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A RESEARCH ON LINEAR (p,q)-DIFFERENCE EQUATIONS
OF HIGHER ORDER
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ABSTRACT. In this paper, we investigate solutions of equations which are
linear (p, q)-difference equation of higher order by using (p, q)-derivative
and integral. We also derive the solution of equation in the case of second
order.

AMS Mathematics Subject Classification : 34A25, 23A30, 34B60, 34G10.
Key words and phrases : (P,Q)-number, (p, g)-derivative, (p, ¢)-integral,
(p, ¢)-exponential function, (p, ¢)-difference equations of high order.

1. Introduction

Quantum calculus(g-calculus) have been studied by many researchers. They
investigated some classical theory and several results and properties for g-calculus.
Several of them obtained various generalizations of operators based on g-calculus
(see[1-6]). After that, several authors introduced and researched many expan-
sions of positive linear operators, using g-integers. The recent research trend
treated the applications of ¢g-calculus importantly in the field of number theory,
approximation theory, and physics. Some scholars have published papers in the
area, developing stage, related to approximation theory(see[3-5]).

Recently, (p,q)-calculus is introduced as the post quantum calculus of g¢-
calculus(see[7-13]). R. Chakrabarti and R. Jagannathan mentioned (p, ¢)-number
as two-parameter quantum in the area of physics. Wachs and White introduced
the (p, ¢)-number in the mathematics by certain combinatorial problems that is
irrelevant to the quantum group(see[13]). The (p, ¢)-integer was introduced to
generalize or integrate several forms of g-oscillator algebras in the theoretical
physics that are related with the representation of single-parameter quantum
algebras(see[9]).

Received August 31, 2022. Revised November 4, 2022. Accepted November 6, 2022.
*Corresponding author.
© 2023 KSCAM.

167



168 N.S. Jung, C.S. Ryoo

Katriel and Kibler defined the (p, ¢)-binomial coefficients and derived a (p, q)-
binomial theorem. Burban and Klimyk studied (p,q)-differentiation, (p,q)-
integration(see[11,12]). In [8], R. Jagannathan and K. S. Rao introduced the
(p, 9)-extensions related to two parameter quantum algebras from g¢-identities.
P. N. Sadjang expressed two relevant polynomials of the (p,q)-derivative and
derived the formula of (p, ¢)-integration by part and two (p, ¢)-Taylor formulas
of polynomials(see[10]).

Throughout this paper, we use that 0 < ¢ < p <1 and p,q € C where C is
the set of complex numbers . At first, we introduce some basic notations about
(p, q)-calculus which is found in [7-13].

Definition 1.1. (1) For any n € C and 0 < ¢ < p < 1, we define the (p, q)-

number by

_p-q
p—aqa

Note that the (p, ¢) number is reduced to g-number, lim,_,; [n], , = [n] for ¢ # 1

[n]p.q (1.1)

(2) The (p, g)-binomial coefficients are defined by B{j =
X
0 < k < n where [n] I = [n] [n—l] [1] forn = 1,2,---, and
2 X X X

o] 1=1. ’

g’

Definition 1.2. Let f be a function on the set of the complex numbers. We
define the (p, ¢)-derivative of the function f as follows

f(pr) — f(qx)

e @) (1.2)

Dp,qf(x) =

Since D, ,f(0) = f'(0), it is provided that f is differentiable at 0.

From the Definition, we have

Dp,qf(‘r) = Dl,%f(qx)v Dp,qf(x) = DL%f(px), Dp,qf(x) = Dp—l,q—lf(pqx)
(1.3)

Since Dy ¢2" = [n],q2" 71, if t(z) = Y p_ axz®, then
n—1

Dy qt(z) = Z agp [k + 1]pg".
k=0

The operator of (p, ¢)-difference equation, D,, 4, has the following properties.
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Theorem 1.3. The derivative of a product and the derivative of a ratio are

given by
Dy o(f(z)g(2)) = f(px)Dyp,q9(x) + 9(qz) Dy o f ()
= g(pz)Dp o f (x) + f(qz)Dp,q9(x),
f(x) 9(qx) Dy o f (x) — f(qx) Dy 49(x)
Dra ( > 9(px)g(qz)
9(px) Dy g f(x) — f(px)Dpg9(x)
9(pz)g(qx) '
In [10], P. N. Sadjang introduced the definition of (p, ¢)-integral as below.

Definition 1.4. Let f be an arbitrary function. (p,q)-integral is defined

k
-5 ().

Theorem 1.5. The (p, q)-integration by parts is defined
b

b
/ F(p) Dy g (2)dp g = [F()g ()]’ — / 9(q7) Dy o f (&) g

a

Definition 1.6. For z in complex number with |z| < 1, the (p, ¢)-exponential
functions are defined by

o0 Zn
eple(Z) = Zp(Q) [TL] 1’
— p,q-

Epq( Zq [,

Observe that E, ;(x) = e,-1 4-1().

A general linear (p, g)-difference equations of first order is represented by

Dy qy(x) = a(x)y(qz) + b(z), (1.4)
and a non homogeneous equation that is concerned with the corresponding ho-
mogeneous one has

Dy qy(x) = a(x)y(qz). (1.5)
In [14], We investigated the general solution of linear (p, ¢)-difference equation
of first order and the system of the equation.

The purpose of this paper is to explore (p, ¢)-difference equations of higher
order and to find the solution of the equations. In section 2, we investigate
solutions about the system of linear (p, ¢)-differential equations of higher order in
various case. In section 3, we derive solutions about the systems of linear (p, q)-
difference equation of higher order with constant coefficients including simple
case. Add to that, we consider a simple example that is the second order (p, q)-
difference equations.
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2. General theory on linear (p, q)-difference equations of higher order

In this section, we define the k-order linear non-homogeneous (p, ¢)-difference
equation and corresponding homogeneous equation which is derived from a cer-
tain equation. We also investigate the solution of the equation.

We consider the equation which is k-order nonconstant coefficients linear non-
homogeneous (p, q)-difference equation of order k and corresponding homoge-
neous equation as follows :

D) + a@D{ ) + -+ a1 (@)Dyg + ar(@ly(e) = ba), (2)

and
DF} +ar(@DY5 Y 4 ara(@)Di +an@)ly(@) =0. (2.2)

(
1,
A scalar equation of (2.1) and (2.2) are reduced to a system of the (1.4) and
(1.5) in [14]. Add that, It gives general theory for the system.

Assume that

a(2) = y(@), 22(2) = Dip y(a), - (@) = DYy Vyle).  (23)

)

We obtain the result as follows :

z2(qx)
z3(qx)
Dy s 2(q1) = :
z(qx)
—ay(qz)21(qz) — ak—1(qr)z2(qx) — - - - — a1(qw)zk(qz) + b(gw)
0 1 e 0 z1(qx) 0
0 0 e 0 zo(qx) 0
- z z 2NN R
0 0 e 1 zk—1(qx) 0
—ai(qr) —ap-1(qr) -+ —ailgr)) \ zk(gz) b(qz)
From (1.3), the above matrix form is represented by
Dy q2(x) = A(x)z(qz) + B(x), (2.4)
where
0 1 0 0
0 0 1 0
Alr) = : : : : )
0 0 0 . 1
—ar(qr) —ar-1(qr) —ar—2(qx) -+ —ai(qz)

2(x) = (21(2), -+, zx(2))?, and B(z) = (0,0,---,0,b(qz))t.
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Let the initial conditions be
k

P
q

Yy(x0) = ye_1.

)

y(x()) = Yo, Dl,% y(x()) =Y, Di?)%y(xo) =Y2, -, Di

Then we can consider the existence of a unique solution of (2.1). By (2.3), it
is equivalent to the existence of a unique solution of (2.4) under the constraints

(21(x0), -+, z1(20)) = (yo,v1, - ,yr_1)'. Consequently, like a fundamental
system of solutions y1(z),y2(x),...,yx(z) of (2.2), we can get a fundamental
system

3 t 3 t
(yl(x)a Dl,% yl(x)a LR DYT% 1)y1($)) P (yk(m), Dl’g yk(fﬂ), ey .Di]f% 1)yk(1’)>

of the corresponding homogeneous equation D, ,z(x) = A(x)z(gx), including
the fundamental matrix

y1(2) Yi(z)
D1,§ yl(ff) D1,§ yk(x)
O(z) = . o . . (2.5)
ng_l)yl(x) Dyfg_l)yk(x)

If Zle a;yi(r) = 0, then Zf:l a; Dy pyi(r)=0,---, Zf:l oziDik;l)yi(:c) = 0.
q ’q

From above result, we have a®(xz) = 0 where ®(z) is a fundamental matrix
and o = (g, ag, -+, a)
Therefore, the fundamental matrix in (2.5) is non-singular, that is

uE) o g
Dyzyi(x) -+ Dieyn(a)
det [®(x)] = : : £0
Dilfg—l)yl () --- Dglfg_l)yn(z)
if and only if the fundamental solutions, y;(i = 1,2,--- , k) , are linear indepen-
dent.
If y;(x)(i = 1,2,--- ,n) is a fundamental system of solution of the homoge-

neous (2.2), for the fundamental matrix ®(z), then the general solution of the
system,

®(pz)D,,C(z) = B(x), (2.6)
is found as below
2(x) = ®(2)C (), (2.7)
where C(x) = (Cy(z),- -+, Ci(x))".
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From (2.4) and (2.7), we have

B(z) = Clqz)Dyp,®(z) + ®(px)Dp o C(2) — A(x)2(q)
= @(pz)Dp,¢C ().
Therefore, we get the result of (2.6) and the following equation,
Dy oC() = & (pz) B(x). (2.8)

By (2.8) and definition of (p, ¢)-derivative, we have
C(pz) = Clgz) + (p — q)= ' (pz) B(2),
and by replacing px by x, ons has

Ca) = c(La)+ (1 — Dz o (@)B( o). (2.9)

Theorem 2.1. Consider the equations D, ,C(z) = ® (pz)B(z). Then we
obtain

cwr-e(f) (-2)E (¢ (£

=0

_ - Yoo (L
=C(zo)+ > (1 p)tcb (t)B(pt).

t=(2)izp

Proof. By the recurrence relation of (2.9), we have

cw-e(@)+(-2)E () () ()

=0

If we put (%)N T = xg, then the above equation is represented by the following

result. o) — o) 4 i (1 - q) te ' (t)B (119’5) .

t=(1)'zo p

Corollary 2.2. If N = co for 0 < % < 1, then (%)N approaches 0.

Hence, we have

Clz) = C(0) + (p — q)xi (pj’;) 3! (ix) B <p?j_1x)

1=0

and the general solutions of (2.1) reads

y(r) = Z Ci(w)y(z).
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Note that for (p, q)-difference equation

[DY% + al(x)pg’f%‘” +o+axo1 (@) Dy,2 + ar(@)]y(x) = b(w)

and
D + @)D 4o+ 0Dy + an(wle) =0

S

Suppose that

ti(z) = y(z), t2(x) = Dy ay(x), -+, te(z) = Dilf%fl)y(ac)
Then we also have as follows :
D, ,z(z) = P(x)t(pz) + Q(z), (2.10)
where
0 1 0 0
0 0 1 0
Pxr) = : : : : ,
0 0 0 e 1
—ap(pr) —ap1(pr) —ara(pr) - —ai(pr)
t(z) = (t1(z), - tx(2))" and Q(x) = (0,0, ,0,b(pz))".
Similar to (2.5), we can get a fundamental system
t t
(y1($)7D1,5y1($)7-~-’Dgfgl)yl(xﬁ o ,(yk(x),Dl,gyk(x),---,Di’f%’”yk(x))
of the homogeneous equation of (2.10),
Dy qt(x) = P(x)t(px),
where
y1(x) yr(x)
Dl,%:lh(ﬂf) D17gyk(3«“)
O(z) = : . . (2.11)
DI V(@) - DY V(o)
If y;(x)(i = 1,2,---,n) is a fundamental system of solution of the homo-

geneous equation (2.2), with the fundamental matrix ®(x), then the general
solution of the system
®(qz)D, 4 R(z) = Q(2) (2.12)
is found as below
t(x) = ®(z)R(x) (2.13)
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where R(z) = (Ri(z), -+, Ri(x))t. By (2.10) and (2.13), we notice the result of
(2.12),
Q(z) = Dpqt(z) — P(2)t(px)
= ®(qz)Dp g R(x).
From that, we get the following equation,
Dy, oR(z) = @ '(q2)Q(z). (2.14)
The (2.14) and the definition of (p, g)-derivative are gives
R(pz) = R(qz) + (p — @)z @~ (q2)Q().
By replacing pz by «x, one has

Theorem 2.3. Consider the equations D, R(x) = ® 1(qz)Q(x). Then we
obtain

() (1-8) £ (2)o (550) )

a 1
= R(zo) + Z (1- g)7‘ o~ (r)B <r> .
t=(4)¢ p p
=($)imo
Proof. The first part is proved by the recurrence relation of (2.9). If we put
(%)N T = xq, then the above equation is represented by the second part. O

Corollary 2.4. If N — oo for 0 < 1 <1, then (%)N approaches 0.
Hence, we have

R(z) = R(0) + (1 — Iq))wi <Iq,> o (f,:””) B <p?+i1$>

=0

and the general solutions of (2.1) reads

y(@) = 3 Rula)us (@)

3. Linear (p, q)-difference equations of second order

In this section, we derive a general solutions of linear (p, ¢)-difference equation
of second order. We investigate linear (p, q)-difference equation with constant
coefficients and some example of the second order. Furthermore, we research the
equations which have the solution in series is concerned with analytic functions.
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Consider linear non homogeneous (p, ¢)-difference equation of order n with
constant coefficients,

Dy, +a1Dy .t + -+ ar_1Dy g + ai] y(z) = b(x) (3.1)
and the corresponding homogeneous equation,
[Dpa+ a1Dyg! + -+ a1 Dpg + ax] y() = 0. (32)

Now, consider the equation, D, ,y(x) = Ay(z), then it’s solution read y(x) =
ep.q(Az). So, we obtain the characteristic equation of (3.2),

Mt N 4 ap A ta, =0. (3.3)

Theorem 3.1. If the characteristic equation has k-distinct roots, \;j(i = 1,2,--- | k),
then the solutions of (5.8) is obtained by y;(x) = ep q(Nix) fori=1,2,--- k.

Theorem 3.2. In the case of the characteristic equation has some roots that
are not distinct, then (3.3) admits as k-linear independent solutions. So, we can
write the solution of the (p, q)-defference equation by y(z) = > ", c,x™ where
the coefficients ¢y, satisfies

m m (i) (ndi)—k _ (nti)—k
Z[(Z)(_)‘)l (Hp . " )1 Cnyi =0
k

i=0 -0 p—a

a homogeneous (p, q)-difference equation of order m.
Proof. To solve (3.1) and (3.2), it is enough to prove following equation, (D, , —
A)™y(z) = 0 that include the equation y(z) = Y7, c,a™.

So, we obtain

(s (i onese (2 o (o

Using the definition of (p, ¢)-derivative operator, we get
e o0 +1 n+1
) S+ () S
)",z + Z(f)\) Cpyl————————1
(m n=0 m—1 n=0 p—4q
n+m qn+m) (pn+1 _ anrl)
n

*"'*(Tg)i"”*m(p BCETE o

n=0
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From the above equation, we have the following result by comparison of coeffi-

cients -
m [ (n+i)—k _ ,(n+i)—k
m . P q
—A)" n+i — Y. .
§:[(i)< ><|| P >]+ 0. (39

i=0 k=0
O

Now, assume that all the coefficients a;(z) of (3.1) are the form a;(z) = 2%d;
where i = 0, --- ,k and d; is constants. Then the equation is represented as
below formula

> > pn+1 _ qn+1
b(x) = Z dgcpz™ ™ + Z dkflcn+17$n+k_l + -
n=0 n=0 p—q
0
(p77,+k _ qn—i-k) . (pn+1 _ qn+1) N
+ doc ",
T;) 0Cn+k (p — q)k
(3.6)

Example 3.1 Consider a equation [ngg — 5D1,% + 6Jy(z) = 22, that its
’ D 1
solution is a combination of exponential function. Find the general solution of
the second order linear difference equation.
Solution. We assume that

21(2) = (), 2a(2) = Dy e yla).

D= (Y 5) (Slem) + ()

From (1.3), the above matrix form is represented by
Dy, o2(z) = A(z)z(qx) + B(x), (3.7)

Then we have

where A(z) = (—06 é) , 2(z) = (21(2), 22(2))!, and B(z) = (0,22)".

To solve the difference equation, we consider the characteristic equation of
that,

A — 5\ +6=0, (3.8)

has solutions A\; = 2 and Ay = 3. So, we can write the particular solution of (3.7)

by y1(z) = 617%(2.%) and ya(x) = 61,%(31‘). Let y1(z),y2(x) be a fundamental

system of solution of the homogeneous equation, [D?)g — 5D1A% + 6)y(x) = 22,
’ D ’

corresponding to the fundamental matrix ®(z) where

e,2(2z)  e1,2(37)
() = (261,2(295) 36172(3@) '
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The general solution of (3.7) is obtained as z(z) = ®(z)C(z) where C(z) =
(c1(x),ca(x)). This leads to the general solution is y(z) = ¢ x)el’%@w) +

oo (2)-(2)

So, we obtain D, ,¢1(x) = —x2el7(%)_1 (—2qz) and D, 4co(x) = 1'261)(%)—1 (—3gx).

c2 (m)eL% (3x), where

Using the (p, ¢)-integrations by parts, we have the general solution as below.

1 5, pt+tq  p+tq P+q
y(z) == even g (20) + (219236 TR )

1,%(233)

1 5 ptq  ptgq P+q
where
1 p+gq p+q p+aq
_ o)1 (—2z) =2 -
c1(x) cl%feL(g)l( ) <2p2$ + 4p3 T+ 8p3 8p?
and
1 5, p+gq p+q p+q
C2(m) = C9 — 617(%)—1(—3l‘) <Wx + 9p3 x + 27p3 27p3 .

Example 3.2 Consider another equation [DEQ)E —3Dy2 + 2)y(z) = 22, with

y(x) is expressed exponential function. The characteristic equation has solutions,

A1 = 1 and Ay = 2. This leads to the general solution of the equation is
Dy pei(x) 0

y(z) = cl(a:)elyg(a:) + 02(1')8175(217)7 where ®(px) <D17Z’Cz($)> = <x2> and

ep(@) e s(20)
Qel,g(x) 3617%(2.2?) ’

We also can get the general solution by the result of D, ,¢1(z) and D, 4ca(x)
and the (p, g)-integrations by parts in the same method of example (3.1).

d(x) =

Example 3.3 Given a (p, ¢)-difference equation,
[Dg’q - 3D127,q + 2Dy 4ly(z) = 4, (3.9)

if the equation is differentiated three times, then we obtain the characteristic
equation, m*(m — 1)(m — 2) = 0 that has solutions, m; = 0,mg = 0,m3 =
0,m4 = 0,m5 — 1,m6 = 2.

Thus, the general solution of (3.9) is expressed by y(x) = y,(z) + ca €p4(z) +
cs€p q(22) where y,(z) = co+c12+coz® +c3x3. By substituting y,(z) into equa-
tion (3.9), we find the unknown coefficient ¢;, i = 0,--- ,3. If initial conditions
are given, then we also get the other coefficients c5 and cg.
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Now, consider the second order case when the coefficients in (3.2) are analytic
functions.

Theorem 3.3. Let f(z), h(z) and y(z) be analytic functions at x =0 (€ C).
Linear homogeneous (p, q)-difference equation of second order,

(D} + f(2)Dpg + hi)]y(z) =0,
with f(x) and h(x), allows two linear independent analytic solution at x = 0.

Proof. Since f(z) and h(z) are analytic functions at = 0, we can expressed
the function in series as below :

= 3 faz™, h(z) = 3 hpz™ (3.10)
=0 =0

where f, = fn, nd h, = h”(,o).

If the function y(x ) is analytic at « = 0, then we can write

=> apa". (3.11)
n=0

By using (3.10) and (3.11), we obtain

Df,,q f: anz" + i fnx" Dy 4 i anx” + i hpa™ i anz" = 0. (3.12)
n=0 n=0 n=0 n=0 n=0

From the calculation of (3.12), we get
S A ) Z (Pt =g
Ap+4-2 $ + frn_kag x
Z:o i (p—q)? nzzo = eI

+ i i hp_rarz™ =0

2 _ qn+2)(pn+1 n k+1 k:+1)

n=0 k=0
(3.13)
and 2 2 1 1
_— (P" 2 = ¢") " = g™t
(p— q)2
n k+1 _ qk+1) n
Z fn— kak-&-li + Z hp_rar,n=0,1,2,....
k=0 (p - q) k=0

So, the coefficient a,,n = 2,3... is determined by (3.13). Since the coefficient
ap and a; are arbitrary complex numbers, we obtain two linear independent
analytic solutions. O
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