J. Korean Math. Soc. 60 (2023), No. 1, pp. 143-165
https://doi.org/10.4134/JKMS.j220238
pISSN: 0304-9914 / eISSN: 2234-3008

LEFT INVARIANT LORENTZIAN METRICS AND
CURVATURES ON NON-UNIMODULAR LIE GROUPS
OF DIMENSION THREE

Ku YoNnG HA AND JONG BuM LEE

ABSTRACT. For each connected and simply connected three-dimensional
non-unimodular Lie group, we classify the left invariant Lorentzian met-
rics up to automorphism, and study the extent to which curvature can be
altered by a change of metric. Thereby we obtain the Ricci operator, the
scalar curvature, and the sectional curvatures as functions of left invariant
Lorentzian metrics on each of these groups.

Our study is a continuation and extension of the previous studies
done in [3] for Riemannian metrics and in [1] for Lorentzian metrics on
unimodular Lie groups.

1. Introduction

Let G be a connected and simply connected, three-dimensional Lie group.
The classification of all left invariant Riemannian metrics on G up to automor-
phism of G is completely carried out in [3]. For the Lorentzian case, a complete
classification is done in [1] when G is unimodular.

We continue and extend the study in [1] to all non-unimodular Lie groups G.
So, our basic references are [3] and [1]. We also refer to [8] for the classification
of left invariant Riemannian metrics on 4-dimensional unimodular Lie groups.
In this article, we will be concerned with two main problems:

(1) to classify all the left invariant Lorentzian metrics on each connected,
simply connected three-dimensional non-unimodular Lie group G up
to automorphism, and

(2) to study the extent to which curvature can be altered by a change of
left-invariant Lorentzian metric.
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There are uncountably many nonisomorphic, connected and simply con-
nected three-dimensional non-unimodular Lie groups. These are all solvable
and of the form R? x, R where R acts on R? via a linear map ¢, see Sec-
tion 2.2. Let G be such a Lie group. Let 0(G) be the space of left invariant
Lorentzian metrics on G. Then there is a natural action of Aut(G) on the space
M(G). Our first goal is determine the moduli space M(G)/Aut(G).

Let h € M(G) and let B be an orthonormal basis for the Lie algebra g of
G with respect to h. By [5], there is a unique linear transformation L : g — g
satisfying the formula [u,v] = L(u x v) for all u,v € g, and G is unimodular
if and only if such a linear transformation L is self adjoint, i.e., h(L(u),v) =
h(u, L(v)) for all u,v € g. In this case, the matrix [L]g is Lorentzian symmetric;
that is, [L]y = J[L]sJ, where J = J5; = diag{1,1,—1}. The authors in [1]
give a complete computation of the moduli space Aut(G)\IM(G) using these
Lorentzian symmetric matrices. However, this procedure is possible only when
G is unimodular. In this article, for this reason, we shall give a complete
computation of the moduli space MM(G)/Aut(G) in a direct way since G is
non-unimodular.

In Section 2.1, we review some properties related to the left invariant Loren-
tzian metric on a connected Lie group. In Section 2.2, we recall the three-
dimensional non-unimodular Lie algebras and their groups of automorphisms
(3))-

In Section 3, we classify all the left invariant Lorentzian metrics on the
three-dimensional non-unimodular Lie group up to automorphism.

In Section 4, we review Ricci operator and curvatures, sectional curvatures,
and scalar curvatures of the left invariant Lorentzian metric on a connected Lie
group. We find out the relationship between the Ricci curvature and the Ricci
operator. Furthermore, we find an identity which is the Lorentzian version of
the formula given by ([5, p. 306]) about sectional curvature (u,v) associated
with u and v. In particular, we classify explicitly three-dimensional Lorentzian
non-unimodular Lie groups whose metrics have constant sectional curvatures.

All the calculations were done using the program MATHEMATICA and
hand-checked.

2. Preliminaries

2.1. Left invariant Lorentzian metrics on Lie groups

Let h be a Lorentzian metric on a connected Lie group G. That is, for each
point p € G, h, is a nondegenerate symmetric bilinear form on the tangent
space T,,G and one can find a basis ey, ..., e, of T,G such that

{hp(ei,ej)} = [h(ei,ej)p} =J.
A Lorentzian inner product on R? is a bilinear product such that

(x,y) =x"Jy
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for all x,y € R3.

From now on, G is a connected and simply connected non-unimodular Lie
group of dimension three. A Lorentzian metric on g is a Lorentzian inner
product on g. That is, there exists a linear basis By = {e1, ez, e3} for g with
respect to which (x,y) = xJy for all x,y € g. Once Lorentzian inner product
is given on g, it can be extended to the whole group G by (the left translations):

(X,¥)a = <(€a)*_lxv (éa)IIY>

for all @ € G and x,y € T,G, where the right hand side is the Lorentzian inner
product on g. This is a left invariant Lorentzian metric on G.

We now consider the totality of left invariant Lorentzian metrics on G. For
any linear basis 8 = {1, 29,23} for g, one can declare it be an orthonormal
basis. That is,

[<{Ei,$j>l} =J.
The new inner product is denoted by (, ). Clearly, this gives rise to a new

left invariant Lorentzian metric h on G. Let P be a transition matrix from the
basis By to the basis 8. Then

h(e;,ej) = (ei,e;) = (P* JP)( ), (i,j)-component of P*JP.

Hence [h] = [h]s, = P' JP.

Therefore, with the fixed basis By, and varying P € GL(3, R), we get the new
metric P'JP. Notice that some P’s are redundant. For example, if P € O(2,1),
then clearly P'JP = J. Let

M(G) = {P'JP: P c GL(3,R)}.
Then the symmetric matrix P*JP = [h;;] is a left-invariant Lorentzian metric
h defined by:
h(x,y) = [x]'(P"JP)[y]
for all x,y € g, where [x] = [x|s,. Note that B’ := P~18q = {y1,y2,y3} is an
h-orthonormal basis for g, because

[hsr = {h(ywyj)} = [[yi]t%o(PtJP)[yj]%o}
- [(Pﬂ[ei]%o)t(PtJP)(Pfl[ej]%o)} =J.

This is equivalent to: 9B yields global vector fields (by ¢,) and its dual
forms w;. Then use the formula h = )" h;; w; ® w; so that the 2-form h
is globally defined. This way, for any P € GL(3,R), P'JP becomes a left-
invariant Lorentzian metric on G.

From these observations, we have the following;:

Theorem 2.1. Let [h;;] be a symmetric, nondegenerate matriz, and let h =
> hij wi @w;. In order for h to be a left invariant Lorentzian metric, it is
necessary and sufficient that there exists P € GL(3,R) for which [h;j] = P*JP.
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We remark that each left invariant Lorentzian metric on G is determined by
an inner product at the tangent space T.G = g and the inner product is given
by a symmetric, nondegenerate matrix of the form P*JP, where P € GL(3,R).

Notice that if § : G — G is a diffeomorphism on G, then 6 induces a
Lorentzian metric on G by the rule ho(x,y), = h(0;(2),0;(y))o-1(p),p €
G,z,y € T,G, where 0, is the differential of §. Even though h is left invariant,
the induced metric hg is not necessarily left invariant.

Now consider two actions by GL(3,R) on 9(G). First, the group GL(3,R)
acts on M(G) (of course, from the left) by:

For A € GL(3,R) and P'JP € M(G),

w(A)(P'JP) := (AP)'J(AP) (left multiplication by A on P-factor).
Then clearly, u(AB) = u(A) o u(B). Notice that, this action is transitive and
the isotropy subgroup is
GL(3,R)piyp = {A € GL(3,R) | u(A)P'JP = P'.JP}
={A e GL(3,R) | u(A)J = J} = 0(2,1).
On the other hand, Aut(G) = Aut(®) is also a subset of GL(3,R), and it
acts on M(G) as follows:
For ¢ € Aut(G), and P'JP € M(G),
() (P'IP) = [p ' "(P'TP) ]

= (Plp~'])' J(Plp7"])
(right multiplication by [¢ '] on P-factor),

where [~ = [p71]s,. Then clearly, £( o) = () 0&(p) for ¢, € Aut(G).
Furthermore, these two actions (being left/right multiplications) commute
each other:

m@) A, e PtJP — (AP)'J(AP)

5<¢>l lﬁ(‘”) l [P " ((A )l (AP))p™"]
—17t( pt -1 e ((AP)' J(AP))[p !
[ ]"(PTIP) [~ = (AP[p~ 1))t J(AP[p7Y])

If we write the metric P*JP simply by P € GL(3,R), then the above diagram
becomes:

m(a) s e

GL(3,R) s GL(3,R) p AP
£(so’1)l l&(w’l) T[w_l]l T[sa—l]l
GL(3,R) s GL(3,R) Plp~] —“— (AP)[p™Y] = A(P[¢™")

Then we must calculate the quotient

0(2,1)\CGL(3, R)/Aut(G) = M(G)/Aut(G).
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Now we describe explicitly the action of Aut(G) = Aut(g) on M(G). Let h
be a left invariant Lorentzian metric on G and ¢ € Aut(G). Define a metric
hy, on G by

ho(z,y)p = h(ga_l(;v), go_l(y))w_l(p)7 pe€G,x,yel,G.

Then for z,y € Gy,

ho (o) (@), (Lor@)s () p(a1yp
= "™ (o) (@), 07 (lo@) () p-1(pta-1)p)  (by definition of hy)
= h((la) 7 (@), (la) 71T W))am1p-1(p)  (from @0 by = L) 0 )
=h(e (@), 07 (¥)p-1(p) (R is left-invariant)
= hy(x,y)p (by definition of h, again).

Thus, h, is also left-invariant.
We remark that if [h] = P*JP for some P € GL(3,R), then

[hel = (Ple™ D' T(Ple™']) = [~ Rl

A left invariant Lorentzian metric ' on G is equivalent up to automorphism
to a left invariant Lorentzian metric h if there exists ¢ € Aut(g) such that
h' = hy-1, or equivalently, [h'] = [¢]'[h][¢]. In this case we write b’ ~ h or
[A'] ~ [h], and we say that [h'] is equivalent up to automorphism to [h].

2.2. The three-dimensional non-unimodular Lie algebras

There are uncountably many nonisomorphic three-dimensional non-unimo-
ular, solvable Lie algebras and a basis may be chosen so that
(a) [z,y] =0, [z,2] =2, [2,9] =y, or
(b) [z,y] =0, [z,2] =y, [2,y] = —cx + 2y,
where ¢ € R. Note that ad(z) = [{ 5] has trace 2 and determinant c¢. A
reference is [3]. Such a Lie algebra is isomorphic to either g; or g. for some

¢ € R where
t 0]
0o t|’

0 —ct
t 2t

gr = R? X, R, where o, (t)

gc 2 R? x, R, where o_(t) = [

with a “natural” basis

e~ (9= () =~ ()

Then they satisfy Lie bracket conditions (a) or (b), respectively.
For any non-unimodular solvable Lie algebra g, its group of automorphisms
is given as follows:
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(1) The Lie group Aut(g;) is isomorphic to

e

(2) For each ¢ € R, the Lie group Aut(g.) is isomorphic to

B—a —ca
« B+a x
0 0 1

a,ﬁ,*ER,
B2+ (c—1)a*#0

The three-dimensional non-unimodular Lie algebra g; or g. is the Lie algebra
of the connected and simply connected three-dimensional Lie group

et 0
G 2 R? Xy R, where ¢, (t) = [0 ot OF
G. 2 R? M, R, where
1 0

s wi et | =1 —

c
e

1 1

+elt ife=1.

0 1

Note that ¢_(t) is real even when ¢ > 1.

3. Left invariant Lorentzian metrics

In this section, we will compute the moduli space IM(G)/Aut(G) for the
three-dimensional non-unimodular Lie groups G.

3.1. The case of G
Recalling from Section 2.2 that

Aut(ar) = {[GL(S,R) ﬂ

we obtain the following result.

*ERQ},

Theorem 3.1. Any left invariant Lorentzian metric on Gy is equivalent up to

automorphism to a metric whose associated matriz (P'JP = [hi;]) is one of
the following forms:

1 00 1 0 0 1 00

o -1 ofl, (o1 ofl, oo 1],

0 0 0 0 —u 01 0

where p > 0.
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Proof. Let h be a left invariant Lorentzian metric on G;. Then [h] = [hy;] is
a symmetric and non-degenerate real 3 x 3 matrix. Since [h] is symmetric and

[S(O)(OZ) ﬂ C Aut(g), we may assume that h;o = 0. First assume hjihes #
10 —718
01 —les
00 17

Since only one of hiy,hoe and p is negative, either hijhoe < 0, 4 > 0 or
hi1 > 0, hog > 0, p < 0. If hi1hye < 0 and p > 0, then we may assume

that h11 > 0 and hoy < 0. Let D = dlag{\/f \/7 ,1} € Aut(gs). Then
D!C'B![h|BCD = diag{l,—1,u}. If hy1 > 0, hoy > 0 and pu < 0, then
D= dlag{\/f \/7 ,1} € Aut(g;) and DtCtBt[h]BCD = diag{1, 1,/1}.

Now assume hji1hoy = 0. Since one of hy; and hgo is non-zero, we may

0. Then C = € Aut(g;) and C'B!'[h|BC = diag{hi1, hoa, i1}

assume hy; # 0 and hgy = 0. Since det[h] = —hj1h3; < 0, we have hy; > 0
L g _hs 100
and hoz # 0. Let C = [ Vi o } € Aut(gr). Then C'B'[h]BC = [8 0 u}.
0 0 1 By
10 o0
Since det(C'B!'[h]BC) = —u? < 0, we have p # 0. Let D = [0 + ;} €
00 1

Aut(gr). Then D'C*B'[R|BCD = {O 509

Finally it is easy to see that any three such distinct matrices are not equiv-
alent. (]

3.2. The case of G., c > 1
Recalling from Section 2.2 that

b—a —ca %
Aut(g.) = ! B+a x
0 0 1

we obtain the following result.

a, B,x €R,
B2+ (c—1)a?#0 (°

Theorem 3.2. Any left invariant Lorentzian metric on G. with ¢ > 1 is
equivalent up to automorphism to a metric whose associated matriz (P*JP =
[hij]) is one of the following forms:

@ 0 0 110 11 0
00 1/, |1 7 o], |1 v o,
01 0 00 p 00 —u

where p >0, 7<1andl <v <ec.

Proof. Let h be a left invariant Lorentzian metric on G, with ¢ > 1. Then
[h] = [hsj] is a symmetric and non-degenerate real 3 x 3 matrix.
First suppose hiihag — h3y = 0. If hig # 0, then hyy # 0, hoy # 0. Since

—hi2  —chi1

(h11 — h12)?> + (¢ = 1)h3; >0, B = hay 2 ~haz 0} € Aut(g.) and B'[h]B

[h};], where hi; = hiy = 0, hiz # 0 and h # 0. Thus we may assume

that h12 = 0. Then either hll 7é 0 h22 =0 or hll = O7 h22 7é 0. Suppose
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hii = 0 and hop # 0. Since B = [*fi) R ﬂ € Aut(g.) and B'[h]B = [h,],
where hi; = haa # 0 and h}j, = hb, = 0, we may assume that hy; # 0 and
0
1
ho
0

_hiz
h11

>

€ Aut(g.) and

h2.—hijh33
3 2h11h23
1

1
hao = 0. Then we have hog # 0, C' = [ (2)3
0

C'h]C = [081} where p > 0.

Now suppose hiihoy — h12 # 0. First we may assume that hyjz3 = hog =0
10 hshoa—hiohog
h3p—hi1hao ¢ , ,
because B = | hithas—hiomg | € Aut(g.) and B'[h]B = ['], where hj; =
hiy—hi1hag
00
hbs = 0.
If hyy # hio, then the quadratic equation

(I’Ln — h12)2’2 + ((C — 2)’111 + 2]112 — hQQ)Z — (C — 1)(h11 — h12) =

-1 —c O
has a real root, say 3, because —(c¢—1)(h1; —hi2)? < 0. Then B = [ﬁl B+1 0]

€ Aut(g.) and B'[h|B = [h'], where h}, = h}, and hi; = hb3 = 0. OThtgs \}ve
may also assume that hi; = hia. Since det[h;;] = —hi1hgs(hi1 — ha2) < 0, we
have hyy # 0. Let B = diag{\/“llfll, \/lszl} € Aut(g.). Then B'[h]B is of
the form

1 1 0 -1 -1 0

1 7 0], -1 -7 0},

0 0 pu 0 0 w

where pu(r —1) <0.
Now consider equivalences up to automorphism between the following three
types of left invariant Lorentzian metrics:

nw 00 1 1 0 -1 -1 0
Typel. |0 0 1|, Type2.|1 7 0|, Typed. |-1 —7 0
0 10 0 0 p 0 0 p

(1) Two different matrices of type 1 are not equivalent. And every matrix
of type 1 is not equivalent to that of type 2 or type 3.

@ Supose (1] = [§ 58], 01 = | 17§ | and ] ~ 1. Then 5015 -

—Q —Cx

[A/] for some B = [ o 6+a yj| € Aut(g.). Thus we have

(1) Pr+(B+alr—1)y =

(ii) (B+a——ca)r+ ((B+ 04)7’ —ca)y =0,
(iii) B2 —a?+71a?=1,

(iv) B —a?+1a’+aB(t—c)=1,

6% 4 2(1 — c)af + (2 — 2c+ 7)o =7/,
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2 2
w+x® +2zy + Tyt =

Considering the linear system of equations in the variables z, y given by
(i), (ii), the determinant of the coefficient matrix is (5% +(c—1)a?) (1 —
1) # 0. This implies z = y = 0 and g/ = p. Using (iii) and (iv), we
have af(t —¢) = 0.
o If3=0, then7'>1andoz:i\/% andT’:1+(C;%1)2.
e If =0, then 8 =+1and 7 =7.
elfr=c then B2+ (c—1a?=1land 7 =7 =c.
Hence we have

1 1 0 1 1 0
1 7 0~ |1 7 0
0 0 u 0 0 4
— , T, if 7 <1,
p=nr= 1+(CT11), ifr>1
(3) Similarly, we have
-1 -1 0 -1 -1 0
-1 —7 0|~ |-1 =7 0
0 0 pu 0 0
, , T, if 7 <1,
— = = 2
e 14+ e i > 1,
-1 -10 110
(4) Suppose [h] = [—1 -7 0], (W] = {1 ' 0/} and [h] ~ [A']. Then there
0 0Op 00 pu
B—a —ca =z
isB=| a B+a y| € Aut(g.) such that B[h]B = [h']. That is,
0 0 1

Br+ (B+a(r—1))y =0,
(B+a—ca)r+ ((B+ )T —ca)y =0,
B4+’ —1a? =1,
B +a?—1a?—af(t—c) =1,
—7B% = 2(1 —c)af — (* —2c+ 1)’ =7/,
p—ax?—2xy —Ty? = 4.

This implies =y =0, ¢/ = p and af(7 —¢) = 0.

. IfﬂzO,thenT<1anda::|:\/% andT’zl—%.

e If & =0, then 32 + 1 = 0, which is a contradiction.
o If 7 = ¢, then —3%2 — (¢ — 1)a? = 1, which is a contradiction.
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Hence we have

-1 -1 0 1 1 0

-1 —7 0|~ |1 7 0

0 0 u 0 0

—1)?
<:>7'<1,;/:u,7'/:1—(c )
1-—7

-1 -1 0
(5) Suppose [h] = {—% - 0 } with 1 <7 <cand pu > 0. Let
—p

Y1 =2, Y2 = \/pl_—l(l“—y)’ Ys = \/1;72
Then B = {y1,y2,ys} is a basis of the Lie algebra of G, such that
[h]p = diag{—1, —1,—1}, which is a contradiction.
Hence the proof is completed. O

3.3. The case of G.,c =1

Instead of the basis {z,y, z} for g1 given in Section 2.2, we choose a new
basis {1, x2, x5} for g1 by putting z; = —x +y, 2 = —x + 2y, x3 = z. Then
they satisfy

[z1,72] =0, [z3,71] =71, [23,72] =71 + 72

With respect to this new basis, the Lie group Aut(g) is isomorphic to

6 ]
0 v = ‘%5,*61&7#0
0 0 1)
In fact, given 7,4,
2 -1 0] '[y 6 #][-2 -1 0 y—6 =6
1 1 0 0 ~ = 1 1 0| = é Y4+ x|,
0 0 1 00 1| 0 o0 1 0 0 1

. —2 ~10
where [1d]{x,y7z}7{$17x27x3} = [ i (1)(1)].

Theorem 3.3. Any left invariant Lorentzian metric on Gy is equivalent up to
automorphism to a metric whose associated matriz (P*JP = [h;;]) is one of
the following forms:

-1

-2 -1 0 -2 -1 0
1 10 M| 1 1 0f,
0 01 0 01
where M is of the form
0 0 1 w 0 0 1 0 0 10 0
0 p 0, 0 0 1], 0 —v 0}, 0o v 0},
1 0 0 010 0 0 pu 0 0 —pu
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-1 0 0 01 0 0 -1 0
0 v 0}, 1 0 0f, -1 0 0f,
0 0 pu 0 0 u 0 0 u

where >0 and v > 0.
Proof. Let {x1,22, 23} be the basis for g. given by
T =—T+Y, xo=—T+ 2y, x3=2=2.

Then
[901,952] =0, [9337901] =T, [903,ZE2] =1+ T2

%MeRwéO}

Let h be a left invariant Lorentzian metric on G;. Then with respect to
the basis {z1,x2, x3}, [h] = [hi;] is a symmetric and non-degenerate real 3 x 3
matrix.

First assume that hyjhoe — k%o = 0. If hio # 0, then hyy # 0, hoy # 0. Let
h11 —h
B = [ 0 hn g} € Aut(g.). Then B'[h]B = [hj;], where h}, = 0. Thus we
0 0 1
may assume that hlg = 0. Then either h11 = O7 h22 7é 0 or h11 % 0, h22 =0.

When hy; = 0 and hae # 0, det([h]) = —haoh?; < 0 and so we have hgs > 0

5 *
and the Lie group Aut(g;) is isomorphic to { [o -~ *}
001

2= 0 0
his 001
and g # 0. Let B = | o o _7{3] € Aut(g.). Then B'[A]B = [040].
0 0
10-% ¢ B 001
Let C = {01 0 } € Aut(g.). Then C*'B*[h I:OMOi|,Wh€I’€M>0.
00 1 100
% 0 _213
Similarly, when hy; # 0 and hga = 0, then hos #0, B= | o . ol e
23
w00 10 0 o0 !
Aut(g.) and B'[h|B = {8(1)1}. And let C = [8(1) %} € Aut(g:). Then
v 1

C'Bt[h)|BC = [S 0 2} where p > 0.

Next suppose that hiihos — h12 # 0. Then we may assume that hj3 =
10 Pashoa—hiahag
h2 o—hi1h22
h23 = 0 because B = 01 h11’123 highyg S Aut(gc) and Bt[h]B = [h/], where
h2 —hq1h
00 12 111 22
hiz = hiz = 0.
h11 —h1z2 O
If hyy # 0, then B = [ o 0} € Aut(g.) and B[] B = diag{dy, d, ds}
0 0 1
where dydads < 0. Since only one of dy, ds, ds is negative either didy < 0,
A>0o0rd; >0,dy>0,A<0. Let C = d1ag{\/lcT \/IT ,1} € Aut(g.). Then

C'B'[h]BC is of the form

1 0 0 10 0 -1 0 0
0 —v 0f, 0 v 0f, 0 v 0f,
0 0 p 0 0 —pu 0 0 u

where p > 0 and v > 0.
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If hi; = 0, then det([h]) = —h33<h12)2. Thus hzs3 > 0 %nfl hélg 7é 0. Let
B = diag{—~——, ——, 1} € Aut(g.). Th BthB:[il yo]Lt =
lag{mamv } € Aut(g.) en [h] 0 on et C

13%0
[0 i o] € Aut(g.). Then C'B![h|BC is of the form
0 01
010 0 -1 0
1 0 0], -1 0 0},
0 0 p 0 0 p
where o > 0. Finally it is easy to see that any four such distinct matrices are
not equivalent. ([

3.4. The case of G., c < 1

Instead of the basis {z, y, 2} for g. given in Section 2.2, we choose a new basis
{@1, 2,25} for gc by putting z1 = —(1-w)z +y, x2 = —(1+w)z+y, z3=2
where w = /1 — ¢. Then they satisfy

[x1,22) =0, [x3,21] = (1 +w)xy, [r3,22] = (1 — w)xs.

With respect to this new basis, the Lie group Aut(g.) is isomorphic to

.
0 0 *|]|v,d0*xeR, v0#£0
0 0 1]
In fact, given 7, d,
1 14w -Ir T 1 14w - -
- E O B B ] B L
“3w 2w "2 T =| o fBta x|,
0o 0 1 [0 0 1] 0 0 1 0 0 1

1 14w g
_ 5—ny S+ . . 2w 2w
where a = 51, 8= 5T and [id]{4,y.2) . {21,20,25} = {QW w-1 .
0 0 1

Theorem 3.4. Any left invariant Lorentzian metric on G, with ¢ < 1 is
equivalent up to automorphism to a metric whose associated matriz (P*JP =
[hij]) is one of the following forms:

w -1 w
2w 2w O M|-3; G O],
0 0 1 0 0 1
where M is of the form

0 0 1 (1 0 0 1 1 0 1 0 0
0 1 0], 0 0 1], 11 uf, 0 1 0],
1 0 0 0 1 0 0 u 0 00 —u
(1 0 0 [—1 0 0 0 1 0 0 1 0

0 -1 0f, 01 0}, 1 0 0f, 1 1 0f,
10 0 | 0 0 u 0 0 u 0 0 u
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0 1 0 1 1 0 -1 1 0
1 -1 0f, 1 7 0f, 1 — 0},
0 0 u 0 0 v 0 0 w

where w =+/1—c, u >0, v(r—1) <0 andn < 1.
Proof. Let {x1,x2, 23} be the basis for g. given by

1= (-14+wz+y, za=—-1+w)x+y, x3=2,
where w = /1 — ¢. Then

[x1,22) =0, [z3,21] = (1 +w)z1, [23,22) = (1 — w)x2

and the Lie group Aut(g.) is isomorphic to { [§ g ﬂ ' v,0,% € R, v # O}.

Let h be a left invariant Lorentzian metric on G, with ¢ < 1. Then with
respect to the basis {1, z2,z3}, [h] = [hi;] is a symmetric and non-degenerate
real 3 X 3 matrix.

First assume that hii1hoy — h%Q = 0 and hys = 0. Then either h;; = 0,
haa # 0 or hyy # 0, hagy = 0. Assume hy; = 0 and hao # 0. Since det([h]) =

Lo o
—hash?; < 0, we have hop > 0 and hyg # 0. Let B = | o 1 _g] €
13 122
0 1
Aut(g.). Then B![h]B = [?;2(1)}. Since det(B[h|B) = —u < 0, we have
10 -%
> 0. Let C = {0 2 %] € Aut(g.). Then C*B'[h]BC = [§ ! é} Similarly,
00 1 L mm
when hiq }é 0 and hgy = 0, then hog # 0, B = 83 = 011 S Aut(gc)
23
o 0 1
and B[h]B = [gg?] Since det(B'[h]B) = —pu < 0, we have u > 0. Let
-0 0 !
C= [{ ) _4 € Aut(ge). Then CtB[h]BC = égg}
00 1
Now assume that hi1hos — h3y = 0 and hia # 0. Then hi; # 0,hgs #

h12 ¢ haa has hig
0. Let B = {"51 1 0} € Aut(g.). Then B![h]B = |:h22 has h’QS} Since
001 hig hyg higg
det(B'[h]B) = —haa(h)5 — hb3)? < 0, we have hgg > 0 and hij3 # hhs. Let C =

. 11v
dlag{ﬁ, ﬁ, 1} € Aut(g.). Then C'B'[h]|BC = [i L ﬂ , where —(v—2X)2 <

10 sz?fiﬁ“ 110

0. Let D = 2. | € Aut(g.). Then D'C'B![R|BCD = {1 i u} , where
01 2(A—v) OpoO
00

1
i # 0. Let E = diag{—1,—1,1} € Aut(g.). Then E!D'C'B![h)BCDE =
1 0

1
|:1 1—u:|_
0—p O
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Next suppose that hii1hos — h%z % 0. Then we may assume that hiz3 =
10 hishos—hishog
hig—hi1ho2 ¢ ,
haz = 0 because B = | | huhza—riziis | € Aut(ge) and B'[h]B = [h'], where
h25—h11hao

00
hiz = hijz = 0.
If his = 0, then hi; 75 0 and hoo 75 0. Let B = diag{\/ullﬁ, \/lii‘,l} S
11 22

Aut(g.). Then B![h]|B is of the form

10 0 1 0 0 -1 0 0

0 1 0f, 0 -1 0f, 0 1 0f,

0 0 —pn 0 0 p 0 0 p
where p > 0.

Now assume his # 0. When hy; = hoo =0, B = diag{hi127 1,1} € Aut(g.)
and B'[h]B = {géiﬂ where ;¢ > 0. When hy; = 0 and hay # 0, B =

: [ha2| 0
d1ag{\/hl?, \/‘272', 1} € Aut(g.) and B'[h]B = [(1) +

hi1 #0, B = diag{\/ulzﬁ’ ,yf;l‘ ,1} € Aut(g.) and B*[h]B is of the form

%) 0}, where > 0. When
“w

1 1 0 -1 1 0
1 = 0f, 1 -7 0},
0 0 v 0 0 v
where v(7 — 1) < 0.
Suppose [h] = [_11) —%) 8} with 1 < 7 and v < 0. Let

1 1
Y1 =21, Y2 = m(aﬂ +x2), Y3 = ﬁ
Then B = {y1,y2,y3} is a basis of the Lie algebra of G. such that [h]p =
diag{—1, —1,—1}, which is a contradiction.
Finally it is easy to see that any eleven such distinct matrices are not equiv-
alent. 0

3.

4. Curvatures of left invariant Lorentzian metrics

In this section, we study the extent to which curvature can be altered by
a change of left invariant metric. Given a left invariant Lorentzian metric on
G = Gy or G, we shall compute the following associated curvatures

(1) Ricci operator and curvature,

(2) sectional curvature,

(3) scalar curvature.
Let ¢ € Aut(g). Let b’ = hy, and let V' be the Levi-Civita connection associ-
ated to (G, k). Then for all u,v,w € g, we have

21 (Vi 0 (0), (w)) = W' ([(w), p(0)], p(w)) + 1 ([p(w), e(w)], ¢(v))
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+ R/(
= h'(¢([u,v

<
£
5
S
5
G

[
]

= h([u,v],w) + h([w,u],v
= 2h(V,v,w)
=21 (p(Vuv), o(w)).

This reduces to V[ )¢(v) = ©(Vy), or the following diagram is commutative:

EXQLE

oxo | |#

gxg — g
Therefore, the classification of the left invariant Lorentzian metrics up to au-
tomorphism leads to the study of the left invariant Lorentzian metrics which
leave all the curvature properties invariant.

We will begin with some necessary definitions. Let V : g x g — g be the
Levi-Civita connection associated to (G, h). This is characterized by Koszul
formula

2h(Vyv,w) = h([u, v],w) + h([w,u],v) + h([w,v], u).
The Riemann curvature tensor of (G, h) is defined associated to each u,v € g
to be the linear transformation

Ruv = V[u,v] - [Vuv Vu]

The Ricci curvature ric is the symmetric tensor defined, for any u,v € g, as
the trace of the linear transformation w —— Ry, v. Notice that The Riemann
curvature tensor is completely determined by the Ricci curvature ric. The Ricci
operator Ric : g — g is given the relation h(Ric(u),v) = ric(u,v). Because of
the symmetries of the Ricci curvature, the Ricci operator Ric is h-self adjoint.
The scalar curvature p is the trace of the Ricci operator. If u,v € g are linearly
independent, the number

h(Ryyu,v)
h(u7 u)h(v, ’U) - h(uz U)Q
is called the sectional curvature associated with u, v.
For an explicit computation, we fix an orthonormal basis B = {y; } for g with

respect to h. So, h(y1,y1) = h(y2,y2) = 1, h(ys,y3) = —1 and h(y;,y;) = 0 for
i # 7. From definitions, we immediately obtain

k(u,v) =

K“(ylayQ) = h(Ry1y2y17y2)7
K(ylay3) = _h(Ry1y3y17y3)7
’i(y27y3) = 7h(Ry2y3y27y3)7
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and
ric(u’ U) = h(Ruylvv yl) + h(Ruyz'Ua y2) - h(Ruy3U» y3)~

Remark 4.1. We recall that the Ricci curvature r(u) and the Ricci transforma-
tion 7 : g — g are given in the Riemannian case as follows

r(u) = Q(Rumuayl) + g(Ruyzuva) + Q(Ruyguvy?))a
72(u) = ZRy7uy1

From the definition h(Ric(u),v) = ric(u,v), we remark that ric(u,u) and Ric
are the Lorentzian versions of r(u) and 7, respectively.

Let

{yi}
Then
R;; = h(Ric(y;),y:) = ric(y;, yi) = ric(y;, y;) = Rji for 4,5 =1, 2,
Rs; = —h(Ric(y;), y3) = —ric(y;, ys) = —ric(ys,y;) = —R;3 for j = 1,2.
This means that the matrix of the h-self adjoint operator Ric

Ry R Ris
[Ric} = R12 R22 R23
—Ri3 —Ra3 Ras

is Lorentzian symmetric.
Proposition 4.2 ([7, Ex. 19 (p. 261)]). Let V be a real vector space with
Lorentzian inner product h of signature (2,1). FEvery self adjoint operator T

on V' has a matriz of exactly one of the following four types:
Relative to an h-orthonormal basis,

a 0 O a 0 O
0 b 0|, or 0 a B (B#0);
0 0 ¢ 0 -8 «
Relative to a basis {e,u,v} with non-trivial products h(u,v) =1 = h(e,e),
a 0 0 a 0 1
0 b €| (e==1), or 1 a O
0 0 b 0 0 a

The vectors
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form an h-orthonormal basis with respect to which the last two matrices become
respectively

a 0 0 a 5
0 b+s —§|(e==%£l), o |75 a 0
0 5 b—35 % 0 a

These four types are called O’Neill type or Segré type {11,1}, {12z}, {21} and
{3}, respectively. Note that the O’'Neill type {21} is of the form

a 0 0 a 0 0

0 b+l F1|~]|0 b+l 1 |,

0 +1 bF1 0 -1 bFl
because

a 0 0 a 0 0

0 bt3 Fi|~1]0 bxt1 F1

0 =+ bF3 0 +1 bF1

1 0 0 0 0
via {0 cosh(~Inv2) sinh(~Inv3) | € O(2,1). Notice further that [8b+1 i ] o«
0 sinh(—1nv/2) cosh(— Inv2) 0 —1 b-1

a 0 O
[0 b—1 1 } The O’Neill type {3} is of the form

0 —1 b+1
—1
a 1 —1 1 0 0 a -2 5|1 0 0
1 a ol=lo = -1 1 e oflo =B 1|
2\(5 2§/§ V2 2{5 2}{5
1 0 a 0 -1 == 1 0 0 —— =2
22 22 73 a 22 22

Thus we can always construct an orthonormal basis 9B for g such that [Ric]wy
takes exactly one of the four O’Neill types. The O’Neill type {11,1} (the comma
is used to separate the spacelike and timelike eigenvectors) denotes a diagonal-
izable self adjoint operator. The O’Neill type {12z} denotes a self adjoint
operator with one real and two complex conjugate eigenvalues. A self adjoint
operator of O’Neill type {21} has two eigenvalues (one of which has multiplicity
two), each associated to a one-dimensional eigenspace. A self adjoint operator
of O’Neill type {3} has three equal eigenvalues associated to a one-dimensional
eigenspace. The eigenvalues of [Ric| are called the Ricci eigenvalues. Hence, the
O’Neill type of Ric is determined by its eigenvalues with associated eigenspaces.

Remark 4.3. In the Riemannian case, since [#] is symmetric, the eigenvalues
of [f] are real, called the principal Ricci curvatures, and the signature of the
symmetric matrix [#] is well-defined, called the signature of the Ricci curvature.
However, in the Lorentzian case, the Lorentzian version [Ric] of # may have
complex eigenvalues. In fact, complex eigenvalues occur only in the following
cases:

o G.withe>1, [h] = [é%ﬁ} with 0> 0, 7 < 1, (c — 7)? — de < 0;
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10 0

10 0

01 i

—2 -1071-1r-100 -2 -10
10 0v o0 1 10 w1thu 0, v

01 00 u 0 01

ww

%Hiw
T<1l,7(t—¢) <0or [} wlo]

w>0,n<1 n(n—c) <0, where w =+/1—c.
As a result, the principal Ricci curvatures are defined always and the signature
of the Ricci curvature is defined whenever the eigenvalues are real numbers.

Note also that the matrix of ric with respect to the orthonormal basis {y;}
is
Ri1 Rz Rus
=Jo [Ric} = |Ri2 Rz2 R

4.1 ric
oy [ ]y {vid Ri3 Ryz —Rss

and the scalar curvature p is
p = trace(Ric) = Ry1 + Raz + Rs3
(4.2) = ric(y1,y1) + ric(ya, y2) — ric(ys, y3)
= 2(k(y1,92) + (Y1, ¥3) + £(y2, ¥3)) -

Clearly, the Ricci eigenvalues of curvature operator Ric are independent of
the choice of basis for g. Now show that the signature of the Ricci curvature
tensor ric is independent of the choice of basis for g. Let {x1, 2, z3} be another,
not necessarily orthonormal, basis for g. By writing z; = ), a;;y; for some
aij, we have

ric(aci, :vj) = riC(Z AkilYk, Z aejyf)
k 1

= ap; - vic(yr, ye) - ar;s.
Py

Hence
(4.3) [ric} oy At [ric}{y‘} -A,

where A = (a;;) is the associated transition matrix [id](,,}, ¢y,3- This implies
that [ric|(,,} and [ric]f,,} have the determinants of same sign, hence the prod-
ucts of their eigenvalues have the same sign. Moreover, we obtain

[Ric}{ =A [Ric| = A=A7'7, [ric]{ A=Ay, (A7) [ric}{ .

{vi} Yi
Lemma 4.4. [ric]y,,y and [ric]y,,y have the same signature. Consequently, the

signature of [ric] is defined.
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Proof. Suppose [ric|,,} has the signature (0,0,0). Since [ric](,,; = O is sym-
metric, [ric]g,,; = A*[ric]q,,3 A = O. Hence [ric]y,, and [ric]y,,; have the same
signature (0,0,0). Now assume that the signature of [ric],,} is not (0,0,0).
Since A is invertible and [ric](,,} = A*[ric]yy,1 A4, [ric];,,y is positive (negative)
definite if and only if [ric](,,} is positive (negative) definite if and only if all the
eigenvalues of [ric|(,,} are positive (negative). It follows that the result holds
when the signatures are (+, +, +), (—,—, =), (+,+, =), (+,0,—) and (+, —, —).

If X = 0 is an eigenvalue of [ric]s,,y, then [ric]f,,;x = 0 for some x # 0.
Thus A~'x # 0 and

[ric]{xi}(Aflx) = (At[ric]{yi}A)(Aflx) = A'[ric]

It follows that 0 is an eigenvalue of [ric](,,3. If x and y are linearly inde-
pendent eigenvectors of [ric]s,,} corresponding to the eigenvalue 0, then A~1x
and A~y are linearly independent eigenvectors of [ric]{z,} corresponding to

the eigenvalue 0. Based on this fact, the result holds when the signatures are
(+,4+,0), (+,0,0), (0,0,0), (0,0,—) and (0, —, —). O

{yiyx=0.

Let g be a left invariant Riemannian metric on a connected Lie group G of
dimension three. Let p denote the sectional curvature, and let r denote the
Ricei curvature of (G, g). For any orthogonal vectors u and v, the sectional
curvature k(u,v) associated with v and v is given by the formula ([5, p. 306])

k(u,v) = |Ju x v||? g —r(u X v).

Now, we give its Lorentzian version. Let h be a left-invariant Lorentzian
inner product on a Lie algebra g of dimension three. We fix an orthonormal
basis {y1, y2,y3} with respect to h. The Lorentzian cross product is defined as
follows:

Y1 X Y2 = —Y3, Y2 X Y3 = Y1, Yz X Y1 = Y2.
Let u and v be orthogonal vectors, i.e., h(u,v) = 0. Write

U= Zuiyu v = szyz
i i
Since the cross product is bilinear and skew-symmetric, we see that
uxXv= Zwiyi,
i
2

[lu x v]* = wi +w} — wi,

where w1 = ugvg — uzve, wo = ugvy — UV3, w3 = —(U1Vs — UV1).
Further, we have

ric(u X v,u X v) =ric (Z WiYi, ZW%)
i i

= " wiw; (M(Ry,yu95,y1) + h(Ryyy5.y2) — h(Ry,ys i v3))
1,5
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= w} (A(Ry,y,y1,y2) — h( Ry, yoy1,Y3))
+ w3 (WMRy, yoy1,Y2) — h(Ryyysy2,y3))
+ w3 (R(Ry,ys1,y3) + h(Ryyy.y2,y3))
= 2wiwz h(Ry,yy2,y3) — 2wiws h(Ry, y, Y2, y3)
+ 2wawsz A(Ry, 4, Y1,Y3)-

Hence, by substituting with (4.2), we get
l|u x v||? g —ric(u X v,u X v)
- = w?2> h(Ry1y2y17y2) - wg h(Ry1y3y17y3) - w% h(Ryzy?,yQa Y3)
+ 2wiwz h(Ry,y,y2,y3) + 2wiws h(Ry,y,y2,y3) — 2waws h(Ry,y,Y1,y3).
On the other hand, we have

h(Ryyu,v) = Z uivjurve h(Ry,y, Yk, ye)
i3,k

= Z (uivj — u;v;) (upve — wevr ) W(Ry,y,; Yk, Ye)
i<j k<t

=— (Hu x vl|? g —ric(u X v,u X U)) )
In conclusion, we have the following result.

Lemma 4.5. Let h be a left invariant Lorentzian metric on a connected Lie
group G of dimension three. If u and v are orthogonal vectors, then

P
(4.4) h(u, uw)h(v,v) k(u,v) = — (||u x vl |? o ric(u X v, u X v)) .

In particular,

. 1

k(Y1,y2) = g + ric(ys, y3) = 5(311 + Raz — Rs3),
. 1

K(Y2,y3) = g —ric(y1, 1) = 5(*311 + Raa + Rs33),
. 1

kY3, Y1) = g —ric(y2,y2) = §(R11 — Ras + R33).

When the Ricci operator Ric is computed, (4.1) yields the Ricci curvature
tensor ric, (4.2) yields the scalar curvature p, and Lemma 4.5 gives rise to the
sectional curvatures x(y;,y;). For this reason, only the Ricci operator will be
described in the following sections.

Procedure of calculating Ricci operators

The Ricci operator was calculated as follows: Let h be a left invariant
Lorentzian metric on G = Gy or G = G.. Choose an orthonormal basis
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B = {y1,y2,y3} for g such that h(y1,y1) = h(y2,y2) = 1 and h(ys,y3) = —1.

Write
y27y] Zfzgkyka yqyj ZFszk

Then the Christoffel symbols I" ij is obtained by the identity

5 = 7y, ye) - %(h([yi,yj], i) — h([yz, yel, vi) + h([yk,yﬂvyj))
From the definition of the Riemann curvature tensor, we have
h(Ry,y,. Y5> Yr)
= h(v[ymyk]yj =V, Vi + Vg, vyiyj,yk)

= (D e D Thun = T Zr?gyn + 30T P )
4 n 14 V4 n

= h(Yrs Yk) - Z (Sikél—‘?j — F F + Fz l—‘ )
¢

The Ricci curvature ric(y;, y;) and the Ricci operator Ric are given by

ric(yi, y;) Zh Yis Yi) - Ry, Yis Yk )

[Ric} oy [Rij}, where R;; = h(y;,y;) - ric(Y;, Yj).

We state the curvature results in the case G;. For each left invariant
Lorentzian metric h on G whose associated matrix is given in Theorem 3.1,
we obtain an orthonormal basis {y;} as follows:

(1) If [] = [é —gﬁ} with p > 0,

1
Y1 =2, Y2= —=%2,Ys =Y,
N
[y1, 2] L [ ]71 [ys, 1] =0
Y1,Y2| = — Y1, (Y2,Y3] = Y3, Y3, Y1 = L.
NG NG
NI =01 0| withpu>0
(2) 1 (1) = [§1 6] with u>0,
1
Y1 =%,Y2 =Y, Yys = —==%;
Vi
[ ]=0,[ ] L [ ] L
Y, Y2 =Y, [Y2,Y3] = — Y2, (Y3, Y1] = Y1.
NG Vi

o = 331

1(+) 1( )
:1’7 = — 2;7 = — —27
Y1 Y2 \/iy Y3 \/53/
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_ 1 1 _ 1
[y1,92] = _ﬁyla [y2, y3] = \ﬁ(yz +y3), [ys, 1] = —%yy

With respect to the orthonormal basis {y;}, we have the following:

Theorem 4.6. The Ricci operator Ric of the metric h on Gy is expressed as
follows:

1 007
(1) If [A] {8 —%ﬂ with > 0,
. . 2 2 2 —_
[Ric]gy,1 = dlag{ T —;} (O’Neill type {11,1}).
10 0 ,
2) If [h] = {85_%} with 11> 0,

. o f2 2 s
[Ric]gy,1 = dlag{;, m ;} (O’Neill type {11,1}).
100
(3) IF [ =397,

[Ric],,} = diag{0,0,0} (flat) (O’Neill type {11,1}).

All the other cases of G, can be argued similarly. More details can be found
in [4].

Remark 4.7. Three-dimensional Lie groups, having a flat Lorentzian metric,
have been classified in [2] and [6]. We classify explicitly three-dimensional
Lorentzian non-unimodular Lie groups whose metrics have constant sectional
curvatures.

Let (G,h) be a connected, simply connected three-dimensional Lorentzian
non-unimodular Lie group G. Then we have:

(1) (G,h) is flat if and only if h is equivalent up to automorphism to a
metric whose associated matrix is of the form

100
(a) 001}onG1;
010
-1
2 -10 00177-2 —107
(b)| 1 10} [UMO}[ 1 10}W1th/¢>00nG1;
0 01 100 0 01
- ~1
310 001 310
()| -4o0 010||-Loo|on Go.
L 001 100 001

(2) (G, h) has positive constant sectional curvature if and only if A is equiv-
alent up to automorphism to a metric whose associated matrix is of the
form

1 0 0
0 1 0| with ¢ > 0 on Gj.
0 0 —pu
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(3) (G, h) has negative constant sectional curvature if and only if h is
equivalent up to automorphism to a metric whose associated matrix
is of the form

(a) [(1) .Y 8} with ¢ > 0 on G;
0 Op ’

1 14w -1 1 14w

75 e 0 010 75 3 0

(b) 1l w1y 100 1 ow-1g
3w 2w 00 3w 2w

0 0 1 0 0 1

with 4 > 0 on G, ¢ < 1, where w = v1 — c.
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