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THE NILPOTENCY OF THE PRIME RADICAL OF
A GOLDIE MODULE

JOHN A. BEACHY AND MAURICIO MEDINA-BARCENAS

ABSTRACT. With the notion of prime submodule defined by F. Raggi et
al. we prove that the intersection of all prime submodules of a Goldie
module M is a nilpotent submodule provided that M is retractable and
M) _projective for every index set A. This extends the well known fact
that in a left Goldie ring the prime radical is nilpotent.

1. Introduction

For a left Artinian ring R, it is known that the prime radical of R coincides
with its Jacobson radical. Therefore, in any left Artinian ring the prime radical
is always nilpotent. For an arbitrary ring R, it is no longer true that the
prime radical equals the Jacobson radical. In general, the prime radical of R
is contained properly in its Jacobson radical. It can be seen that the prime
radical of a ring R consists of nilpotent elements, that is, the prime radical is a
nil ideal. It has been a recurrent question in ring theory whether the nil (one-
sided) ideals are nilpotent. Levitzki, in 1939 (see [7, 10.30] and the paragraph
below the proof) proved that every nil one-sided ideal of a left Noetherian
ring is nilpotent. In particular, the prime radical of a left Noetherian ring is
nilpotent. This result was extended for a left Goldie ring by Lanski [8] in 1969.

In [4], a product of modules generalizing the product of a left ideal with a
left module was introduced. Hence, this product gives a product of submodules
of a given module and it coincides with the usual product of ideals when the
module is the base ring. In 2002, the first author proved that this product in
a left R-module M is associative provided that M is M)-projective for every
index set A [1, Proposition 5.6]. Later, in [14] (resp. [15]), it is introduced
the concept of prime (resp. semiprime) submodule of a module M using the
product mentioned above. As part of the second author’s dissertation, in [12]
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semiprime Goldie modules were presented as a generalization of semiprime left
Goldie rings. In this paper, for a left R-module M which is M®)-projective for
every index set A, we consider the intersection of all prime submodules of M
and we prove that this intersection is nilpotent when M is Goldie, extending
Lanski’s result [8, Theorem 1]. The nilpotency of the prime radical of a Goldie
module will be used in a subsequent paper when the finite reduced rank is
studied in categories of type o[M] [3].

In order to achieve our goal, this paper is divided in five sections. The first
section is this introduction and the next one compiles the background needed
to make this work as self-contained as possible. In Section 3, nil-submodules
and locally nilpotent submodules are defined. It is proved that the sum of
all locally nilpotent submodules of a module inherits the property (Lemma
3.7). For a module M, this maximal locally nilpotent submodule is denoted
by £(M) and it happens that £(M/£(M)) = 0 provided that M is MX)-
projective for every index set A (Proposition 3.8). Moreover, the submodule
£(M) coincides with the intersection of all prime submodules of M (Corollary
3.10). At the end of this section, using the operator £(_), a characterization of
semiprime rings in terms of free modules is given (Corollary 3.15). In Section 4,
we introduce the notion of ascending chain condition (acc) on annihilators on
a module M. We study the behavior of nil submodules of a module satisfying
acc on annihilators. We show that fully invariant nil submodules are locally
nilpotent when M is MM-projective for every index set A and satisfies acc
on annihilators (Proposition 4.4). Also in this section, a fundamental result of
the paper is proved (Proposition 4.12). Finally in Section 5, the main result is
proved. It is shown that a fully invariant nil submodule of a Goldie module M
is nilpotent, under the hypotheses that M is M) -projective for every index
set A and retractable (Theorem 5.4). As under the previous hypothesis on
M, when M is a Goldie module its endomorphism ring is a right Goldie ring
(Lemma 5.3), the proof of Theorem 5.4 is focused on finding elements in the
endomorphism ring of a Goldie module like those in [8, Lemma 8§].

Throughout this paper R will denote an associative ring with unit and all the
R-modules will be unitary left modules. The notation N < M and N < M will
mean N is a submodule of M and N is a proper submodule of M, respectively.
Given an R-module M, the endomorphism ring of M usually will be denoted
by S = Endr(M). A direct sum of copies of a module M will be denoted by
M®) where A is a set.

2. Preliminaries

Let M and N be left R-modules. It is said that M is N-projective if for
any epimorphism p : N — L and any homomorphism « : M — L, there
exists @ : M — N such that pa = «. It is true that if M is N;-projective
for a finite family of modules {Ny,..., Ny}, then M is @5:1 N;-projective [17,
18.2]. In general, this is not true for arbitrary families. A module M is called
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quasi-projective if M is M-projective. In most of the results in this paper, we
will assume that M is M)-projective for every index set A, this hypothesis
is satisfied by every finitely generated quasi-projective module for example
[17, 18.2]. The condition that M is M®)-projective for every index set A is
equivalent to say that M is projective in the category o[M] [17, 18.3], where
o[M] is the category consisting of all M-subgenerated modules. In many of
our references, this last equivalence is used. It will also be used, inside the
proofs, that if M is M -projective for every index set A and N is a fully
invariant submodule of M, then M/N is (M/N)™-projective for every index
set A [16, Lemma 9].

Given a left R-module M and N, K < M, the product of N with K in M is
defined as

NuK =Y {f(N)| f € Homg(M, K)}.

If M is M™-projective for every index set A, this product gives an associative
operation in the lattice of submodules of M. Moreover, if N and K are fully
invariant submodules of M, then Ny, K is fully invariant. For N < M, the
powers of N are defined recursively as follows: N = N and N*t! = N¢,N. !
It is said that a submodule N < M is nilpotent if N* = 0 for some £ > 0. Some
general properties of this product are listed in [13, Proposition 1.3]. Also, we
give the following useful lemmas.

Lemma 2.1. Let M be a module and N < M. Then Ky L C KxL for all
K,L < N. In addition, if N <® M, then Ky;L = KyL.

Proof. Let K, L be submodules of N. Using the restriction of a homomorphism,
if f: M — L is any homomorphism, then f|y(K) = f(K) since K < N. Thus
Ky L C KyL. Now suppose N is a direct summand of M. If f: N — L, then
fe0: M — L. Hence KyL C Ky L. Thus KyL = Ky, L. O

Lemma 2.2. Let M be a quasi-projective module. If A and B are submodules
of M and f € Endgr(M), then f(AyB) = Ay f(B) and f(A)yB C Ay B.

Proof. Let f (Zle gi(ai)> € f(AmB). Then,

¢ ¢
f <Zgi(ai)> = ngi(a) € A f(B).
=1 i=1
On the other hand, let Ele hi(a;) € Ap f(B). Therestriction f|p : B — f(B)

is an epimorphism. Since M is quasi-projective, there exists g; : M — B such
that fg; = h; for all 7. Hence,

L 14 4
S hila) =Y failas) = f (Z gz-<ai>> € f(AuB).
=1 =1 i=1

Do not confuse the notation with the direct product of £ 4+ 1 copies of N which will be
denoted by NU¢+1),
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For the other assertion, let Zle 9i(f(a;)) € f(A)pB. Then g;f : M — B.
Thus, Zle gif(ai) e AyB. O

Lemma 2.3. Let M be quasi-projective and let K, N < M be two submodules
with K fully invariant in M. If 7 : M — M/K is the canonical projection,
then 7(NyN) = 7(N)prygm(N).

Proof. Since K is fully invariant in M, given f € Homp(M, N) there is an
f € Homg(M/K,7(N)) such that 7f = fr. Now, since M is quasi-projective,
if f € Homgr(M/K,7(N)), then there exists f € Homg(M, N) such that 7f =
fr. Thus, there is an epimorphism Homg(M, N) — Homg(M/K,m(N)) — 0
induced by 7. It follows that:

*(NurN) = (3 {f(N) | f € Homp(M, N)})
=Y {7f(N)| f € Homp(M,N)}

=Y "{fn(N)| f € Homp(M/K,x(N))}
= m(N)pr/xm(N). 0

In a natural way, a fully invariant submodule P of a module M is said to be a
prime submodule (resp. semiprime submodule) if Ny K < P (resp. Ny N < P)
implies N < P or K < P (resp. N < P) for every fully invariant submodules
N and K. It is said that M is a prime module (resp. semiprime module) if 0
is a prime (resp. semiprime) submodule. Many properties known for prime or
semiprime ideals can be extended to prime or semiprime submodules as it has
been done in [1,2,9,13-15]. Recall that a ring R is left Goldie if R satisfies
the ascending chain condition (acc) on left annihilators and has finite uniform
dimension. This notion can be extended to left modules as follows: a left
module M is called Goldie if the set {{;cy Ker f | X C Endr(M)} satisfies
acc and M has finite uniform dimension. It is clear that a ring R is a left
Goldie ring if and only if R is a Goldie module [12].

3. Locally nilpotent submodules

Definition. Let M be an R-module and S = Endg(M). A submodule N of
M is called a nil-submodule if for all n € N, the right ideal Homg (M, Rn) of
S is nil. That is, if each f : M — Rn is nilpotent.

Lemma 3.1. Let M be a quasi-projective module and let N be a nil-submodule
of M. Then, N}K is a nil-submodule of M/K for all K < M.

Proof. Let n+K € Y5 and f € Homp(M/K,R(n+K)). Let 7 : M — M/K
be the canonical projection and consider 7| : Rn — R(n+ K) the restriction to
Rn. Since M is quasi-projective, there exists g : M — Rn such that (7|)g = fn.

By hypothesis, there exists k& > 1 such that g* = 0. Therefore,
0=(n))g" = frg" ' = f(rg)g"* = f(fm)g* 2 = --- = f*m.
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This implies that f* = 0 and hence & I“;K is a nil-submodule of M/K. O

Recall that a subset T of a ring R is called locally nilpotent if, for any finite
subset {t1,...,t,} C T there exists an integer ¢ such that any product of ¢
elements from {t1,...,t,} is zero [7, p. 166].

Definition. Let N be a submodule of a module M. It is said that N is locally
nilpotent if for any subset {ny,...,nx} C N there exists an integer ¢ > 0 such
that any combination of ¢ elements of {ni,...,nx} satisfies that

Rni1MRni2M ce ]\/[fﬂ’fli,Z = 0.

Note that if IV is a locally nilpotent submodule of M, then Rn is a nilpotent
submodule for every n € N, but N might not be nilpotent as the following
example shows.

Example 3.2. Consider the Z-module Q. Every nonzero cyclic submodule of
2Q is isomorphic to Z and ZgZ = 0. This implies that 7zQ is locally nilpotent.
But Qf = Q for all £ > 0.

Remark 3.3. It is clear that if a left ideal I of a ring R is a locally nilpotent
submodule, then [ is a locally nilpotent subset. However, the converse might
not be true. For, consider the ring R given in [7, p. 167]. The ring R is prime,
so has no nonzero nilpotent submodules. But it is proved that R has a cyclic
left ideal Rx which is locally nilpotent. Therefore, Rx cannot be a locally
nilpotent submodule of zR.

Remark 3.4. If N < M is locally nilpotent, then N is a nil-submodule. For,
let n € N and f € Homg(M, Rn). Consider {n} C N. Then, there is an £ > 0
such that (Rn)® = 0. Since f(n) € RnyRn, f*~1(n) € (Rn)® = 0. Thus,
ff = 0. On the other hand, if N < M is a nilpotent submodule, then N is
locally nilpotent.

Lemma 3.5. Suppose M is M -projective for every index set A and let N
be a finitely generated submodule of M. If N is locally nilpotent, then N is
nilpotent.

Proof. We proceed by induction on the number of generators of N. Suppose
N = Rn. Since N is locally nilpotent, there exists £ > 0 such that the product
¢ times of Rn is zero, that is, N* = (Rn)* = 0. Now suppose that N = Rn; +
-+ -4 Rny, and that the result is valid for any locally nilpotent finitely generated
submodule with less than k generators. Put K = Rn; + -+ + Rng_1. By
induction hypothesis there exist £,y > 0 such that K = 0 and (Rn)* = 0.
Let £ > {1 + £5. Then,

N* = (K + Rny,)"
=K'+ Ky (Rng)™ - K% 0 (Rng) ™" + -+ + (Rny)",

where oy, 8; > 0, 2?:1 a; + B; = ¢ and with the convention A°;B = B and
Ay B° = A. Then Zle «; > {1 or Z?:l Bi > £y since £ > {1+£5. Suppose 3 =

(3.1)



190 J. BEACHY AND M. MEDINA-BARCENAS

2?21 i >{s. Consider the summand X =K' pr(Rny)? ;- a0 K pr(Rng,)Pn
in the expression (3.1). If 8;, # 0, then K ;(Rny)?* C (Rny)?". Hence
KalM(Rnk)BlM ey KahM(Rnk)ﬁh

C KalM(Rnk)Bl A M Kah—lM(Rnk)ﬁh—1+Bh

g KQIM(RTLk)B.
Hence X = 0. If B = 0, we have X = K y/(Rng)Pt ;- - ar (Rng)Pr=1 ) K.
Proceeding as above, X C K y;(Rny)?,,K*". Thus, X = 0. Analogously if
a:Z?zlai>€1. Hence Nt = 0. O
Remark 3.6. Notice that the proof of Lemma 3.5 implies that in a module

M which is MM)-projective for every index set A, the finite sum of nilpotent
submodules is nilpotent.

Lemma 3.7. Suppose M is M™ -projective for every index set A. If N and
L are locally nilpotent submodules of M, then N + L is locally nilpotent.

Proof. Let {ny +11,...,np + 1} C N+ L. For {ny,...,ng} C N there exists
¢ > 0 such that any combination of £ elements of {n1,...,n;} satisfies that
Rny Ry yp -+ mBni, - = 0. Analogously, for the subset {l,...,lx} C L,
there exists £;, > 0 such that any combination of ¢y elements of {l,...,lx}
satisfies that Rl; ,,Rl;, - MRlizL =0. Take ¢ > ¢x + ¢1,. Then

R(nil + ZZI)M s MR(ni[ + lie) - (Rn,-l + Rli1)M M (Rni,z + Rliz)

= '+(Rni1)a1]M(Rli1)ﬁlM(Rni2)a2M<Rli2)ﬁ2M M (Rnitz)aeM(Rliz)ﬁe""' T
where a;, 8; € {0,1} with the convention that (Rn)?,,Rl = Rl and Rny(RI)°

= Rn. Also, these exponents satisfy Zle aj + B = L. Let us focus on the
summand

X = (Rni,)™ (R, (R ) 3 (RLiy) P2 - oar (R ) (RL,)

Suppose that Z§:1 aj > fy. Since the product (Rng_1)P1,, (Rlx)* C
(Rly) >,

X € (R ) (R} - as (R ) )
(Rli, )P - oar (R, )™ (Rl

M

M
Then X = 0. Analogously, if Zle B; > {1, then X = 0. Because of the choice
of £ it cannot be possible that Zi:l a; < £y and Z§:1 Bj < {r. Thus, N+ L
is locally nilpotent. O

Proposition 3.8. Suppose M is M™ -projective for every index set A and let
L(M) be the sum of all locally nilpotent submodules of M. Then £(M) is a
fully invariant locally nilpotent submodule. Moreover £(M/L(M)) = 0.
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Proof. Tt follows from Lemma 3.7 that £(M) is locally nilpotent. Let f €
Endgr(M) be any endomorphism and let {f(m1),..., f(mi)} be any subset of
F(&(M)). Since £(M) is locally nilpotent and {my,...,mg} C £(M), there
exists £ > 0 such that any combination of ¢ elements of {my,...,my} satisfies
that Ry, ,, Rmg, ;- - mBRm;, = 0. Then, by Lemma 2.2,

Rf(mil)M (Rf(miz)M T NIRf(mie)MRf(mie+1))
C Rmi, 5, (Rf(miz)M T MRf<miz)MRf(mie+1))
- Rmi1 MRmiz M ]VfRf(miz)MRf(mie+1)
C -+ C Rmy, yyRmiy - mRmy, R (my,, ) = 0.
Therefore, f(£(M)) C £(M). Thus, £(M) is fully invariant. Now, let 7 : M —

M/L(M) be the canonical projection and x + £(M) € M/L(M). Consider
R(x+ £(M)) = n(Rx). It follows from Lemma 2.3, that £(M/L(M)) =0. O

Corollary 3.9. Suppose M is MM -projective for every index set A. Then,
L(M) is a semiprime submodule of M.

Proof. Let K/£(M) be a submodule of M/£(M) such that (K/£(M))> = 0.
Hence K/£(M) is nilpotent and so K/L&(M) C £(M/£(M)) = 0. Thus,
M/L(M) is a semiprime module which implies that £(M) is a semiprime sub-
module of M by [15, Proposition 13]. O

Definition. Let M be a module. The prime radical of M is defined as the
intersection of all prime submodules of M.

If M is M)-projective for every index set A, in [17, 22.3] it is shown that
Rad(M) # M, that is, M has maximal submodules. By [10, Corollary 4.11
and Example 4.14] each maximal submodule of M contains a prime submodule,
hence Spec(M) # () and so the prime radical of M is a proper submodule.

Corollary 3.10. Suppose M is MY -projective for every index set A. Let N
be the prime radical of M. Then, N = £(M).

Proof. Tt follows from Corollary 3.9, that £(M) is a semiprime submodule.
Hence, N C £(M) by [12, Proposition 1.11]. Now, let [ € £(M). Since £(M)
is a locally nilpotent submodule, Rl is nilpotent. Since N is a semiprime
submodule, [ € N. Thus, £(M) C N. O

Corollary 3.11. Let M be a quasi-projective module. If M is Noetherian,
then the prime radical of M is nilpotent.

Proof. 1t follows from Lemma 3.5 and Corollary 3.10. 0

Example 3.12. Let n, p be integers with p prime. Then, the Z-module Z/p"Z
is quasi-projective. It follows from Corollary 3.11 that £(Z/p"Z) = Z/p"'Z
is a nilpotent submodule.
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Lemma 3.13. Suppose M is M™ -projective for every index set A. If M =
D, Mi, then £(M) = @, £(M;).

Proof. It follows from Lemma 2.1 that £(M;) C £(M) for all ¢+ € I. Let
m; + M — M; be the canonical projection. Since M; < M, we can see 7
as an endomorphism of M. Hence 7(£(M)) € M; N £(M) by Proposition
3.8. Now, let X < M be a locally nilpotent submodule such that X < M;.
Since M; is a direct summand of M, X < £(M;) by Lemma 2.1. Therefore
m(L(M)) < £(M;). Hence n(£(M)) < £(M;) for all i € I. It follows that
£(M) € @,c; £(M,). Thus, £(M) = B,c; £(M). 0

Proposition 3.14. Suppose M is M) -projective for every index set A and

that M = @,.; M;. Then, M is semiprime if and only if M; is a semiprime
module for alli € I.

Proof. Tt follows from Lemma 3.13 that

L(M)=¢ (@ Ml-) =P e(m).

iel i€l
Thus, £(M) = 0 if and only if £(M;) =0 for all i € I. O

Corollary 3.15. The following conditions are equivalent for a ring R.
(a) R is a semiprime ring.
(b) Every free left (right) R-module is semiprime.
(¢c) FEwvery projective left (right) R-module is semiprime.

Corollary 3.16. The following conditions are equivalent for a ring R.
(a) The prime radical of R is nilpotent.
(b) The prime radical of every left (right) free R-module is nilpotent.
(¢) The prime radical of every left (right) projective R-module is nilpotent.

Proof. (a)=(b) Consider a free R-module R™). Then £ (R™) = (£(R))™ by
Lemma 3.13. By hypothesis, there exists n > 0 such that £(R)™ = 0. Suppose
n = 2. Using Lemma 2.1 and the properties of the product we get

(2™ o (2™ = [((RYD pon 2(m)]

Thus,
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Therefore, the prime radical of R™) is nilpotent.

(b)=(c) Let P be a projective R-module. Then there exists a free R-module
R®W such that RY) = P P’ Hence £ (RN) = £(P)® £(P"). By hypothesis,
there exists n > 0 such that £ (R(A))n = 0. Therefore (£(P) & £(P"))" = 0.
Suppose n = 2. Then

0= (£(P) ® £(P))" = [&(P) ® £(P")] gn) [£(P) @ £(P")]
= ([&(P) & £(P")] gen) £(P)) & ([E(P) & £(P")] gen) £(P')) -
On the other hand,
L(P)pL(P) = £(P)pn &(P) C [E(P) & £(P')] ) £(P) =0.

This implies that £(P) is a nilpotent submodule of P.
(¢)=(a) is trivial. O

4. Nil-submodules and acc on annihilators

For a ring R and Y C R, the left (resp. right) annihilator of Y in R is
denoted by Ann’%(Y) (resp. Ann'(Y)). For a subset X C M of an R-module
M with S = Endg(M), the left annihilator of X in S is denoted by 1g(X) =
{f eS| f(X)=0}. If (X)is the R-submodule generated by X C M, then
ls(X) =1s ((X)). On the other hand, an R-module M is said to have the acc
on annihilators if any chain

ﬂKerfgﬂKerfg--~
feyvy feYs
with Y; C Endr(M) (¢ > 0) becomes stationary in finitely many steps.

Proposition 4.1. If M satisfies acc on annihilators, then S = Endg(M)
satisfies acc on right annihilators.

Proof. We will show that S satisfies the descending chain condition (dcc) on
left annihilators. Let
Ann%(X1) D Amn%(X,) D -

be a descending chain of left annihilators in S. Then, there is an ascending
chain

ﬂ Ker f C ﬂ KerfC---
FeAnnL (Xy) FEANNL (Xs)
in M. By hypothesis, there exists a positive integer k such that
ﬂ Ker f = ﬂ Ker f
fE€AnNg (Xy) fEANNG (Xpti)
for all ¢ > 0. We claim that

lg m Kerf| = Anng(Xk).
feAmg (Xy)
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Let f € Amnn%(Xy). It follows that f(ﬂfeAnng(Xk)Kerf) = 0. Hence,

Ann§(Xy) C 1g (ﬂfeAnnfS(Xk) Ker f) Now, let g € lg (ﬂfeAnng(Xk) Kerf)
and h € Xj. Tt follows that fh = 0 for all f € Anng(Xy), ie., h(M) C
ﬂfeAnng(Xk) Ker f. Therefore, gh = 0. Thus, g € Anng(Xk). Then,

Ann’ (X)) =g ﬂ Ker f
fEAnn’é(Xk)

=lg ﬂ Ker f

feAMS (Xp i)
= A (Xpp,)
for all ¢ > 0. This implies that S satisfies acc on right annihilators. O

Notice that the converse of Proposition 4.1 is not true in general, as the next
example shows.

Example 4.2. Consider the Z-module M = Z,~ with p a prime number. It is
known that S = Endyz(M) is isomorphic to the ring of p-adic numbers. Thus,
S is a commutative Noetherian ring. On the other hand, each submodule of
M is the kernel of an endomorphism of M, hence M does not satisfy the acc
on annihilators.

Lemma 4.3. Let M be M™) -projective for every index set A and let K < N
fully invariant submodules of M with N a nil-submodule. If M satisfies acc on
annihilators, then N/K contains a nonzero nilpotent submodule.

Proof. It Homg(M /K, N/K) = 0, then N/K is nilpotent. Also, if Hom(M, N)
= 0, then Homp(M/K,N/K) = 0 by the projectivity condition. Hence,
we can assume that Homp(M/K,N/K) # 0 and Homgr(M,N) # 0. Given
f € Homg(M, N), since K is fully invariant, there is a homomorphism f :
M/K — N/K. On the other hand, since M is quasi-projective, for any
g € Homg(M/K,N/K) there exists f € Hompg(M, N) such that =f = gm,
where m : M — M/K is the canonical projection. Hence, there is a surjective
homomorphism of rings without one Hompg (M, N) — Homgz(M/K,N/K). By
hypothesis and Lemma 3.1 we have that, Hompg (M, N) and Homp(M/K, N/K)
are nil-ideals of Endg(M) and Endg(M/K), respectively. It follows from
Proposition 4.1 and [6, Lemma 1] that Homg(M/K, N/K) contains a nilpo-
tent ideal. In particular, there is ¢ € Hompr(M/K, N/K) such that ¢T is
nilpotent, say (¢7)" = 0, where T' = Endr(M/K). It follows from [17, 18.4]
that g7 = Homg(M/K,gTM/K). Therefore,

(9T (M/E))"* = gT(M/K)" ;) 9T (M/K)
= Homp(M/K, gT(M/K))gT(M/K)"
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= Homp(M/K, gT'(M/K))*gT(M/K)"~"

= Homp(M/K, gT(M/K))"gT(M/K) = 0. O

Proposition 4.4. Let M be MM -projective for every index set A and let N
be a fully invariant nil-submodule of M. If M satisfies acc on annihilators,
then N is locally nilpotent.

Proof. Since £(M) is a semiprime (fully invariant) submodule of M, M/£(M)
is projective in o[M/£(M)] and M/L(M) is retractable because it is a semi-
prime module. By Lemma 3.1, 2220 45 5 pil-submodule of M/L(M). Sup-

pose N ¢ £(M). By Lemma 4.3, NEEM) ontains a nonzero nilpotent sub-
module % Hence, there exists £ > 0 such that K¢ C £(M) by Lemma

2.3. It follows from Corollary 3.9 that K C £(M). Hence 2(]1(\4) = 0. Thus,

MAB =0, that is, N C £(M), O

Definition. Let M be a module and let N < M. The annihilator of N in M
is the submodule

Anmny (N) = (){Ker f | f € Homp(M, N)}.
The right annihilator of N in M is given by the submodule
Amnj, (N) = {K <M | NyK = 0}.

Remark 4.5. Tt is not difficult to see that Annys(N) is a fully invariant submod-
ule of M and it is the largest submodule of M such that Annp;(N)y N = 0.
When M is M) -projective for every index set A, Anny,(N) is fully invariant
and is the largest submodule of M such that Nj; Annj;(N) = 0 [11, Remark
1.15).

Lemma 4.6. Let M be a module and let {N;}1 be a family of submodules of
M. Then (,c; Annly, (N;) = Annly, (3. . N;).

Proof. We always have that Annf,(>..; N;) € Annj,(N;) for all i € I. Hence
Ann’y, (> c; Ni) € ();er Annjy,(N;). On the other hand,

(Z Ni> ) (ﬂ Ann’M(Ni)> => (NiM N Ann?w(Ni)> =0.

i€l el iel icl

el icl

Thus, (;c; Anny, (Ng) = Anny, (3o Ni). O
Lemma 4.7. Let M be a module. If M satisfies acc on annihilators, then the

set {Ann’y, (N) | N < M} satisfies dec.
Proof. We just have to notice that Ann’, (Annys(Annj,(N))) = Ann)y,(N). O

Lemma 4.8. Suppose M is M) -projective for every index set A. Then,
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(1) Ig (ﬂfels(x) Ker f) = 15(X) for any subset X of M.

(2) Nyey Ker f =N {Kerg |g€ls (ﬂer Ker f)} for any subset Y of
Endp(M).

(3) M satisfies acc on annihilators if and only if the set {1s(X) | X C M}
satisfies dcc.

Proof. (1) Since X C ﬂfels(X) Ker f, we have that lg (ﬂfels(X) Kerf) C
ls(X). The other inclusion is obvious.

(2) It is clear that (), Ker f C () {Kerg | g €ls (mer Ker f)} On the

other hand, since Y C lg (ﬂer Ker f), we have the other inclusion.
(3) It is clear from (1) and (2). O

Proposition 4.9. Suppose M is M) -projective for every index set A and
that M satisfies acc on annihilators. Let Anny,(N) be a right annihilator in
M. Then M = M/ Ann'y,(N) satisfies acc on annihilators.

Proof. Since M is M®)-projective for every index set A, there is a surjective
ring homomorphism p : Endg(M) — Endgr(M). Let X be any subset of M
and set S = Endg(M). We claim that the inverse image under p of lg(X) is
15 (N (X)), where X is the inverse image of X under the canonical projection
m: M — M. For each f € lg(X) there is an f € Endg(M) such that
f(X) € Annj;(N). Note that f((X)) = (f(X)) < Annj;(N). By Lemma
2.2, f(Ny (X)) = Ny f({X)) = 0. Therefore, f € lg(Np (X)). This implies
that p~!(15(X)) C Ls(Nar (X)). Now, let g € 1g(Nps (X)). Again by Lemma
22,0 = g(Npm (X)) = Nyg((X)). Hence g((X)) < Annj;(N). Therefore,

p(9)(X) = p(g)m(X) = mg(X) = 0. Thus, ls(Nar (X)) € p~'(15(X)), proving
the claim. It follows from Lemma 4.8 that M satisfies acc on annihilators. O

Let M be a module and K < N < M. Let 1y(K) denote the intersection
Annps(K) N N. On the other hand, let ry(K) = Annj,;(K)NN. If N is a
fully invariant submodule of M and K < N, then 1y (K) and ry(K) are fully
invariant in M.

Corollary 4.10. Let M be a module. If M satisfies acc on annihilators, then
the set {1x(K) | K < N} satisfies acc and the set {rn(K) | K < N} satisfies
dcc.

Proof. Let K < N < M. We claim that 1y (K) = Annp,(Ann’, (1x(K))) N N.
Since 1y (K)a Anny, (In(K)) = 0, we have that

In(K) € Annps(Anny, (Iy(K))) N N.
On the other hand, 1y(K) C Anny,(K). Hence
Ann’; (Iy(K)) 2 Anny, (Anny, (K)).
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Therefore, Annps(Ann’y, (In(K))) C Annps(Anny, (Anny, (K))) = Anny (K).
Thus, Annps(Annj, (I (K)))NN C Anny (K)NN = 1y (K) proving the claim.
Now, if

In (K1) Cly(K2) Cly(K3) C---

is an ascending chain, applying Ann"(—) to the chain, we get a descending
chain

Ann’y;(Iy(K7)) 2 Ann)y, (In(K2)) 2 Anny,(In(K3)) D -+ .

By Lemma 4.7, there exists £ > 0 such that Ann’y, (15 (K,)) = Ann’y, (In (Kets))
for all 4 > 0. It follows that

In(Ky¢) = Annps(Ann’y, (I (Ky))) NN
= Annps (Annfy; (v (Kei))) NN
= In(Keys)
for all ¢ > 0. Analogously, the set {ry(K) | K < N} satisfies dec. O

Lemma 4.11. Suppose M is M™) -projective for every index set A and let
N < M be a fully invariant nil-submodule. If M satisfies acc on annihilators,

then ry(N) # 0.

Proof. Set T' = {ry(K) | K < N and K finitely generated}. It follows from
Corollary 4.10 that I' has minimal elements. Let ry(K) be a minimal element
inI' and let n € N. Then K + Rn is a finitely generated submodule of N
and so ry(K) = ry(K + Rn) C ry(Rn). Hence, ry(K) C (),cnrn(Rn) =
Npen Annjy (Rn) NN = Anny, (3>, .y Rn) NN = Annjy, (N)NN =ry(N) by
Lemma 4.6. Now, by Lemma 3.5 and Proposition 4.4, K is nilpotent, that is,
there exists £ > 1 such that K¢ = 0 but K*~! # 0. Therefore 0 # K*~! C
I‘N(K). O

Proposition 4.12. Suppose M is M™ -projective for every index set A and let
N < M be a fully invariant nil-submodule such that 1x(N7) = 0 for all j > 0. If
M satisfies acc on annihilators, then there exist submodules Ay, ..., Ag,... C N
such that:

(1) A1pr--m Ak # 0 for all k > 0; and

Proof. We construct the submodules inductively. Let A1 = ry(N) # 0 by

Lemma 4.11. Note that A;,;4; = 0. To get Ay, consider Annj;(A;). Then
N+Ann, (A1)
Ann?, (A1)

M/ Anny;(A;) satisfies acc on annihilators by Proposition 4.9. Write N =

N+Ann’, (A Vi r AT
LTW and M = M/ Ann};(A;). By Lemma 4.11, r5(N) # 0. Hence

there exists 0 # 7'/ Ann’; (A1) < M such that N7 (T/ Ann};(A;)) = 0. This
implies that NyT C Ann’y, (A1) and so A1y NyT = 0 but AT # 0.
Let Ao = rn(A1pN). Therefore Ajp A # 0. We have that Aj,,45 C

is a nil-submodule of M/ Ann’,;(A4;) by Lemma 3.1. Moreover,
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N, then Aq,;As1A1 = 0. On the other hand, A1;42 C AjN. Hence,
A ppAopyAs C Ay NaypAs = 0 because definition of As. Inductively, each
Aipr =rn(Arpr v Aiu N). U

5. Nilpotency of the prime radical of a Goldie module

In this section, the main theorem is proved and as corollary we get that the
prime radical of a Goldie module M is nilpotent. In [8, Theorem 1] Lanski
proved that nil subrings of a left Goldie ring are nilpotent. We will make use
of this result applied to the endomorphism ring of a Goldie module. For, we
start with the following lemmas.

Lemma 5.1. Let M be a quasi-projective module with endomorphism ring
S = Endgr(M) and N = ﬂfeI Ker f for some ideal I of S. If M satisfies acc
on annihilators, then so does M/N.

Proof. Note that N is a fully invariant submodule of M because I is an ideal. It
is enough to show that inverse image, under the canonical projection 7 : M —
M/N, of an annihilator in M/N is an annihilator in M. Let Y C Endg(M/N).
Consider (7. Ker f in M/N. Hence (v Iger ]i: A/N for some submodule
A of M. Since M is quasi-projective, given f € Y there exists f € Endg(M)
such that 7f = fr. Let Y = {f € Endgr(M) | nf = fr for some f € Y}.
It follows that f(A) C N for all f € Y and so, gf(A) =0 for all f € Y and
allgeI. LetY ={gf [ g€l and f €Y} Therefore, A C (), oy Kergf.
Now, let = € [, ;cy Kergf and let f €Y. Then fr(x) = m(f(x)). Since
g(f(z))=0forall g€ I, f(x) € N. Hence 7(f(x)) = 0. It follows that z € A.
Thus A =, ey Kergf. O

Recall that a module M is said to be retractable if Homg(M, N) # 0 for
every nonzero submodule N of M.

Lemma 5.2. Let M be M™ -projective for every index set A and let N < M.
If M is retractable, then

(1) M/ Ann;(N) is retractable.

(2) M/ Annp(N) is retractable.

Proof. (1) Let K/ Ann';(N) be a submodule of M/ Ann},;(N) and suppose
that
Homp(M/ Ann}y,(N), K/ Ann},;(N)) = 0.

Since Annj;(N) is fully invariant in M, any homomorphism f : M — K induces
a homomorphism f : M/Ann);(N) — K/Ann};(N) such that 7f = fr,
where m : M — M/ Ann’;(N) is the canonical projection. This implies that
for all f € Homg(M, K), f(M) C Ann};(N). Therefore 0 = Ny (MyK) =
(Ny M)y K = Ny K. Hence K C Ann’y;(N) and so K/ Ann’y,(N) = 0. Thus
M/ Ann’;(N) is retractable.
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(2) Let K/ Annps(N) be a submodule of M/ Anny,(N) and suppose that
Hompg(M/ Annp(N), K/ Annp (N)) = 0.
As in the previous proof, we get
0=trM(K)yN = (MyK)yN = My (KyN) =trM(KyN).

This implies that Ky N = 0 because M is retractable. Thus, K C Anns(N).
Hence M/ Annys(N) is retractable. O

Lemma 5.3. Suppose M is M™) -projective for every index set A and re-
tractable. If M is Goldie, then S = Endg(M) is a right Goldie ring.

Proof. By Proposition 4.1, S satisfies acc on right annihilators. Since M has
finite uniform dimension, so does Sg by [5, Theorem 2.6]. Thus, S is a right
Goldie ring. O

Theorem 5.4. Suppose M is M™ -projective for every index set A and re-
tractable. If M is a Goldie module and N < M is a fully invariant nil-
submodule, then N is nilpotent.

Proof. There is an ascending chain of submodules of M,
Annjs(N) C Annpy(N?) € Anny (N3) C--- .
By hypothesis, there exists a positive integer k such that
Annjy; (N®) = Anny, (NFH)
for all ¢ > 0. Denote
N = (N + Anny (N*))/ Annypg (N*) and M = M/ Anny (NF).

We claim that lﬁ(ﬁj) =0 for all j > 0.

If L (N?) = A/ Annp (N*) with A < M, then Ay N7 < Annp,(N*). Hence,
Ay NFH = (AyN7)y N¥ = 0. Therefore A C Anny (N*17) = Anny (NF).
Thus IN(N]) = 0, proving the claim.

If NV is not nilpotent, then N is a nil-submodule of M by Lemma 3.1. More-
over, M is retractable and satisfies acc on annihilators by Lemma 5.2 and
Lemma 5.1. Hence, there exist nonzero submodules Ay,...,A;,... € N by
Proposition 4.12 such that

(i) Aiz7-- 574 # 0 for all i > 0; and

(i) Avgr 57 AigpA; = 0if j <.
Consider the inverse images of the submodules A;, Anny (N*) C Aq,..., A;, ...
C N + Anny(N*). Intersecting with N, we have

Inv(N) C Annp (N*)NN C (A1 N N),...,(A4;NN),...C N.

Suppose that 1y(N) # 0. Then A; NN # 0. Let B; denote the submodule
A; N N. Hence, the submodules By, ..., B;, ... satisfy:

(1) Bips---m B; # 0 for all i > 0; and
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(2) Biar---m BigBj CIn(NF) if j <.
Condition (1) implies that there exists a sequence {f1, fa,..., fi,...} € Hompg
(M,N), with f; : M — B; for all ¢ > 0, such that f;--- fofy 0 foralli >0
and the condition (2) says that g(f;f; - fafi(M)) = 0 for all g : M — N*
lf] S i. Note that fZJrle(M) Q f1+1(N) Q N2. Consider {fjJrl, N ~7fj+k}
Wlth] S 3. Then fj—i—k"'fj—i—l(M) Q ]Vk7 that iS7 fj+k"'fj+1 M — Nk
It follows that fj - - fjx1fifi--- fofi = 0 for 7 < 4. Thus, we just got the
elements described in [8, Lemma 8|, that is, elements {f1, f2,..., fi,...} C S
such that

(1) fi--- faf1 #0 for all ¢ > 0; and

(2) fjrn-fiwafifio- fafr =0for j <i.
Since M is a Goldie module, if follows from Lemma 5.3 that S is a right Goldie
ring. Following the proof of [8, Theorem 1], we arrive to a contradiction and
so N is nilpotent.

In the case 1y(N) = 0, then we start the proof with M = M and A; = A;

for all i > 0. O

Corollary 5.5. Suppose M is M™ -projective for every index set A and re-
tractable. If M is a Goldie module, then the prime radical of M is nilpotent.
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