)é(m = ).

3
&

Here, V(z) and Ag(n) were defined in Theorem 3. Applying Lemma 4.2 and
dividing the a-sum in (4.1) according whether (a,p) = 1 or not, we have

S(N) = S5(N,X) + SUN,X) + Ry(N,X) + O(X~4),
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with
1/2771/4 m < sam
S5 (N X) = % Z_le(f(m))w(N)a%p) (%)
(S -2)4(:2 00
e Eren (2 (5 L)
and

MV2NVA & m
0 _ —
Sp(N. X) = o3 /2 X3/ mz_ df(m)M(N)

(S

n=1

where Vj(z) = CyngM~1/2.2Y/4V (x) and 3°* means that the a-sum is subject
o (a,p) =1, and

Rp(N,X):O(\/Jl\)ZiXT;VP\g(n)D:O(p i)

Setting p > M, we can apply the Voronoi summation in Lemma 4.1 to the
n-variable. By applying the Voronoi summation with ¢ = p and F(z) =

M‘lU(ﬁ)e(%/ﬁ), we have that

pvVM
SE(N, X)
m)ﬁf > s D) > KT8 s (2g> (57%):
where

Similarly, we have

sov. ) = ST S s () S nime (22 o (2

X3/4
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after the application of the Voronoi summation with modulus ¢ = 1 and F(z) =

pP M~ IU(}CI;) (QFV;\";) By a trivial estimate, we obtain

N5/4X1/4

0
SHIN,X) < =

Finally, after averaging over primes p in [P, 2P] for a large parameter P, there
are < P/log P many such p’s. Hence S(N) can be written as follows.

Proposition 4.6. Let V() € C(0,00) be supported in [1,2] with Var(V) <
1 and VU (z) <; AJ for j > 0. Let parameters N, X, P > N¢ be such that

(4.3) P?/N <X, N<X'"c
Let P* be the number of primes in [P,2P]. We have

N) = ikg(n)e(f(n))v Y Z (N, X,P)+ 0 PVN . N5/43X21/4 |
N VX P3/

with

(44)  S(N,X,P) P],Y)I(/:/4 Zé Z (Fm)Va( )
-;Ag(n)S(nvm;me({/\/g)U(JX}

where Vy(x) = Cyng M ~Y/2.2Y/4V (2) is supported in (1, 2], satisfying Var(V}) <
1 and Vh(J)(x) < A,

From now on, we follow almost the same flow in [3, Section 5] and skip
some details. Thanks to Proposition 4.6, we only need to estimate the sum
S(N, X, P) in (4.4) to study S(N). For convenience, let

(4.5) X =P?K?/N, N <K<T'"*

with the parameter K > 1 to be optimized later. Then the first assumption in
(4.3) is justified, while the second assumption amounts to

(4.6) P> N'/K.

Let f(x) = To(x/N) + va with ¢(x) = —loga. By applying the Poisson
summation to the m-sum in (4.4), we have

mo:e(f(m))S(n,m;p)e<2\/\/Mip) ( ) N z):l< mMn)ﬂ(ﬂ,m,pL
where

a0 Smp) = [ Viale(Tol) + o84 2 D) gy

vV Mp p
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By following [3], we only need to consider the m-sum for |m — vp| < R,
where R = PT/N, with a negligible error. Furthermore, we have the following
estimate for .# (y,r,p) by the same way in [3, Lemma 5.1].

Lemma 4.7. For 1 <y/MX <2, we have

I (y,r,p) <

Sl-

Hence, (4.4) can be written as

N2 n —
(4.8) S(N,X,P) = WZA (MX) 2;36(\/;9)

3 1 e(— mMn)J(n,m,p)—i—O(N_A).

p
(m,p)=
|m—yp|<R

Next, we apply Cauchy inequality and the Ramanujan bound on average for
Ag(n) to (4.8). Then,

S(N, X, P)
_ 2 1/2
N3/2 ad (- ( mMn) n
Ly —F—— — S (n,m, Ul——=
P PVP (nzl ;;3 VP (m%:l ‘ AR (3rx)
|m—yp|<R

Note that the Square of the right-hand side is

(4.9) p*2p szplpz ZZ

P1p2

P1,p2~ (m,pi)=1
[mi—vpi | KR
m Mn miMn _— n
Z ( : 1pl >f(n,ml,pl)/(n,mmpz)U(MX).

n=1

After applying the Poisson summation with modulus p;ps to the n-sum in (4.9),
we obtain

> moMn  miMn _— n
(4.10) Ze( P )ﬂ(n,ml,pl)f(n,mg,pQ)U(]\/[X)

n=1

MXn
:MX Z g(pp ;mlamQap17p2)7
nzmpzfmpl (modp1p2) 12

where

(4.11)  ZL(z) = L(x;m1, ma,p1,p2)

- / U(y).7 (MXy, my, p) F Xy, 1 pa)e( —y) dy.
0
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By using (4.5) and (4.7), we can transform (4.11) into the triple integral;

@) 2@ = [ [ vevie)
Nmiv; N Nm21/2>

e (T(00n) = 6) + AN (1 = ) = 20 A
./OOO U(y)e<2PK(\/71 - M)@— xy) dy duy du,

P1 P2

By following [3], we have an estimate of .Z(x) which is an analogue of
[3, Lemma 5.5]. Unfortunately, there might be an error in the calculation
for the estimate of 9fy(w,vs)/0ve in [3]. But this doesn’t affect our result
when we set ¢(z) := —logx, which satisfies the general conditions of ¢(x) in
[3, Theorem 1.1]. This is why we explicitly set the function ¢(z) and repeat
the overall process in [3] in this paper.

Lemma 4.8. Let N, T, K, P > 1 be parameters with N* < K < T and
N*¢ < PK. Let p; ~ P and |m; — vp;| < PT/N (i = 1,2). Let the integral
Z(z) be as in (4.12).

(1) We have Z(z) = O(N~4) if |z| > K.

(2) Assume that K?/T > N¢. For K?/T < |z| < K, we have

For |z| < K?/T, we have

1
A —.
() < T
(3) Let p1 = pa =p. Then
1 PN¢
Z0) < mln{T g r— }

Combining (4.9) and (4.10), together with Lemma 4.8, we obtain

(413)  S(N,X,P) < \/52 (N, X, P) + \/Sgﬂ(N, X, P)+ O(N—4)

diag
with

1 PNe
S N, X, P) KNlm: —mol
dlag( P*2P2K Z ZZ mln{ T KN|m1 m2| }7

(mima2,p)=
|m1 vpl,lm2— ’YP|<<R
mi=ms (mod p)
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and

ngf(N7XaP)

s o) DI DV LR SR

p1,p2~P  (mg,p;)=1 N/T<|n|<N/K 0L |n|<KN/T
|m;—vpi| KR \n=ci (mod pip2) n=c; (mod p1p2)

where ¢y = miMpy — moMp;.

For thag(N, X, P), we split the sum over m; and msy according to m; = meq

or not, and we have

Sdiag2 (Nv X, P)

N3X 1 PNc¢
D oTDSEETS Sl 3}y
p~P (m,p)= p~P (mima,p)=1
[m— 7p|<<R [m1—~pl,

|m2—yp|<R
mi1=ms (mod p)
miF#me

Hence,

(4'14) SCQiiag(N7 X, P) <

N3X P*R+P*R2N€
P2p2g\ T PKN

T2
(KN+ N >logP

Here, we use |m; — ma| > p and the number of the pairs (mj, m2) is bounded
by R?/P to estimate the second term in the parenthesis.

Next, for SEH(N, X, P), p1 must be different from ps due to assumption
(4.6) and the length N/K of the n-sum. Note that for fixed n, the congruence
n = myMps — maMp; (mod p1ps2) is equivalent to m; = nMps (mod p;) and
my = —nMp; (mod ps). After interchanging the sum over n and the sums over
my, Mo, we have

SgH(N?XaP)

b o DD B SRS LT DD B DR

p1,p2~P | N/T<|n|<N/K  |mi—vpl, 0<|n|<KN/T  |m1—pl,
P1#D2 [ma—vp|<R |ma—vyp|<R
mi=cs (modp;) micz (modpy)
ma=c3 (mod pz2) ma=cs (mod p2)
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where co = nMpy and cg = —nMp,. When T > N, we have

N3X P [N N\ /R\?
4.15 S2(N.X,P) < ——— P2 _ 24+ | (=
( ) OH( y <y )<< P*2P2K <T\/)? K+T2> (P)
NT
-~ L KN.
VK

When T' < N, the (R/P)* in (4.15) may be replaced to 1. However, we can
rearrange the sum S%; as follows:

=T ID N M D VIS B M- LD DD D) DR

p1~vPprpa~P | N/TL|n|<KN/K  |mi—vpl, 0<In|<KN/T  |ma—vp|,

P17#P2 |mae—vp|<KR |mo—vyp|<KR
mi=cs (mod p1) mi1=cz (mod p1)
ma=cs (mod p3) ma=csz (mod pa)

Thus for T < N, we have

N3X P [N N
4.16 S24(N.X,P) < — = PR/ 4
( ) oﬁ( ) ) )<< P*2P2K (T /*X K + T2>
NT N
L |—=+ KN |)=logP.
(VK >T ©
Combining (4.15) and (4.16), we have
N3X NT N
4.17 Sig(N,X,P) < —5——P*R +KN> <1+>1 P.
@11 SRV P) < P (S V) g

We conclude from (4.13), (4.14) and (4.17) that
T VNT /N .
(4.18) S(N,X,P) < <\/N+ <\/KN—|—K1/4> <1+ T))N.

Here we assumed P < N4, where A is a large fixed constant so that log P < N°.
Finally, by Proposition 4.6 and (4.18), we have

Jﬁ) <1+ N) N NVK

i N+

VN K P

Under assumption of N¢ < T < N3/2=¢ by taking K = T?/3 and P = N/T1/3,
T | N N
— N4+ TV3N/2+e [ — 1%/3.
< ~ + + T test

N1+e
T1/6°

S(N) < = N* 4 (\/KN +

Noting that

@, T%/3 « TY3NY/2+e  and

VN

N
773 <
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we have the conclusion that
N1+e

1/3 arl/2+e€
S(N) < TY3NY/ + T

4.1. Proof of Theorem 2

First, we derive the Weyl-type subconvexity for Maass form L-functions from
Theorem 3. The process is very standard [3, Sec. 6], but we include this for
completeness. Let g € My (M, &) be a Maass form of weight zero with level M
and nebentypus £. Then, by the approximate functional equation [21, Theorem
5.3] and dividing the interval of summation dyadically, we have

‘ S(N)
L,(1/2+1t) < t° | —=
for some N <t and S(N) = Y07, Ag(n)n~ "V (£). It is left to show that

S(N) < V/Nt'/3%¢ in the range t>/3t¢ < N < t'*¢. This can be verified by
taking vy =0, 7T = i in Theorem 3, and Theorem 2 follows.
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