Korean J. Math. 31 (2023), No. 4, pp. 433-444
https://dx.doi.org/10.11568 /kjm.2023.31.4.433

ON PARTIAL SOLUTIONS TO CONJECTURES FOR RADIUS
PROBLEMS INVOLVING LEMNISCATE OF BERNOULLI

GURPREET KAUR

ABSTRACT. Given a function f analytic in open disk centred at origin of radius
unity and satisfying the condition |f(z)/g(z) — 1] < 1 for a analytic function g with
certain prescribed conditions in the unit disk, radii constants R are determined
for the values of Rzf'(Rz)/f(Rz) to lie inside the domain enclosed by the curve
|w? — 1| = 1 (lemniscate of Bernoulli). This, in turn, provides a partial solution to
the conjectures and problems for determination of sharp bounds R for such functions

f.

1. Introduction

For « € C and s > 0, let D(a,s) := {z € C : |z — a|] < s} denotes the open
disk centred at a and radius s. Let A be the class of analytic functions f with
f(0) = 0 = f'(0) — 1, which are defined in D := ID(0,1) and let S C A consists of
univalent functions. For ¢ = 1,2, 3,4, 5, consider the following class

&—1‘<1forsomeg€¢4with Re(g<z)) >O(26D)}7

9(2) bi(2)

where the functions 1; € A are given by z, z + 2%/2, z/(1 — 2%), z/(1 — 2)? and
2/(1 + z) respectively. For the class G, Ratti [23, Theorem 4, p. 245] determined
its radius of univalence and starlikeness. Associated with various choices of ¢ in the
class S*(¢) :={f € A: z2f'(2)/f(2) < ¢(2)} studied in [19], further radii constants
for the class G; were investigated by Ali et al. [5, Theorem 2.3, p. 30|, Gupta et
al. [12, Theorem 6.1, p. 1170], Mendiratta et al. [21, Theorem 3.7, p. 383], Cho et
al. [9, Theorem 4.1, p. 228], Arora and Kumar [6, Theorem 4.10, p. 1007], Kumar and
Ravichandran [16, Theorem 3.5, p. 208], Wani and Swaminathan [35, Theorem 4.1, p.
178], Gandhi and Ravichandran [11, Theorem 3.3], Sharma et al. [28, Theorem 5.3, p.
936] and Gandhi [10, Theorem 3.5, p. 182]. Here the function ¢ in §*(¢) corresponds
to a univalent function with ¢(0) = 1, ¢'(0) > 0, Re¢ > 0 in D and the domain
»(D) is starlike with respect to 1 and symmetric about the line Im z = 0. Kanaga
and Ravichandran [14], Lee et al. [18], Ahmad El-Faqeer et al. [1] and Sebastian and
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Ravichandran [26] investigated the similar radius problems for the classes Go, Gs, G4
and G5 respectively.
In the present manuscript, we are concerned with the radius problems for the classes

G: (i =1,2,3,4,5) associated with the subclass
, 2
f(2)

S;=8"(WV1l+z2)= {feA:
of starlike functions introduced by Soké6t and Stankiewicz [33] and further investigated
by several authors [2-4,13,15,17,25,29-32,34]. By the S;-radius for the subclass
G C A, denoted by Rs: (G), we mean

sup{R :r ' f(rz) € S; for all v € (0, R] and f € G}.

Although the Sj-radius has been computed for the classes Gi, Gs, G4 and Gs in [5,
Theorem 2.2(a), p. 28], [18, Theorem 2(2), p. 4479], [1, Theorem 2(2), p. 523| and |26,
Theorem 2.2(2), p. 91] respectively, the bounds did not turn out to be sharp. Their
technique involved finding the disk D(«, s) such that zf'(z)/f(z) € D(«, s) for f € G;
(1 =1,3,4,5) and then applying the result of Ali et al. [4, Lemma 2.2, p. 6559] which
embeds that disk into the domain enclosed by the curve |w? — 1] = 1 (known as
lemniscate of Bernoulli). But this technique failed to yield the desired sharp radii
bounds. Also, Kanaga and Ravichandran [14, Theorem 3.1, p. 422] did not compute
the Sj-radius for the class G,. In Section 2, we have employed a new technique
to solve this problem of computing the upper bounds of Sj-radii for the classes G;
(1 = 1,2,3,4,5), some of them turns out to be the conjectured radii constants for
these classes. Moreover, explicit functions in these classes are provided to show that
these upper bounds are actually attained.

In the last section, the upper bounds for Sj-radii have been computed for the
following subclasses of A:

H:{fEA:‘M—1‘<1forsomeg€I€}
9(2)

and

ja:{feA: f(2)

e 1‘ < 1 for some g € A with Re (M) >0, € S*(a)} .
9(2) ¢(2)
Here, K and S*(«) are subclasses of S consisting of convex functions and starlike
functions of order @ (0 < a < 1) respectively. The class J, was introduced by Causey
and Merkes [7]. It is important to point out that Sj-radius for the class H evaluated
by Ali et al. [5, Theorem 2.5, p. 32] was not sharp. Moreover, the radius Rs: (Ja)
was not calculated in [20] (although the other §*(¢)-radii are computed there).

We shall employ the following lemmas concerning the class P(y) =: {p: D — C:
p(0) =1 and Rep(z) > ~ for all z € D}, where v € [0,1).

LEMMA 1.1. [8, Lemma 4, p. 182] If ¢ € P(1/2), then
/
1
Re (zq (z)) > — 12 for |z| < =.
q(2) 142 3
LEMMA 1.2. [27, Lemma 2, p. 239] If ¢ € P(~y), 0 <~ < 1, then

2q'(2) 2q'(2) 2r(1—7)
e < q(2) ) = q(z) | 7~ A=)+ 1 =29)r)

|z| =r.
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LEMMA 1.3. [24, Lemma 2.1, p. 267] If ¢ € P(v), 0 <~ < 1, then

1+ (1—2y)r? <2(1—7)7“
1—12 - 1-r2

q(z)

|z| =r.

2. Sj-radius for classes g;

In this section, we will compute the upper bounds for the S;j-radius for classes
Gi, i1 =1,2,3,4,5. In fact, the radius constant in part (a) of the following theorem
coincides with the result [5, Conjecture 2.2, p. 32| for the class G;.

THEOREM 2.1. The upper bounds of S}-radius for the classes G;, i = 1,2,3,4,5
are:

S.No. Class Y, Rs:(Gi) <y
3 3 1 [27
=+ o= 2~ 0.142
(a) G e Qw/2+7\f 0.142009
22
(0) G 247 7o & 0.12209
(¢ G : = YIT=4V23 003
1 — 22 2v/2
2 V33 -4v2-5
(d) G4 Ty = ~ 0.0809876
(1—2)? 2v2
() Gs C = (VT 2v2 - 2)(V2 + 1) ~ 0.102466

Here, 15 is the smallest root in (0, 1) satisfying (3—+v/2)r* —(2v/2—1)r2 — (8 —/2)r+
2(v/2 — 1) = 0. Moreover, there exist functions f; € G; such that fi(r;z)/r; € St and

()

for some z; = r;¢¥, 0 € [0,27) for each i = 1,2,3,4,5.

V3

Proof. If f belongs to any of the G;’s, then ¢(z) = g(2)/f(z) € P(1/2) for some g €
A. The central idea behind the proof lies on the observation that Re(zf'(z)/f(z)) <
V2 is a necessary condition for zf'(z)/f(2) to lie inside Q. Also, all the computed
radii r; < 1/3 for i =1,2,3,4,5.

(a) Let f € Gy. In this case, the function pi(z) = g(2)/z is a member of P and
2f'2) L w(e) 2 ()

M) ) nG) @)
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By using Lemmas 1.1 and 1.2 in (1), we have

Zf’(Z)) _ <zp’1(2)) B <zq£(2))

re () =1+ () e (s
<1+ 2r + for |z| =17 <
- 1—7r2 147 -

1+3r—2r2<\/§

1—172

provided r < r; := (3 — v/25 — 12v/2)/(2(2 — v/2)). Thus Rs;: (G1) < r1. The radius

rq is attained for the function

2(1+2)2 | 2(1+ 2)
= —— th = :
A2 = U i () = U
Clearly, fi € G;. In order to show that w = zf{(z)/f1(z) € Qp for |z| < rq, let us
compute the expression for [w? — 1|. For z = re® and u = cost, a long and tedious

calculation gives

2 2 9\ 2 2
2f1(2) 4] = 1+32—22 _1q _ay(r,u)
f1(2) N 1—22 ~by(r,u)’
where
ay(r,u) = 1729 + 1% — 6ru) (4 + 2172 + 9r* + 12ru — 18r3%u — 24r%u?)
and

by(r,u) = (1472 —2ru)*(1 +r* + 2ru)?.
Consequently, it is enough to show that the function hy(r,u) = by(r,u) — ay(r,u) is
positive for r < r;. Observe that the roots of hy(r,u) = 0 in (0, 1) are decreasing as
a function of u € [—1, 1]. Consequently, it follows that hq(r,u) > 0 for —1 < u < 1 if
and only if
hi(r,1) = (1= 3r — 2r%)%(1 — 6r — 9r* + 12 — 2r*) > 0,
which gives r < 1y (see Figure 1). Thus fi(r12)/r € S;.

-10p

—15F

FIGURE 1. hy(r,1) for r € (0,1)

(b) Let f € Go. Then pa(2) = g(2)/(2+22/2) € P and f(2) = p2(2) (2 +22/2) /q(2)
which yields
2f'(2) _zp(2) _ 2q(2) | 21+ 2)

2) & w2
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Using Lemmas 1.1 and 1.2, (2) gives

/ / / 2 1
Re (Zf (2)) — Re <Zp2(2)) e <Zq (z)> e < (1+ Z))
f(z) p2(2) q(z) 2+z
2r r 2(1+r) 1
< f =r<—-
STttty o Bl=rsg
248 —r? —3r3
= < V2
(1—r2)(2+7) V2,
if r < ry where ry &~ 0.12209 is defined in the statement of the theorem. In order to
show that this upper bound is achieved, consider the function

folz) = (z +22/2)(1 + 2)? (2 +2%/2)(1 + 2)

ith = .
1—-=2 A 92(2) 1—=2

Then fy € Go. Now we will make use of the similar technique as carried out in part
(a) to establish that zf5(z)/fa(z) € Qp for |z| < ry. Observe that

(zfé(2)>2 _q ’ B <2+82 — 22— 323)2 1 ’
f2(2) a
where

1-2)2+2)
as(r,u) = 12(49 + 297 + 4r* + 1dru — 4r°u — 56r*u?)(16 + 1057 + 817*
4+ 167 4 T2ru + 42r3u + 24r°u — 48r*u® — 144r*u® — 128r%u®)

and
bo(r,u) = (1 + 7% — 2ru)*(1 + r* + 2ru)?(4 + r* + 4dru)?
for z = re' and u = cost. We now show that the function hy(r, u) = by(r, u) —ag(r, u)
is positive for r < r5. It can be seen that the roots of ho(r,u) = 0 in (0,1) are
decreasing as a function of u € [—1,1]. Therefore, ho(r,u) > 0 for u € [—1,1] if and
only if
ho(r,1) = (2 + 8 — r? — 3r®)2(4 — 24r — T4r* + 1203 + 517 + 2r° — 7r%) > 0.

This gives r < 15 (as illustrated in Figure 2). Hence fa(rq2)/re € S}.

L L L L L
02 0.4 0.6 0.8 10
—10}
_20+

—30}+

FIGURE 2. Graph of hy(r, 1) for r € (0,0.2)
(c) If f € Gz and p3(2) = g(2)(1 — 2?)/z, then p3 € P and f(z) = 2p3(2)/(q(2)(1 —
2?)) which yields

() e a(z) | 142
®) ) ) ) 1o
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Equation (3) together with Lemmas 1.1 and 1.2 simplifies to

() = G - () o (55)

< 2r T +1+7“2 for |z|:7“<1
—1—-r2 14r 1-—12 -3
_ 1+3r
1=

If the above expression is less than v/2, then it is easy to deduce that Rs:(Gs) <13

where 73 := (/17 — 4v/2 — 3)/(2v/2). If we consider the function

z2(1+ 2) 2

f3(z) = =2 with  g3(z) = T

then f3 € Gy and for z = re and u = cost, we have

2 2 2 2
2fi(2) 1+32
1| = 1
f3(2) 1—22
where az(r, u) = r2(9+72+6ru) (44 13r2 +r* +12ru—6r3u—8r?u?) and bs(r,u) = (1+
r?—2ru)?(14r?+2ru)?. Since the roots of the equation h3(r,u) = bs(r,u)—as(r,u) =0

in (0, 1) are decreasing as a function of u € [—1, 1], therefore h3(r,u) > 0 foru € [—1,1]
if and only if

az(r,u)

bs(r,u)’

hs(r,1) = (14 3r)%(1 — 6r — 13r% +2r*) > 0

which is possible if r < r3 (Figure 3). Hence zf}(2)/f3(z) € Qp for |z| < rs.

10

0.5F

. . . .
0.05 0.10 0.15 0.20

-05F
-1.0f

-15f

FIGURE 3. Graph of hs(r, 1) for r € (0,0.2)

(d) Let f € Gs. Then ps(2) = g(2)(1—2)*/2 € P and f(2) = 2pa(2)/(q(2)(1 - 2)*).
A straightforward calculation leads to

D) () () 14
@) ) me) k) 1oz
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In this case as well, the use of Lemmas 1.1 and 1.2 in (4) gives

() = () () e ()

<2r+r+1+rf || <1
or |z|l=r<-=
1= 147r 1-—7r -3
1+5

— +T<\/§’

1—17r2

provided r < ry := (V/33 —4v/2 — 5)/(2v/2). This infers that Rs;(Gs) < r4. The

attainability of the bound 74 can be seen by considering the function

I U ) L A
f4<2)— (1—2)3 th 94( ) (1_2)3.

Clearly f, € G4. We now show that zfj(z)/fs(z) € Qp for |z| < ry. A lengthy

calculation gives
2 2
2fi(2)\? = 1452 2_1
fa(2) AN

where a4(r,u) = r?(25+7r2+10ru) (44 29r% +r* +20ru — 10r3u — 8r?u?) and by(r,u) =
(1+ 72 —2ru)®(1 + 72 + 2ru)? for z = re and u = cost. Using the similar analysis
executed in previous parts, hy(r,u) = by(r,u) — ayg(r,u) > 0 for u € [—1, 1] if and only
if

ay(r,u)

by(r,u)’

hy(r,1) = (1 +57)%(1 — 10r — 2972 +2r1) > 0

which leads to r < 74 (illustrated in Figure 4). Hence f4(r42)/r4 € S;.

. . . .
0.05 10 0.15 0.20

FIGURE 4. Graph of hy(r, 1) for r € (0.0.2)

(e) If f € G5, then

ot~

) () ()1
(5) 2w e T11s
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where p5(z) = g(2)(1+ z)/z € P. By using Lemmas 1.1 and 1.2 in (5), we obtain
1

o (50) 0 (9) - (5) ()

<
_1—7“2+1—|—r+1—7“

1+ 4r —r?
B +1_TT2T <V2,

if r <rs:=(V7-2v2-2)(vV2+1).

for |z|=r<

Wl — N

0.05 0.10 0.15 0.20

FIGURE 5. Graph of hs(r,—1) for r € (0,0.2)

The function
2(1—2)2 2(1 -z
fo(2) = (—)2 (_2)
(1+2) (1+2)
is in the class Gs. For z = re’ and u = cost, if we set as(r,u) = 64r%(1 + 6r% + r —
dru + 4rd3u — 4r*u?) and bs(r,u) = (1 4+ 7% — 2ru)?(1 + r? + 2ru)?, then

2
2f1(2)\? 1—4z —22\°
S R | )
f5(2) 1—22
We now show that the function hs(r,u) = bs(r,u) — as(r,u) is positive for r < r.

Observe that the roots of hs(r,u) = 0 in (0,1) are increasing as a function of u €
[—1,1]. Therefore, hs(r,u) > 0 for u € [—1,1] if and only if

hs(r,—1) = (1 +4r — r*)*(1 — 8r — 187* + &% + %) > 0.

with  g5(2) =

2

This gives r < r5 (Figure 5) and hence f5(r52)/r5 € S;. O

3. §j-radius for classes H and J,

The first theorem of this section calculates the upper bound of Sj-radius for the
class H which in turn matches with the result [5, Conjecture 2.3, p. 34].

THEOREM 3.1. The upper bound for the radius Rs: (H) is

R (H) < —1—v2+1/2(2+ V2) ~ 0.198912.



Radius problems involving lemniscate of Bernoulli 441

Proof. Let f € H with associated convex function g. By [22, Section 2.6, p. 56],
zg' /g € P(1/2). Also, ¢ = g/f is a member of P(1/2) and
(©) 2f'(2) _29'(z)  24(2)
fz) gz a(?)
By Lemmas 1.1 and 1.3, (6) yields
ZJ”(Z)) (Zg’(Z)) (ZQ’(Z))
Re = Re — Re
( f(z) 9(2) q(z)
< 1 n T
“1—-r 1+

1+ 2r —7r?

Wl =

for |z] =7r<

which simplifies to r < ry 1= —1 —v/2+41/2(2 + v/2). This infers that Rs; (H) < r4.

L I I I I
0.2 0.4 0.6 0.8 10

-101

-15F

FIGURE 6. Graph of k;(r, 1) for r € (0,1)

The bound ry is attained, as seen by the function

~ z2(142) . oz
fo(z) = T € ‘H with go(z) = T
If we write z = re* and u = cost, then
/ 2 2 2\ 2 2
2fi(2) 4| = 1+22—2 4] = cr(r,u)
fo(2) 1—22 ~di(ryu)

The roots of the equation ki(r,u) = di(r,u) — ¢;(r,u) = 0 in (0,1) are decreasing as
a function of u € [—1, 1], where ¢;(r,u) = 16r2(r* — 2r3u +r?(3 — 4u®) + 2ru+1) and
di(r,u) = (1+72—2ru)?(1+7r%+2ru)?. Hence ki(r,u) > 0 for u € [—1,1] if and only
if
Ei(r,1) = (1+2r —r?)*(1 —4r — 60> +4r° +714) > 0
which gives r < ry (Figure 6). Therefore, fo(ryz)/ry € Si. O
The last result determines the upper bound of the radius Rs: (Ja), o € [0, 1).

THEOREM 3.2. For 0 < o < 1, we have
2(v/2 - 1)

RS*(joz) S .
t 5—2a 4+ /33 — 4v2 — 12a — 8v2a + 4a2
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Proof. Let f € J,. Then j; = g/f € P(1/2) and jo = ¢g/¢ € P satisty f(z) =
((2)72(2)/71(2). Note that
2f'(2) _ zy(2)  zii(2) | 2C(2)
" o) k) ) <o)

In accordance with Lemmas 1.1, 1.2 and 1.3 in (7), we obtain

() = (55) - (Gie) (55 )
< 2r L r +1+T—20¢T
T 1—-7r2 147 1—r
_ 1+(5—12_042172“—2a7’2 < VB,

which yields 7 < 74 = 2(v/2 = 1)/(5 — 20 + /33 — 4v/2 — 120 — 8v/20x + 402).

Ll

for |z|]=7r<

0.05 0 0.15 0.20

0.05 0.10 0.15 0.20

(a) a=0 (b) a=1/2

0.5

0.05 0.10 0.15 0.20
-05

-1.0

-15

-20

(c) a=3/4

FIGURE 7. Graph of ky(r, 1, «) for r € (0,0.2)

Consider the functions

O ) T O o) E S S
fa(z) - (1 _Z)g_gaa ga( ) (1 _Z>3_2a d Ca( ) (1 _Z>2_2a'

Then f, € Ju. If 2 = re* and u = cost, then

2
(1 - (2a—5)z—2az2)2 .

1— 22  do(r,u, )

CQ(Ta u, O‘)

) 2

(L) [ -
fa(2)

We now show that the function ko(r,u,«) = da(r,u, ) — co(r,u, ) is positive for

r < ro where co(r,u, o) = 72(25 — 20a + 402 + r? — dar® + 4ar? + 10ru — 24aru +
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8a?ru)(4+29r% — 12ar? + 4a’r? +rt + dart + 4a2r* + 20ru — 8aru — 10r3u — 16ar3u +

8ar?

r3u — 8r’u? — 16ar*u?) and dy(r,u,a) = (1 + 7% — 2ru)?(1 + r? + 2ru)®.  For

each 0 < a < 1, the roots of ko(r,u,a) = 0 in (0,1) are decreasing as a function
of u € [—1,1]. Therefore, ko(r,u,a) > 0 for u € [—1,1] if and only if ko(r, 1, ) =
(1+(5—2a)r—2ar?)?(1—(10—4a)r—(29—24a+4a?)r* +4a(5—2a)r3+(2—4a?)rt) > 0
which holds for r < r, (Figure 7 depicts the graph of ky(r, 1, ) for specific values of

a).

1]

[16]
[17]
[18]

[19]

This proves that f,(raz)/re € S;. O
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