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A NOTE ON THE PROPERTIES OF PSEUDO-WEIGHTED
BROWDER SPECTRUM

PREETI DHARMARHA AND SARITA KUMARI

ABSTRACT. The goal of this article is to introduce the concept of pseudo-
weighted Browder spectrum when the underlying Hilbert space is not nec-
essarily separable. To attain this goal, the notion of a-pseudo-Browder
operator has been introduced. The properties and the relation of the
weighted spectrum, pseudo-weighted spectrum, weighted Browder spec-
trum, and pseudo-weighted Browder spectrum have been investigated by
extending analogous properties of their corresponding essential pseudo-
spectrum and essential pseudo-weighted spectrum. The weighted spec-
trum, pseudo-weighted spectrum, weighted Browder, and pseudo-weight-
ed Browder spectrum of the sum of two bounded linear operators have
been characterized in the case when the Hilbert space (not necessarily
separable) is a direct sum of its closed invariant subspaces. This ex-
ploration ends with a characterization of the pseudo-weighted Browder
spectrum of the sum of two bounded linear operators defined over the
arbitrary Hilbert spaces under certain conditions.

1. Introduction

Let L(H) be the algebra of all bounded linear operators, where H is a not
necessarily separable complex Hilbert space of infinite dimension h, where Ry <
h. An operator T' € L(H) is called a Fredholm operator [2,3,7,10] if n(T) < oo,
B(T) < oo and range of T (i.e., R(T)) is closed, where n(T) is the nullity of T
and S(T') is codimension of R(T"). ¥(#) shall denote the class of all Fredholm
operators. An important class of operators in Fredholm theory is the class
of semi-Browder operators. An operator T € L(H) is said to be a Browder
(resp. an upper semi Browder, a lower semi Browder) operator, i.e., T' € Up(H)
(resp. W5 (H), U5(H)) [9] if T is Fredholm (resp. upper semi Fredholm, lower
semi Fredholm) and p(T) = ¢(T') < oo (resp. p(T) < oo, ¢(T) < 00), where
p(T) is ascent [9] and ¢(T) is descent [9] of T. In [2], for T € L(H) and
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a nonnegative integer k let us denote by T} the restriction of T to T*(H)
viewed as a map from the space T%(H) into itself defined by T} = T**1. The
idea of pseudospectrum was introduced by Varah [14] for linear operators and
later on extended by Hinrichsen, Landau, Trefethen, Davies and Pritchard.
Trefethen developed this concept for operators and matrices. For ¢ > 0, the
pseudospectrum [1] of T' € L(H) is defined as:

o (T)=0c(T)U{AeC: |[[A=T)""| > 1/e},

where o(T) denotes the spectrum of 7' and |[(A —T)7!|| = oo if A is in the
spectrum o (7). Let T' € L(H) and € > 0. Then the pseudo-Browder spectrum
[1] of T is defined as:

oep(T) = U op(T + D).
TD=DT
IDl<e

Let h be the dimension of H and a be a cardinal number such that Ry <
a < h. An operator T € L(H) is called an a-Fredholm (resp. an upper
semi a-Fredholm, a lower semi a-Fredholm) operator [13], i.e., T € U, (H)
(resp. W (H), ¥, (H)), if R(T) is a-closed and max{n(T),n(T*)} < « (resp.
n(T) < o, n(T*) < a), where T* is the adjoint of T. For a cardinal number a,
ia(T) [8] is defined as

) i(T), if a =Ry and max(n(T),n(T*)) > a,
ia(T) = .
0, otherwise

and for cardinal numbers Ry < as < a1, sum and product operations extended
in [6,8] as:

(1) aq + ag = ay,

(2) a1 -0 = (.

The class of a-Weyl operators [8] is defined as:
WO (H) ={T € Vo (H) : i (T) = 0 for all cardinal numbers ~
such that Ry < v < a}.

Corresponding to these, the weighted spectrum o, (7T") and the weighted Weyl
spectrum o9 (T') with weight o are defined as:

0a(T) ={)\ € C such that \I - T ¢ U,(H)}

and
o2(T) = {\ € C such that \I — T ¢ U2 (H)}.

An operator T € L(H) is said to be an a-Browder operator (resp. an upper
semi a-Browder operator, a lower semi a-Browder operator) [12], if T is an
a-Fredholm operator (resp. an upper semi a-Fredholm operator, a lower semi
a-Fredholm operator) and p(T') = ¢(T") < oo (resp. p(T') < o0, ¢(T') < 00), de-
noted by W,p5(H) (resp. U1, (H), ¥, 5(H)). For a bounded linear operator 7,
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the upper semi weighted-Browder spectrum and lower semi weighted-Browder
spectrum [12] of T are, respectively, defined by

ovaB(T) ={AN€C: N T ¢ V' (H)},
and
oLan(T) = (A€ C: Al ~T ¢ U, (H)).
The weighted-Browder spectrum of T is then determined as
0aB(T) =0vap(T)Uorap(T)
and is characterised as
0aB(T)={A€eC: N[ -T ¢ V,g(H)}.

In [4], authors introduced pseudo-Fredholm operator. In this direction, Ath-
mouni, Baloudi, Jeribi and Kacem in [6] introduced the concepts of a-pseudo-
Fredholm and a-pseudo-Weyl operators. A linear operator T € L(H) is said
to be an a-pseudo-Fredholm operator [6] if T+ D € ¥, (H) for all D € L(H)
such that ||D|| < e. An operator T' € L(H) is said to be an a-pseudo-Weyl
operator [6] if T+ D € WY (H) for all D € L(H) such that ||D| < e. The
classes of these operators are denoted by W€ (H) and W9¢(H ), respectively. For
a bounded linear operator T, ¢&(T) = {A € C: X[ — T ¢ V¢ (H)} denotes
the pseudo-weighted spectrum, and ¢%¢(T) = {\ € C : X[ = T ¢ V%¢(H)}
represents the pseudo-weighted Weyl spectrum with weight a. Motivated by
the concepts of a-pseudo-Fredholm and a-pseudo-Weyl operators, we introduce
a-pseudo-Browder operator, and investigate its properties. We also examine
the pseudo-weighted Browder spectrum of sum of two operators.

The manuscript has been organized as follows. In Section 2, some prelim-
inary definitions have been introduced, properties and the relation of defined
operators and corresponding spectra have been established. The next section
aims to deduce the main results of the paper which are about the pseudo-
weighted Browder spectrum (with weight «) of the sum of two operators and
property of operators defined on the direct sum of two arbitrary Hilbert spaces.
The last section concludes the manuscript.

2. Preliminaries

This section establishes some preliminary definitions which are required in
the remaining sections. Recall that, a bounded linear operator T € L(H) is
said to be a pseudo-Browder operator [1] if T+ D € Wp(H) for all D € L(H)
such that 7D = DT and || D|| < e. This set is denoted by ¥%(#). This inspires
the introduction of a-pseudo-Browder operators in this section which sets the
foundation for the remaining article. We demonstrate the basic properties of
these operators and their corresponding spectra. In [6], authors introduced
and studied pseudo-weighted spectrum and pseudo-weighted Weyl spectrum.
In the present manuscript, we extend these notions to pseudo-weighted Browder
spectrum.
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Definition. An operator T' € L(H) is an a-pseudo-Browder (an upper semi
a-pseudo-Browder, a lower semi a-pseudo-Browder) operator if for a given
€ >0, T+D € Vyp(H) (resp. VIo(H), U 5(H)) for all D € L(H) such
that TD = DT and | D| < e. We denote the classes of upper semi a-pseudo-
Browders, lower semi a-pseudo-Browders and a-pseudo-Browder operators by
U (H), U 5(H) and V€ 5(H), respectively.

The corresponding spectra of these operators are the following:
the upper semi pseudo-weighted Browder spectrum;
0hap(T) ={AN€C: A - T & U [3(H)},
the lower semi pseudo-weighted Browder spectrum;
0rap(T) ={A € C: Al =T ¢ U (H)},
and the pseudo-weighted Browder spectrum;
oap(T) ={A € C: A =T ¢ W, 5(H)} = 0(7a5(T) UoLap(T).

The following example shows that the class of a-pseudo-Browder operators de-
fined over not necessarily separable complex Hilbert space of infinite dimension
h, where Xg < h is not void.

Example 2.1. Let X = @,eal?, where A is an uncountable index set. By
definition each element of space X is (x4)aca such that xz, = 0 for all but
finitely many a. Define ||Z| = (Saeallzal®)'/2 < co. Then the space X with
this norm is a complete norm space. Now, let {€,}aca be a set in X, where

€a = (eap)pen such that
67 a = B’
€ap =

0, otherwise,

where e € [? such that |e| = 1. Then {é, }aeca is an uncountable set in X such
that ||éy|| = 1 for all & € A. Therefore X is a non separable Hilbert space. Let
dim(X) be h and choose € > 0. Now define an operator Ty : 12 — [? as

TO(I) = TO(Elaﬁ?agf’n' . ) = (517523633 cee agn3070707 .. )

for all z = (€1, &, &3, ...) in 12 for which (37, |&]%)/2 < €/2, where n is a fixed
finite positive integer. Define D; : %2 — [? as

Di(z) = D1(&1,82,83,...) = (&2 — &1,&3 — &2,80 — &3, .-, §n — €01, 0,0,0,...)
for all 2 € 12, where || Dy|| = (27,|& — &-1/°)Y/2 < €. Clearly,
(ToDy)(x) = (D1Tp)(z) for all x € 1%
Now
(To + D) (%) = (&2,&3, -+ €n1,Eny €0, 0,0,...) for all x € I?
and
(To + D1)*(x) = (0,61, 69, ... En_2, &1+ £0,0,0,...) for all = € I2.
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Since

(To + D1)" (@) = (&0 &nsbns - -+ 60,0,0,0,0,..) for all & € I°.
Therefore,

(To + D)"Y (x) = (Tp + Dy)" () for all z € I?
and
ker((To + D1)" ™) = ker((To + D1)™) = (€1,€2,&0, ., €n_1,0,&ni1, Engay - . 2)
for all z € [2. So, p(To + D1) =n — 1 = q(To + D1) < oo and n(Ty + D1) =
Ro = n((Ty + D1)*). Now consider Dy : 12 — [? defined as
Dy (x) = D2(£1,€2,83,- ) = (2= 61,&— 82,84 — &35+ -, §nm1 =632, 0,0,0,..)
for all z € 12, where || Dy = (S0 |€ — &-1]*)Y/2 < e. Tt follows that,
(ToDs)(x) = (D2Ty)(z) for all x € 1%, and

ker((To + D2)"~?) = ker((Tp + D2)™™1)
= (515527527 v 7£n—2; 0707£n+1a§n+2a .. )

for all z € I2. So, p(To+D3) = n—2 = q(To+ D2) < oo and n(Ty+ Dg) = Vg =
n((To + D2)*). By a similar process, we get a finite number of D,, such that
To + D, is an a-Browder operator, where ToD,, = D, Ty and || D, || < €. So, Ty
is a pseudo-Browder operator on the separable space I2. Now let T € L£L(X),
defined as

T= EBaEATou

T07 a = «op,
Ta = .
I, otherwise

where

and S, € L(X), defined as

Sn = @aeASaa
where
Dna = y
Sa _ «Q 0[0.
1, otherwise.
Then
T+ Sn = @aca (T + Sa),
where
T Dna = 5
Ta + Sa _ 0 + « OZO'
1, otherwise.

By the same argument as in [12, Example 2.1], we get that T + S, is an -
Browder operator implying thereby that T is an a-pseudo-Browder operator.

We begin this section with propositions aiming at establishing the relations
among weighted, pseudo weighted, weighted Weyl, pseudo-weighted Weyl, and
pseudo-weighted Browder spectra.
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Proposition 2.2. Let H be a Hilbert space, T € L(H) and € > 0. Then,

(1) 0&(T) € ogp(T).
(2) O'EB(T) C oo p(T), where Rg < o < < h.
(3) o l5(T) C o25(T), where 0 < €1 < €.

Proof. (1) Let A ¢ 0&,5(T). Then since A\I =T + D € U, (H) for all D € L(H)
such that TD = DT and ||D|| < € the conclusion follows.

(2) Let A ¢ 0, 5(T). By definition, it follows that Al — T+ D € ¥, (H) and
p(Al =T+ D) = qg(M — T+ D) < oo for all D € L(H) such that TD = DT
and ||D|| < e. Therefore A\I — T + D € Ugp(H) for all D € L(H) such that
TD = DT and [|[D|| < e. Thus we get A\I =T € Wgp(H). Consequently,
A g ogp(T).

(3) Let A ¢ 0:25(T). It follows that, \ =T+ D € ¥op(H) for all D € L(H)
such that T'D = DT and | D|| < e2. Since < €1 < €2, Al =T € V5 (H) leading
to the conclusion. (]

Proposition 2.3. Let T € L(H), € > 0 and a,b € C, where b # 0. Then,

)
(1) oq(al +bT) =a+ o4(T)b.
(2) 0% (al +bT) = a + o/ ().
(3) o%(al +bT) = a+ oo(T)b.
(4) 0%¢(al +bT) = a + ox/I"(T)b.

Proof. (1) Let A ¢ o4(al + bT), which means b=Y(\ — a)l — T € U, (H).
Equivalently, we have (A—a) ¢ 0,(T)b and therefore A ¢ a+ 0, (T)b. Similarly,
whenever A ¢ a + 0,(T)b then A ¢ o, (al + bT).

(2) If X ¢ o5 (al +bT), then M — (al +0T)+ D € U, (H) for all D € L(H)
such that ||D|| < € or equivalently [b=1(A —a)I — T +b~1D)] € ¥, (H) for all
D € L(H) such that |[b='D|| < ¢/|b|. Therefore, b='(A — a)I — T € W/*(H)
which is same as A ¢ a + o/ (T)b.

Conversely, letting \ ¢ atod/"! (T)b and using the definition we get b= (A —
a)l-T € \I/f,é/lb‘(’H). Therefore, A\I — (al +bT)+ D € U, (H) for all D € L(H)
such that ||D|| < e. Hence, A ¢ o¢ (al 4 bT).

(3) Given X\ ¢ 02(al + bT), using the definition of o0 (al + bT), we get
b YN —a)l =T € U, (H) and ig(b~*(A —a)l = T)) =0 for all Xg < B < a.
Therefore b=1(A — a) ¢ o2(T). Hence, A ¢ a + o0 (T)b.

Conversely, if we let A ¢ a + o3(T)b, we get M — (al + bT) € ¥, (H) and
ig(A — (al 4+ bT)) = 0 which implies A ¢ 02 (al + bT).

(4) Let A ¢ 0%¢(al +bT). By definition we get, \I — (al +bT)+D € ¥, (H)
and ig(Al—(al+bT)+D) = 0 for all D € L(H) such that ||D|| < e. This follows
that, b (A—a) —T+b~'D] € Wa(H) and ig(b~*\ — (al +bT)+b~'D)) = 0
for all D € L(#) such that |[b='D|| < ¢/[b|. Hence, A ¢ a+ oo/ I"N(T)b.
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Conversely, if we let \ ¢ a—i—ag’e/‘bl(T)b, then b='(A\—a)I-T+b"1D € WO (H)
for all D € L(H) such that ||D| < €/|b|. Equivalently (A—a)I—T+D’ € W2 (H)
for all D' € L(#H) such that ||D’|| < e implying the conclusion. O

Proposition 2.4. Let T € L(H) and a,b € C, where b # 0. Then
oeglal +0T)=a+ a;/E‘,bl(T)b.

Proof. Let A ¢ ofg(al + bT). Then AI — (al +bT) + D € V,p(H) for all
D € L(H) such that TD = DT and ||D| < € or equivalently, [b~1(\ — a)I —
T +b7'D] € Wop(H) for all b'D € L(H) such that [|[b=*D|| < €/|b] and
TD = DT. Tt follows that \ ¢ U;/E‘/,bl(T)b +a.

For the reverse inclusion, if A ¢ o/ P/(T)b + a, then b=1(A — a)I — T €
/1 (3) which implies, AT — (al + bT) € U/ "(}). Thus AI — (oI + bT) +
D' € U,g(H) for all D' € L(H) such that TD' = D'T and || D’|| < €/|b|.
Equivalently, AI — (al + bT) + D € U,p(H) for all D € L(H) such that
TD = DT and ||D|| <e. Hence, A ¢ o g(al +bT). O

Proposition 2.5. Let T € L(H), 0# c € C and € > 0. Then,
(1) Ulflﬁ(cT) = co’(T).
(2) oW (eT) = ot p(T).

Proof. (1) For \ ¢ J(lfle(cT), we have A\ — ¢T'+ D € ¥, (H) for all D € L(H)
such that || D|| < |c|e. Tt then follows that, c A\ — T + ¢ 1D € ¥, (H) for all
D € L(H) such that [|[c'D|| < e. Hence, A ¢ 0&(T)c. The reverse inclusion
follows similarly.

(2) Let A ¢ 0'(‘;]'36 (cT'). The definition then implies that AT —cT'+D € ¥, (H)
and p(Al — T+ D) = ¢(A\] — ' + D) < oo for all D € L(H) such that
TD = DT and ||D|| < |c|e. Tt follows that ¢ ™A\ — T + ¢ 'D € ¥, (H) and
plc N —T+c¢ D) =q(c A\ -T+c¢ D) < o for all D € L(H) such that
TD = DT and ||c'D|| < e. Hence, A ¢ & 5(T)c.

Conversely, let A ¢ o< 5(T)c. Then ¢ X[ —T + D € V,p5(H) for all D €
L(H) such that TD = DT and | D|| < e. Therefore, \I —cT+ D’ € U,p5(H) for

all D’ € L(H) such that TD' = D'T and || D’|| < |c|e. Hence, A ¢ Ulacg(cT). O
Remark 2.6. Let T € L(H) and 0 < 6 < e. Then,
oo5(T) C otp(T).

Clearly by definition of pseudo-Browder spectrum converse of Remark 2.6
does not hold.

Now if A ¢ o5 1¥I(T), then \T—T+ D — S € W (H) for all D € £L(H) such
that ||D|| < e+ [|S]| < 2¢ implying A & o2¢(T + S).

On the other hand if A ¢ 02¢(T + S) by using definition, we get A\ — (T +
S)+ D € U, (H) for all D € L(H) such that ||D|| < 2e. It then follows that
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M —T+ D e U,(H) for all D € L(H) such that ||D|| < e — ||S||. Therefore,
A ¢ os ISl (T). This proves the following;:

Lemma 2.7. Let H be a Hilbert space, S € Ko(H) such that ||S|| < € and
T € L(H), where e > 0. Then,

o<~ ISI(TY C o24(T + ) C o<HISI(T).

The following theorem characterizes a-Browder spectrum of an operator in

L(H);
Theorem 2.8. Let T € L(H). Then oop(T) = Nes00S5(T).

Proof. Let A ¢ Neso0S5(T). It then follows that, A\ — T € V¢ 5(H) for some
€ > 0. Then using definition, A\I — T + D € ¥,(H) and p(AIl — T + D) =
g(AMl =T + D) < oo for all D € L£(H) such that TD = DT and ||D| < e
Choosing D =0, \I =T € U,p(H) and A ¢ o,5(T) leading to the conclusion.

To see the converse, let A ¢ o,5(T). Then, by [12, Corollary 3.14], there
exists an € > 0 such that \I - T+ D € U, (H) and p(Al =T+ D) = g\ [-T +
D) < oo for all D € L(H) such that TD = DT, |D|| < € and dim R(D") < oo
for some integer n > 1. This implies that, A ¢ ¢ 5(T"). Hence A ¢ Neso0s5(T)
follows the result. O

Remark 2.9. Let H be a Hilbert space and T' € £(H). For cardinal numbers
Vg < as < a7 and for real number € > 0,

(1) Gayas(T) = 00, (T).

(2) 06,0,(T) = 05, (T).

(3) 0(a1a2)B(T) = U@1B(T)'

(4) O-gozlag)B(T) = U(EJQB(T)
3. Pseudo-weighted and pseudo-weighted Browder spectrum of

bounded operators and their properties

In the current section we proceed to prove the main results of this article by
developing the relation between weighted, pseudo-weighted, weighted Browder,
pseudo-weighted-Browder spectra of operator T' and their corresponding invari-
ant subspaces. We further characterize the pseudo-weighted-Browder spectrum
of the sum of two bounded linear operators defined over the arbitrary Hilbert
space under certain conditions.

Proposition 3.1. Let T € L(H) and let H be a direct sum of closed subspaces
Hi and Ho which are T-invariant. If Ty = Ty, : H1 — Hi and Ty = Ty, :
Ho — Ha, then for e >0

) 0o (T1 ®T3) = 06(T1) Uoa(Th).
; O';(Tl @TQ) = O';(Tl) UO’&(TQ).
)

ooB(Th & T) = 0ap(Th) Uoap(T2).
(

oop(Th &To) = of g (Th) Uog 5(Tz).
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Proof. (1) Let A ¢ 04(T1) U0oq(T%). This implies that, 71 — A1 € ¥, (H1) and
Ty — Ay € ¥, (Hz). This follows from [6], (T1 — A1) ® (T — Al2) € U, (H).
Hence, T — AT € ¥, (H) and A\ ¢ 0, (T1 ® T3).

Conversely, let A ¢ o0,(T). By definition, T'— A\ € V¥, (H). Therefore,
(ThoTs) — M1 & Iz) € Uy (H). Therefore Ty — Ay € U (Hy) and Ty, — Al €
U, (Hs). Consequently, A ¢ 0,(T1) U o (Th).

(2) Let A ¢ o&(T1) Uo& (Ts). This follows that, Ty — A1 + D1 € ¥, (H;) and
To—M>+Dy € \Ifa(ng) for all D; € [:(Hl) such that ||D1|| < eand Dy € L(HQ)
such that || Dz|| < €. Therefore (Ty — A1 + D1) @ (Ta — Als + D3) € U, (H) for
all Dy € L£(H1) such that || D] < e and D2 € L(Hs2) such that | Dz|| < e. Then
T—X+D e VU, (H) for all D € L(H) such that || D|| = max{||D1], || D2||} <,
where D = Dy @ D5 and hence T ¢ o5 (Th @ T).

Conversely, let A ¢ ¢5(T). By definition, T — A + D € U, (H) for all
D € L(H) such that || D|| < e. Therefore, (T1 ©Ts) — A(I[1 ® I2) + (D1 & D3) €
U, (H) for all Dy € L(H1) such that |Dy|| < € and Dy € L(H3) such that
ID2|| < €, where D = Dy @ Ds. This follows that, Ty — A} + Dy € ¥, (H,)
and Ty — Ay + Dy € U, (Hs) for all Dy € L(H1) such that |Dq|| < e and
Dy € L(H2) such that | Dz < e. Consequently, A ¢ o&(T1) U oS (T3).

(3) Let A ¢ o4p(Th) U oap(T2). By definition, T — A\ € U,ap(H1) and
T — M5 € \IIQB(HQ). Therefore (Tl — )\Il) D (T2 — )\IQ) c \IIQB(H) by [12,
Theorem 4.3]. Consequently, T'— A € U,p(H) and T ¢ 0, (T1 ®T). Similarly,
if A ¢ UQB(TI D Tz), then \ ¢ UaB(Tl) @] UocB(T2)~

(4) Let A ¢ 05 5(Th) UoS 5(T2). This implies that, Ty — A1 + D1 € Uop(H1)
and Ty — Ao + Dy € U,p5(Hs) for all Dy € L£(H1) such that ||D]] < € and
Dy € E(Hg) such that ||D2|| < €. Therefore (T1 — A +D1) @(Tg 7)\[2+D2) S
U,p(H) for all Dy € L(H;1) such that |D;]| < € and Dy € L(Hz) such that
|ID2]] < €. Then T — A+ D € ¥,pg(H) for all D € L(H) such that |D| < e
and hence T ¢ o0&, 5(T1 & T2). Similarly, we get the converse part. O

Theorem 3.2. Let U be a bounded linear operator on the Hilbert space H and
V' be a bounded linear operator such that 0 € p(V'), where p(V) denotes the
resolvent set of the operator V. Let eg = ||V || ||V =!|| and W = VUV ~!. Then,
for e >0, we have

(1) o%(W) = 02(U). )
(2) 050 (U) S 0a (W) € 0a (V).
(3) 00 (U) C 0o (W) C o “(U).

Proof. (1) Let A € C. Then
N -W)=V(\-U)V!

and

VYA - W)V = (M - U).
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Let A ¢ 0%(W). Then we get \I — W € Wo(H), or equivalently, we have
V(A - U)V~=1 € WO(H) and therefore A\ ¢ ¢%(U). By similar argument, we
get the converse. Hence, o2 (W) = % (U).

3 3

(2) Let A ¢ 05°(U). Then the definition of 04 °(U) leads to VYA —
W)V + D € U, (H) for all D € L(H) such that ||D| < ee3. It follows that
VU = W)+ VDV~HV € U, (H) for all D € L(H) such that | D] < eed.
Therefore, \I — W + D' € U, (H) for all D’ € L(H) such that ||D'|| < ee3.

2
Hence, \ ¢ o5 (W).

Conversely, A ¢ oo °(W). Then using definition, we get \[—W+D € ¥, (H)
for all D € L(H) such that | D|| < ee3. Further this gives V(A -U)]V~1+D €
U, (H) and thus V[(A — U) + D'V~ € U, (H) for all D' € L(H) such that
ID']] < eeg. Consequently, A ¢ o0 (U).

2

(3) Suppose that A ¢ 0w (W). Then by definition, \I — W + D € W0 (%)
for all D € £(H) such that ||D|| < ee2. This implies that, V(AI-U)V "'+ D €
WO (H) for all D € L(H) such that ||D|| < eeg. Then, \I — U + D’ € W9 (H)
for all D’ € L(H) such that |D’|| < eeg. Therefore, X ¢ %< (U). Hence,

3

0% (U) C 0%’ (W) C 00 (U), O

Lemma 3.3. Let T and S be bounded linear operators on the Hilbert space H
and « be a cardinal number such that Xy < a < h. If for each 0 # X € C
there exists an integer k > 0 such that (A — (T' + S + D))y is injective and
T(S+D) € Ko(H) for all D € L(H) such that | D|| < € and TD = DT. Then,
fore>0

ot7a8(T 4+ 5)\ {0} € [ovan(T) Uop,p(S)]\ {0}

Proof. Suppose that 0 # A ¢ [opan(T) U of,5(S)] \ {0}. Then \[ - T €
Ut o(H) and M — S — D € Ul (H) for all D € L£L(H) such that TD = DT
and ||D|| < e. Therefore, (\[ — T)(AIl — S — D) € VI (H) and p(Al —T) <
00,p(Al =S — D) < oo for all D € L(H) such that TD = DT and ||D|| < e.
We can write

(M —T)A — 8 — D) =T(S + D) + A\ — T — S — D).
Since T(D + S) € Ko (H), therefore, we have
M—-T—S-DeVlH).

Since for each A # 0, there exists an integer £ > 0 such that (A =7 —S — D)
is injective. Let x € N((A\[ — T — S — D)**1). Then, (A\I - T — S — D)¥(x) €
N =T —8—D)NR(A —T -8 —D)¥) = N(A =T — S — D)) = {0}.
Then, z € N((A — T — S — D)*) and we get

N(M —~T -8 —D)*C N(\ -T — S — D)~).

Thus N((Al—T—S—D)*¥) = N(M —T—S—D)**1) and p(Al—-T —S— D) <
k< o0. So, \I =T — S —D € ¥}, (H) for all D € L(H) such that TD = DT
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and || D|| < e. Therefore, A ¢ of;,,5(T + S). Hence,
Uan(T + 5)\{0} C [ovap(T) U oy ap(S)]\ {0}. O

Lemma 3.4. Let T and S be bounded linear operators on the Hilbert space H
and « be a cardinal number such that Xy < o < h. If for each 0 # X\ € C
there erists an integer k > 0 such that (A\[ — (T + S + D))y is onto and
T(D+S) € Ko(H) for all D € L(H) such that |D|| < € and TD = DT. Then,
fore>0

0505(T+ )\ {0} C [0105(T) Uohun(S)]\ {0}.

Proof. Suppose that 0 # A ¢ [oro5(T)Uo§,,5(S)\{0}. Then A\I-T € ¥ _ 5(H)
and A\I-S—D € U_ o (H) for all D € L(H) such that TD = DT and ||D|| <e.
Therefore, ( AI-T)(M—-S—D) € ¥_ (H) and ¢g(AI-T) < 00,q(A[—S—D) < o0
for all D € L£(H) such that TD = DT and ||D|| < e. We can write,
M-T)M-S-D)=T(S+D)+ XN -T—-5-D).
Since T(D + S) € K (H), therefore, we have
M—T-S—DeUs(H).
Since there exists an integer & > 0 such that (A\I =T — S — D)y is onto. Then,
R(M —T -8 —D)*) = R(M —T — S — D)*1).
So,
gAM -T—-S—-D)<k< .
Thus A\ =T — S —D € U_5(H) for all D € L(H) such that TD = DT and
|ID|| < e. Therefore, A ¢ o, 5(T +S5). Hence,

0rap(T +S)\{0} C [0La(T) Uorap(S)]\ {0} O
From Lemmas 3.3 and 3.4, we can conclude the following theorem:

Theorem 3.5. Let T and S be bounded linear operators on the Hilbert space
H and « be a cardinal number such that X9 < a < h. If for each 0 £ X € C
there exists an integer k > 0 such that (A — (T + S + D)) is invertible and
T(D+S) € Ko(H) for all D € L(H) such that||D|| < € and TD = DT. Then,
fore>0

05 5(T + 8)\ {0} € [005(T) U o5 (5)]\ {0},

4. Conclusion

While the concept of pseudo-spectra, essential pseudo-spectra, and pseudo-
Browder spectra on the Banach space [1,4,5,11], were introduced and explored
by different authors, the notions of the weighted spectrum, pseudo weighted
spectrum and pseudo weighted Weyl spectrum have been discussed in [6]. Mo-
tivated by their works, in the present paper, we have introduced the notions
of a-pseudo-Browder operator and corresponding spectrum, that is, pseudo-
weighted Browder spectrum. The properties, as well as the relation between
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these operators and their corresponding spectra, have to lead to many interest-
ing conclusions. Relation among pseudo-weighted and pseudo-weighted Brow-
der spectrum has also been established in case Ng < a < < hand 0 < €1 < €.
When a, b, c € C, where b and ¢ are non-zero, stability of weighted spectrum,
pseudo-weighted spectrum, weighted Weyl spectrum, pseudo-weighted Weyl
spectrum and pseudo-weighted Browder spectrum of b1 when it is perturbed
by a scalar operator al have been obtained. Similarly, some more properties
of the pseudo-weighted Browder spectrum have been discussed in Section 2.
The example constructed in the discussion proves that the class of a-pseudo-
Browder operator is not void. With the help of the deduced results and some
previous results, we develop the relation between the pseudo-weighted Brow-
der spectrum of operator T and its invariant subspaces. We characterize the
pseudo-weighted-Browder spectrum of the sum of two bounded linear operators
defined over the arbitrary Hilbert space. It has been established that for € > 0,

oop(T+ )\ {0} € [oaB(T) Uogp(S)]\ {0}
if T and S are bounded linear operators on the Hilbert space H, a (Rg < o < h)
is a cardinal number and if for each 0 # A € C there exists an integer k£ > 0

such that (A — (T'+ S + D)) is invertible and T'(D + S) € Ko (H) for all
D € L(H) with |D|| < € and TD = DT. But it is yet to be explored whether

[0an(T) Uogp(S)]\ {0} € ogp(T +5)\ {0}

holds or not?
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