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STABILITY AND TOPOLOGY OF TRANSLATING SOLITONS
FOR THE MEAN CURVATURE FLOW WITH THE SMALL
L™ NORM OF THE SECOND FUNDAMENTAL FORM

EuNGMO NAM AND JUNCHEOL PyoO

ABSTRACT. In this paper, we show that a complete translating soliton
Y™ in R™ for the mean curvature flow is stable with respect to weighted
volume functional if ¥ satisfies that the L™ norm of the second funda-
mental form is smaller than an explicit constant that depends only on the
dimension of ¥ and the Sobolev constant provided in Michael and Simon
[12]. Under the same assumption, we also prove that under this upper
bound, there is no non-trivial f-harmonic 1-form of L% on X. With the
additional assumption that ¥ is contained in an upper half-space with
respect to the translating direction then it has only one end.

1. Introduction

An orientable m-dimensional surface ¥™ in R" is called a translating soliton
(or translator) for the mean curvature flow (MCF) if it satisfies
(1.1) H=V",
where H is the mean curvature vector of ¥ C R™, V is a constant unit vector
field in R™, and (-)* denotes the projection onto the normal bundle of ¥.
Translators arise as blow-up models at type II singularities of the MCF. A
translator is a special solution of the MCF moving in the direction of V' without
deforming its shape under the flow. Moreover, it is a minimal submanifold
in a conformally flat Riemannian manifold (R™, em (V:X)(}), where (,) is the
standard Euclidean metric on R™ and X is the position vector. More precisely,
a translator is a critical point of the following weighted volume functional:

(1.2) Vol (%) = /Ze*fdu,
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172 E. NAM AND J. PYO

where f = —(V, X), and dp is the induced volume form on ¥ C R™. A trans-
lator is said to be f-stable if the second derivative of the weighted volume
functional is always non-negative for any normal variation with compact sup-
port. Without weight, that is, when f = 0, a critical point of the usual volume
functional is a minimal submanifold.

Let V and V be the standard connection on R™ and the induced Levi-
Civita connection on X, respectively. The tangent and normal bundle of ¥ are
denoted by 7Y and N¥, respectively, and (-)" and (-)* denote the projection
of a vector field in R™ along the immersion onto 7Y and NX, respectively.
Then, the second fundamental form of an immersion B : TY x TY — NX is
defined by B(Y,Z) = (Vy Z)*, where Y and Z are tangent vector fields on X.
Choose a local orthonormal frame field {e;, eo} of 3, where {e; : 1 <i < m} is
tangent to ¥ and {e, : m +1 < o < n} is normal to ¥. The mean curvature
vector is given by the trace of the second fundamental form; H = Trace(B) =
it Bles,e;) € T(NE). And the squared norm of the second fundamental
form is defined by |B|* =", >i;(Bleise;), ea)?.

For a submanifold X" C R", the L™ norm of the second fundamental form,
Js; |B|"™dp has been intensively studied. For a minimal submanifold ¥, it is
equivalent to the total scalar curvature. Using an estimate on the L™ norm
of the second fundamental form of X, it is possible to determine some prop-
erties of X, such as stability, topological properties, and shape. Among many
significant results, Spruck [18] proved that ¥™23 is stable if the L™ norm of
the second fundamental form of ¥ is less than a constant that depends only on
the dimension of 3. Furthermore, Wang [19] proved that a stable minimal sub-
manifold ™23 is an affine m-plane, if the second fundamental form satisfies
|B] € L™(X) (for the hypersurface case proved by Shen and Zhu [17]). With
the similar assumption as [18], Ni [14] and Seo [16] deduced the topology of ¥
(more precisely, the number of ends). In other directions, Palmer [15], Miyaoka
[13] and Seo [16] studied the L? harmonic forms.

In this study, we further evaluate translators with the small L™ norm of the
second fundamental form and determine three properties that hold even for
translators of higher codimension. For the stability of translators, in Section
3, we first prove that:

Let X=2 be a complete translator immersed in R™. If Y satisfies ( [, | B|™dp)
< C(m), then X is an f-stable translator. In fact, it is super f-stable.

In Section 4, based on the L? harmonic form theory developed by Palmer
[15], Miyaoka [13] and Seo [16], we second prove that:

Let ¥™=3 be a complete translator immersed in R™. If ([, |B|™dp)= < C(m),
then ¥ admits no non-trivial f-harmonic 1-form of L?c.

Since the height function in the given V' direction has no local maximum,
there is no compact translator. Thus, one significant topological property is the
number of ends, i.e., the connected components outside of a compact geodesic
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ball, which is sufficiently large. For the topological ends of translators, in
Section 5, we finally prove that:

Let X™23 be a complete translator immersed in R™ with being contained in the
half-space Iy, = {p € R™ : (p,V) > a} for some a € R. If ([ |B|™dp)w <
C(m), then ¥ has only one end.

There are many interesting results in translators analogous to minimal sub-
manifolds. For the Bernstein-type theorem, Impera and Rimoldi [5] showed
that if an f-stable translator ¥™ in R™*! satisfies |B| € L?(E), then ¥ is
a translator hyperplane parallel to the direction of translator, V. In previ-
ous works on higher codimensional translators, Xin [20] proved that an m-
dimensional translator X" in R™ satisfying both ( [y, |B|™dp)m < C(m) and
|B| € L}'(¥) is an affine m-plane parallel to V. Since the condition [B| €
L'7(X) is too restrictive for the quantity |BJ, the larger the height of ¥ in the
direction of V', it is important to note that, in the main theorems, we only as-
sume the condition for the L™ norm of the second fundamental form of a given
translator, which is smaller than an explicit constant. In other directions, Ku-
nikawa [9,10] showed rigidity results under natural geometric conditions, such
as a flat normal bundle or parallel principal normal.

2. Preliminaries

From the first variation formula of the weighted volume functional (1.2), we
obtain
d
dt
where E = v is a normal variational vector field with compact support on
3. More precisely, v is a unit normal vector field of ¥ in R™ and ¢ is any
compactly supported smooth function on 3.

From the second variation formula of the weighted volume functional, we
obtain (see [20])

Vol (2)|t=0 = / (V —H,E)e 'dp,
=

d? _
22 Vols (B)le=0 = / IVEEP =Y (Blewe;), B | e Tdu,
) —
Z’j
where V= is the normal connection on Y. If %Vol #(X)]t=0 > 0 for any normal
variation, then X is called f-stable.
A direct computation gives the following (see [18], [20] for more details)

/Z IVEE* =Y (Blei,e;), E)? 6’fdu2/z(IVsOIQ—IBIQsOZ’)e’fdu.
i

Following Wang [19], we denote that if [, (|V|? — [B|?¢?) e~/ du > 0, then
Y. is called super f-stable. It is clear that if ¥ is super f-stable, then it is
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f-stable. The super f-stability coincides with the f-stability when X is a
hypersurface.

Next, we recall the Sobolev inequality. In [12], Michael and Simon obtained
the general Sobolev inequality for the C? submanifold ¥ in R™:

</ hmmldﬂ> "< 80m) [ (VA + hiHDdn
» b

where 0 < Vh € CL(X), S(m) is the Sobolev constant, and H is the mean cur-

(m—1) "
vature vector of ¥ in R™. By substituting h = w2 and then using Holder
inequality and Young inequality, one can obtain the following L? Sobolev in-
equality (for example, see [20]):

b\ 1
(2.1) So(m) (/ um—?du) S/ |Vu|2d,u+f/ |H|?u?dp,
b s 2 s

_9)2
where 0 < u € C3(X) and So(m) = (sz—(lei)&S(m)z'

Given a complete translator ¥ C R", an end of ¥ is a connected component
of ¥\B,(R), where B,(R) C X is the geodesic ball centered at p € ¥ with a
sufficiently large R > 0 as radius. Using the weighted L' Sobolev inequality
on translators, we obtain:

Lemma 1. Every end of a complete translator contained in the upper half-space
Iy, ={peR": (p,V) > a,a € R} is non-f-parabolic.

Here, the condition of being in the upper half-space needs to apply the
weighted L! Sobolev inequality on translators. See [5], [6] for more details.

The rotationally symmetric translators, translating bowl, and winglike trans-
lators [1,3,7], grim-reaper cylinders, and A-wings [4] are contained in the upper
half-space Ily .. Kim and the second author [8] show that a half-space type
theorem for translators.

Recall that the Bakry—Emery Ricci tensor of X is defined by

Ricy(Y,Y) = Ric(Y,Y) + Hess(f)(Y,Y),

where Y is a tangent vector field on 3, Ric stands for the Ricci curvature of ¥
and Hess(f) stands for the hessian of f on X. Using the Gauss equation, we
obtain (see [5] for more details),

(2.2) Ric;(Y,Y) > —|B*|Y|?.

This gives a useful Bochner-type formula:

Lemma 2. Let u be an f-harmonic function on X. Then
1
387 (IVul?) > |Hess ul* — |BI*|Vul?,

where Ay () = A(-) = (Vf,V(-)) is the weighted Laplacian on X.
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This is derived from applying (2.2) to the weighted version of Bochner for-
mula,

1
iAf(|Vu|2) = |Hess ul? + Ricy(Vu, Vu) + (VA ju, Vu),

and using the fact that v is f-harmonic.
Finally, we study the f-harmonic 1-form of L?. Let w be a smooth 1-form
on Y. Recall that w is called an f-harmonic 1-form of L? on X if

/E €]2e ™ du < 00 and Ajw =0,

where ¢ is the dual vector field of w on X, and A¢(-) stands for the weighted
Laplacian acting on the space of smooth 1-forms on X. In the particular case
that ¥ is a hypersurface contained in the upper half-space in the translating
direction, if 3 has no non-trivial f-harmonic 1-form of L?, then ¥ admits no
codimension one cycle which does not disconnect ¥. For more details about
the f-harmonic form of L? theory and codimension one cycle, see [11] and the
references therein.

3. Stability of translators
Theorem 3. Let ™23 be a complete translator immersed in R™. If ¥ satisfies
(Js |B|™dp)w < C(m), then ¥ is an f-stable translator. In fact, it is super

_ _ V2(m—2)
f-stable. Here, C(m) = s v o &

Proof. We prove by contradiction. If we suppose that ¥ is not super f-stable,
then for a suitable ¢ € C§°(%),

(3.1) [ IvePe fau< [ 1BRGe dp,
b b

where f = —(X, V). By Holder inequality, the RHS becomes

2 m=2
s [isreetas ([1pran)” ([

b b b
On the other hand, let ¢ = goe*§7 then

_ 1 _ _

Vel = [Vele™ + 2V fPPe%e™! = (Yo, V ipe™.

We claim that
1 _ _
(3.3) / VISt e dp - / (Vo,V fipe du <0,
b b

that is,

(3.4) / Vo Pdu < / Vol du.
P >
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Because ¢ is compactly supported in Y, by applying the divergence theorem
on [; div(¢?V fe~f)dp, we obtain

(35) LU0+ F A1 =PIV dn =0

To analyze this equation, we consider the following identity from (1.1):
(3.6) Af =div(=V") =div(V') = —(H,V*) = -V
Applying (3.5) and (3.6) to the LHS of (3.3), we have

/ ~|VfPe?e T dp — /Z<V¢,Vf>s06’fdu

1
= 1 [V a5 [ Pvipe fau<o.
4 b 2 P

Thus, we obtain (3.4). Combining this result with (3.1) and (3.2), we obtain

i< (fra)’ ([s0)”

Applying the previous Sobolev inequality (2.1) to 1,

So(m) (/wmdu)m < [ wokau; [ 1P

For the last term, by Holder inequality,

2 m—2
1 1 s o T
5 [1HPd < (/ IHI’”du> (/ wwdu)
b b b
Thus, we obtain
(/ fd)m 2dlu>

(el 2 -

) (L)
Cauchy-Schwarz inequality gives

([Limran)” <m( [ 181man)”
> >

Applying this to the preceding inequality and canceling ( fz 1/)% du) " on

3o

both sides, we obtain

Solm) < (1+2) (/Z |B|md,u> "
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Let C(m) = 25;57_5_7”2) Thus, C(m) < ( [y \B\mdu)i. This contradicts to the

prior assumption. Thus, the proof is complete. ([
4. f-harmonic 1-forms of L; on translators

Theorem 4. Let ¥™23 be a complete translator immersed in R™. If

([Lisman)” < com.
b
then ¥ admits no non-trivial f-harmonic 1-form of L?.

Proof. Let w be an f-harmonic 1-form of L?(‘ on %, and £ be the dual vector
field of w on ¥. From the weighted version of the Bochner formula and (2.2),
we obtain

1
(4.1) §Af(‘§|2) > |VE[2 - | B¢
By a direct computation for the LHS,
1 1
SAL(ER) 2 S (AEP) = (V £, Vi)
IVIEI® + [€|ALE] = €V £, VIED).

Based on (4.1),
E[ALE] + [BIPIEP = [VEP + [EV £, VIED — [VIEIP > [EV £, VIE]).
Here, we use the Kato inequality, that is,
[VE[? — [VIEIP = 0.
Let ¢ = |¢|. Then, we can rewrite
(4.2) pAp + |BPo* > o(V f, V).

For a fixed point p € ¥ and R > 0, we choose a suitable cut-off function 7 that
satisfies

1 on B,(R 1
n= { 0 on E<(Bp)(2R) and |Vn| < = on B,(2R)\B,(R),

where B,(R) C ¥ is the geodesic ball. Multiplying both sides by n?e~f on
(4.2) and integrating over X,

(4.3) /EnzsoAsoe’fdu+n2IB|29026’fdu2/Enszf,V@e’fdu-

Because 7 is compactly supported on ¥, applying the divergence theorem on
Js div(n?pVyee f)du, we obtain

/En%&pe’fdu: /277290<V90,Vf>e’fdu—/22ns0<Vn,Vs0>e’fdu

- /En2lvwl2e“fdu~
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Using (4.3),
/anlBl%ze‘fdu > /En2|Vs0|2e‘fdu + /E 200{Vn, Vip)e T dp.
By the Schwarz inequality, for any a > 0, we obtain
1
(4.4) / 7’| BlP¢*e T du > (1 - a)/ 7’|\ VelPe ™ du — f/ P2 |VnlPe ™ dp
by by aJs
Because ¢n is compactly supported in X, we can apply (3.4) to on,

(4.5) / IV (o) 2~ dp > / IV (one™ )|2dp.

£

Applying the previous Sobolev inequality (2.1) to pne™ =,

_f
/E IV (ome™) 2du

_f\2m Sl _f
> so(m) ( [one %) T = 5 [ 1P ene b

By a direct computation,

(4.6)

(4.7) / IV (en)?e™ dp = /E(|V<P|2772 +200(Ve, Vi) + | Vn|*)e T dp.
By the Schwarz inequality, for any b > 0, we obtain

/ (IVel?n® + 200V, Vi) + @*|Vn*)e ' dp

(4.8) .

(1+0) / |Vo|?n fd,u+(1+g)/ |Vn|2p2e 7 dp.
b

Combining (4.5), (4.6), (4.7), and (4.8),

1+ b)/ VolPn*e™ du

/|v one H)2dp - (1+ )/Wm ~fdy
_f2m_ T 1 2 _f\2
> So(m) (pne™2)m=2dp ~5 |H|*(¢ene™2)%dp
> >
1
4+ / nlPee du.
b Js

For the LHS in (4.4), by Holder inequality,

(4.9)

m—2

(4.10) (/E IBI’”du)m (/E(wne‘é)"%do " Z/EWQ\BIQwQe‘fdu-
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Combining (4.4) and (4.9), and (4.10), we obtain

</ IBImdu) /(/E(wneg)"%do ’
> o [ Vit

+1;Z<So< )(/(90776 ) " —7/|H| (one~)?

~rg) [ke).
b Js
We can rewrite

(I-a)(1+1%) 1 2o 12— f
<1—|—b+a /E<P [Vn|"e™ dp
]. - % J 2m mT:2
(4.11) > aso(m)_ / |B|™dy /(apne*%)mdu
1+5b .
+b /I pne%)2dp.

By Holder inequahty,

m—2

(12 /2|H|2( pne” %) dp < (/E |H|mdu>fn </Z(wne‘5)mdu> "

Cauchy-Schwarz inequality gives

(4.13) (/E |H|md,u> g <m (/E |B|mdu> g .

Combining (4.11), (4.12) and (4.13), we obtain

=)+ 1) [ oo o s
(S e g) Lot

> (i;bso( )— <1+((11+_§))) (/E|Bmdu> )(/E((pne_g)"%d/x)m

Next, a and b are chosen to be sufficiently small such that

<1+ZSo(m)(l+ T ></ Bmdu) >2e>0.

As R — oo, we obtain ¢ = 0, that is, £ = 0. Since £ is arbitrary, ¥ has no
non-trivial f-harmonic 1-form of L3. O

KN
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5. Topology of translators

Theorem 5. Let X23 be a complete translator immersed in R™ with being
contained in the upper half-space Iy, = {p € R" : {p, V) > a} for some a. If
(Js |B|™dp)w < C(m), then © has only one end.

Proof. We reason by contradiction. Suppose that ¥ has at least two ends.
Because every end of ¥ contained in Ily 4 is non- f-parabolic, there exists a non-
constant bounded f-harmonic function that has finite total weighted energy.
See [2], [5] and [6] for details.

Let u be such an f-harmonic function. Then, we obtain

(5.1) %Af(\w?) > |Hess uf® — |B]?|Vul>.
By a direct computation for the LHS,

SAL(IVuP) = S(A(VUP) — (V£,9|Vuf?)

= |V|Vul|]? + [Vul A|Vu| — [Vul|(V f, V|Vul).
Based on (5.1),
|Vu|A|Vu| + |B|?|Vul? > [Hess ul> + |Vu|(Vf, V|Vu|) — |V|Vul||?
> [Vul(Vf, V|Vul).
Here, we use the Kato inequality, that is,
[Hess u|? — |V|Vul|> > 0.

Let ¢ = |Vu|. Then, we can rewrite
(5:2) pAp +|BI*¢* > p(V f, Vo).

For a fixed point p € ¥ and R > 0, we choose a suitable cut-off function 7 that
satisfies

| 1 onBy(R) 1
n—{o o ary V] < 15 on B,(2R)\By(R)

where B,(R) C X is the geodesic ball of centered at p with radius R. Multi-
plying both sides by n?e~f on (5.2) and integrating over X,

(5.3) /En%Asoe‘fdqunQIBIQwQe‘fdu2/277290<Vf,v<p>e‘fdu.

Because 7 is compactly supported on X, applying the divergence theorem on
J5, div(n?¢Vpe=T)dp, we obtain

/En%&pe’fdu= anw<V@,Vf>€’fdu—/E2n90<vn,vs0>e’fdu

- /EUQIV@IQe’fdu-
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Using (5.3),
/ B du > / 7°|Vel?e™ dp +/ 2n0(Vn, Vel dp.

b b b

By the Schwarz inequality, for any a > 0, we obtain
1

(5.4) / 7’| BlP¢*e T du > (1 - a)/ 7’|\ VelPe ™ du — f/ P2 |VnlPe ™ dp

by by aJs
Because ¢n is compactly supported in X, we can apply (3.4) to on,

(5.5) / IV (o) 2~ dp > / IV (one™ )|2dp.

£

Applying the previous Sobolev inequality (2.1) to pne™ =,

_f
/E IV (ome™) 2du

_f\2m Sl _f
> so(m) ( [one %) T = 5 [ 1P ene b

By a direct computation,

(5.6)

(5.7) / IV (pn) e Fdp = /E(|V<P|2772 + 20n(Ve, Vi) + @*|Vn|*)e~ dp.

By the Schwarz inequality, for any b > 0, we obtain

/ (IVel?n® + 200V, Vi) + @*|Vn*)e ' dp

(5.8) 1

(1+0) / |Vo|?n fd,u+(1+g)/ |Vn|2p2e 7 dp.
b

Combining (5.5), (5.6), (5.7), and (5.8),

1+ b)/ VolPn*e™ du

/|v one H)2dp - (1+ )/Wm ~fdy
_f2m_ T 1 2 _f\2
> So(m) (pne™2)m=2dp ~5 |H|*(¢ene™2)%dp
> >
1
4+ / nlPee du.
b Js

For the LHS in (5.4), by Holder inequality,

(5.9)

m—2

(5.10) (/E IBI’”du)m (/E(wne‘é)"%do . Z/EWQ\BIQwQe‘fdu-
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Combining (5.4), (5.9), and (5.10), we obtain

</ IBImdu) (/ (ene” 2)737”2du>mm2

> —g/w (VilPe! dp

+L_rz (50(m) (/(cﬂne f)me ) —*/IHI preE)?

1
~+ ) [1onpereT ).
b Js
We can rewrite

<(1_f)+(15+1)+i>/ 2|VnlPeTd
B> <1+b (/ B|md/‘) )(/E(wne‘g)mdu)mm

—a b
- H 2 —5\2 .

By Holder inequality,

a2 [P s ( [ |H|mdu)3” (f <¢ne-£>ﬁ’”2du)m

Cauchy-Schwarz inequality gives

(5.13) (/ |H|md,u> " <m(/ |B|mdu> g

Combining (5.11), (5.12) and (5.13), we obtain

(1-a)(1+3) 1 2o (2.~ f
A SlA S A d
( 1+b ' a /vame

> (1125«@—(1 20D )(/ |Bmdu> ) (/E<<P776‘5)ﬁmédu> =

Next, a and b are chosen to be sufficiently small such that

(;ZSO(m)—(H e )(/ Bmdu) >>e>o

As R — o0, we obtain ¢ = 0, that is, |[Vu| = 0. This implies that u is constant,
thereby contradicting the assumption of the existence of a non-trivial bounded
f-harmonic function that has finite total weighted energy. Thus, ¥ has only
one end. (|

3
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