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ABSTRACT. In this paper, we define the generalized k-balancing numbers {Bﬁk)} and k-
Lucas balancing numbers {C’y(lk)} and associated polynomials, where n is of the form sk+r,
0 <r < k. We give several formulas for these new sequences in terms of classic balancing
and Lucas balancing numbers and study their properties. Moreover, we give a Binet style
formula, Cassini’s identity, and binomial sums of these sequences.

1. Introduction

Special number sequences such as the Fibonacci, Lucas, Horadam, Jacobsthal,
and balancing numbers sequences are widely studied in number theory. Finding
generalizations of such number sequences, establishing new identities, and finding
applications of these sequences in other branches of mathematics have become very a
popular research goal; see, for example, [6, 13]. Mikkawy and Sogabe [2] introduced
a new family of k-Fibonacci numbers FT(Lk) where n is of kind sk + 7, 0 < r < k.
Among other properties, then gave a relation to the classic Fibonacci numbers.
Later, Ozkan et al. [8] further studied this sequence and introduced a new family of
k-Lucas numbers. Kumari et al. [7] extended the study to Mersenne numbers and
investigated some new families of k-Mersenne and generalized k-Gaussian Mersenne
numbers and their polynomials.
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Motivated by these works on new families of sequences, in this paper, we study a
new family of k-balancing and k-Lucas balancing numbers and associated polynomi-
als, where the concept of balancing numbers and balancers was originally introduced
in 1999 by Behera and Panda [1].

A natural number n is said to be a balancing number [1] with balancer r if it
satisfies the Diophantine equation

142434+ ... +(n—1)=n+1)+n+2)+ ...+ (n+7).
The balancing numbers B,, and Lucas balancing numbers C,, are defined as

(11) Bn+2 = GBn+1 - Bn,n Z 0 with BO = O,Bl = ].,
(1.2) and  Cpys = 6Chi1—Ch,n>0 with Co=1,C; = 3.

The first few terms of balancing and Lucas-balancing sequence are

0o 1 2 3 4 5 6 7 8
B,|0 1 6 35 204 1189 6930 40391 235416
Cp |1 3 17 99 577 3363 19601 114243 665857

Closed form formulas play an important roll in establishing many algebraic identi-
ties. The closed form formulas for balancing and Lucas-balancing numbers [11], are
given as

NN M X AN

13 Bn = — 9
( ) A1 — A 4\/5 2

where A\; = 3 + /8 and A\, = 3 — /8 are the roots of the characteristic equation
22 —6z+1=0.

We will use the following useful relations for the balancing and Lucas-balancing
numbers.

Lemma 1.1. ([12]) For all integers m and n, we have

1. 2B,,Cy, = Bap. 5. CpemCnim — C2 = 3(Com — 1).
2. Byin + Bm—n = 2B,,Cy.
3. Byin — Bm—n = 2Cp,By.
4. By_nBmyn = B2, — B2. 7. C2 =8B2 +1.

6. Ca, =202 —1.

Fibonacci numbers have many generalizations, in which both the initial values
and/or the recurrence relation are modified. The k-Fibonacci numbers, tribonacci
numbers, Horadam numbers, generalized Fibonacci and Leonardo numbers, higher
order Fibonacci numbers, are some examples of generalization of Fibonacci numbers.
Likewise, k-balancing numbers { By, } and k-Lucas balancing numbers {CY_,, }, both
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generalisations of balancing numbers, were introduced and studied by Ozkoc and
Tekean [9] and Ray [11]. These sequences are given by the following recurrences:

Bint2 =68k nt1 — Bgn,n >0 with B o =0,B8;: =1,
and Crnt2 =6Ck i1 — Crpy,n >0 with Cpo=1,Cp1 = 3k.

Later in [10], Ray extended the k-balancing numbers By ,, to the sequence of bal-
ancing polynomials {B,(z)} by replacing k with a real variable z and presented
numerous properties of balancing polynomials. Frontczak [3] also studied the bal-
ancing polynomials by relating them to Chebyshev polynomials.

In this paper, we give a new generalization of balancing and Lucas-balancing
numbers & la [2], which we call the generalized k-balancing and k-Lucas balancing
numbers. They are defined in Section 2. Then in Section 3, we give associated
polynomials having a connection with balancing polynomials.

2. Generalized k-Balancing Numbers

Our main defintion is as follows.

Definition 2.1. Let k¥ € N and n € NU {0} then 3! s, € N U {0} such that
n = sk+r,0 <r < k. The generalized k-balancing and k-Lucas balancing numbers
ng) and C,(Lk) are defined as

1

B = (60 g
1 S S -7 S S T
(2.1) el = 27()‘1 FADFTTOST AT

where A1 and Ao are the roots of the characteristic equation corresponding to bal-
ancing sequence (1.1).

From Definition 2.1 and Eqn. (1.3), one gets the following relation between the gen-
eralized k-balancing and k-Lucas balancing numbers and the balancing and Lucas
balancing numbers.

(2.2) BF = BFTBT,, and ok = ck=r 11, Where n = sk +r.

If £ = 1 then r = 0 and hence n = s. Therefore, B7(11) and Cf,,l) are the classic
balancing and Lucas balancing numbers i.e. Br(Ll) = B,, and C,(LI) =C,.

In the case that k = 2 or 3 we note some identities showing the relations between
generalized k-balancing numbers and balancing numbers:
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4.

5.

- B@

B = B2,
2541 — BsBsii.

B9 - B2

B:gi)Jrl = BngJrl'

3
Bés)Jr2 = BSBEJrl'
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1. C2) =02 = (Cos +1)/2.
2. O = CyCasr.
3. 0¥ =cs.

4. O, = C2Cu.

3
5. 0P, = C,C2, .

One can also check that Béi)ﬂ = 6Béi) - Bgill and Béi)ﬂ = 6B§§) - Béill. The
same recurrences hold for generalized k-Lucas balancing numbers.

For k£ = 1,2,3,4,5, a list of first few numbers of the generalized k-balancing
and k-Lucas balancing numbers are displayed in Tables 1 and 2.

3
<—
Sy
=

k=1 k=2 k=3 k=4 k=5

N S N =
oy
NP
o

0 0 0 0 0

1 0 0 0 0

6 1 0 0 0
35 6 1 0 0
204 36 6 1 0
1189 210 36 6 1
6930 1225 216 36 6

40391 7140 1260 216 36

Table 1: Generalized k-balancing numbers

ny ¢ k=1 k=2 k=3 k=4 k=5
o ¢ 1 1 1 1 1
1 ™ 3 3 3 3
2 P a7 9 9 9 9
3 P 99 51 21 21 21
4 c® 577 289 153 81 81
5 C% 3363 1683 867 459 243
6 C% 19601 9801 4913 2601 1377
7 C% 114243 57123 28611 14739 7803
Table 2: Generalized k-Lucas balancing numbers
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Theorem 2.2. For k,s € N, we have

BY =BF and ) =cCF.

S

Proof. If r = 0 then n = sk and hence from Eqn. (2.2) the above results are
proved. O

Lemma 2.3. We have
BW =B, B*'  and OV, =cC,,CF "

Proof. Since,

(k) _ pk) _ k) _ k—1
Bsk—l - Bsk—k+k—1 - B(s—l)kJr(kfl) - Bsles .
Similarly, the second result holds. O
Thus, we conclude that
k —r
BY = BFTB

A similar identity holds for Cg:l_r.

Theorem 2.4. Fora > 1 and n € N such that n = sk +r, 0 <r < k, we have

(W) = (WY (WS, where Wi = Bi or Wi = C..

Proof. From Eqn. (2.2) for W; = B; or W; = C;, we can write

(W) = (WETTWI)* = (WP (W) = (WD) (Wil )

Thus using Theorem 2.2 in the above equation, the result holds. O

In particular for ¢ = 2 in Theorem 2.4, we have

(BY)? = (B (B ) and (O)? = (G507 (O

Theorem 2.5. For k,s € N such that n = sk + 1, the following relations are
verified:

B® — GBEZ) — Bgllz)_l and ~ CM = 60?;:) - Cﬁ’Z)-l-

Proof. For the first identity, from Theorem 2.2 and Lemma 2.3, we write

6B ~BY, - 6Bt B, ,BM
= BMY6B, - B,_1)
_ k— _ p(k)
= B{"'Bs1 =By,

A similar argument holds for the second identity. O
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Theorem 2.6. Let s,k € N, then for fixed k, s, the following results hold:

— (k-1
(23) (" ) B = B+ B,
0

)
|

a=0
(k) (k)
(2 5) ZB _ B (Bk(s—i-l) Bsk )
skta Bs+1 - Bs ’
_ (k+2) (k+2) (k+2)
(2.6) Z g®  _ Bstrarnr ~FBera e + (K = DBoia) i
. sk+a (Bs Bs+1)2 :

Proof. For the first identity (2.3), using relation (2.2), we write

k-1 k—1

k-1 k) E—1\ i_ana
> (5 )= (t, ) mem,
= a=0

_B Z( )BnglBkla

= B,(Bs + Bs41)* ! (using the Binomial theorem).

Similarly, for the second identity (2.4), we have
k-1 k—1
afk—1 - “1afk— a
> 1 ( . )Bi’zia—u)’“ DG ( . >B’“ Bl

0
k—1
_ k—1\ . “1-a
= (-1)""'B; < >Bs+1(—Bs)k '

= (—l)k_lBs(Berl - Bs)k_1 (using the Binomial theorem).

For the third identity (2.5), since from (2.2) we write ng)Jra B= ‘Bl =
B¥(Bsy1/Bs)®. Thus

= (k) & Bst1 kkil Bsy1\®
;Bsk+a ZB( ) _BSZ(TS)

a=0
— Bk( s+1/BS)k —1

Byy1/Bs — 1
- B (B§+1 - Bf)
° Bs+1 - Bs
B;

— : (k) (k)
- Bs+1 - Bs (Bk(s+1) - BSk )



Generalized k-balancing and k-Lucas Balancing Numbers and Polynomials 545

And, for the last identity (2.6), note that >-*_, az®~! = (1—kab~1 4 (k—1)2¥) /(1
x)2. Thus,

k—1 . =lop a1
ZaBikLa = BB, Za( g+ )
a=0 a=0 s

— pk-1p 1(1 — k(Bsy1/Bs)F ! + (k- 1)(Bs+1/BS)k>
° - (1 - Bs+1/BS>2
_ BY'Boy — kBl + (k- DB /B,
(1 - Bs+1/BS)2
_ BM1B,y - kB?BF, + (k—1)B,BL}]

s+1 s+1
(Bs - Bs+1)2
(k+2) (k+2) (k+2)
_ Bs(k+2)+1 B kBs(k+2)+k + (k- 1)Bs(k+2)+k+1 :
= B.— B, (using Eqn. (2.2)).
S S

O

Note that Theorem 2.6 is also valid for the generalized k-Lucas balancing num-
bers {C¥}.

Theorem 2.7. For k,s € N, we have

k k k k
Bf, -B¥=BW, -BW and Ck,-Ct=c%,-c%.
Proof. Results follow from Eqn. (2.2). O

Theorem 2.8 (Cassini’s identity ). For s,k > 2, we have

—B%-2 4 =1
B(k) B(k) _ B(k) 2 — s )
sk+a~ sk+a—2 ( sk+a71) 0 a # 1’
k) (k) k 8C2k=2 =1,
and CskJraCskJran - (Céklafl)Q = {0 a # 1.
Proof. For a # 1, from Eqn. (2.2) we write
k k k —a pa —a a— —a a—
BB s =BG ) = (BE“BL)(BE 2B} — (BE B ])?
= BB BIT — (Be1) 7
= 0
and if a = 1 then with Eqn. (2.2) and Lemma 2.3
k k k _ _
BYYLBG — (B = (BE'Bo)(BoaBETY) - (BY)?

= B§k72[Bs+1Bs—l - (39)2]
= —p*=2 (simplified using Eqn. (1.3)).
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A similar argument holds for the second identity. O

Theorem 2.9. For integers s, s1, So and k > 1, we have

1. B = ok, 5. CF) = (202 — 1)k = (2B2 + 1)~
k k
2. (Bs1+52 +B51—52)k = QkBé(lfl)ch(f])g 6. (Csl+82 + 051_82)k = 2k0§11)€C§21)€
7. (Csypsy — Csymsy)* =
k k 17152 1—82
3. (leJrS? _351752)k = 2k08(1/)€B£2/)€ 16kB§I:2cB.§I;l)c
2 2 2 2
4. Bész - Bésl = BSl+Szle—52' 8. Cész - Cési = 8B81+82351—S2'

Proof. From Theorem 2.2 and 1 of Lemma 1.1, note that for the first identity, we
have

Bélzl)c = Bgs = (2BSCS)k = 2kB§Cf = QkBSZ)CiZ)-
For the second identity, from 2 of Lemma 1.1, we have
k) ~(k
(381+82 + B&*Sz)k = (2381052)k = 2kB§1052 = ZkBill)cC:ggl)v
For the third identity, from 3 of Lemma 1.1, we have
k) ok
(le-i'sz - le—Sz)k = (2081B82)k = chleL]:z = 2k0£11)cB§21)c
For the fourth identity, from Theorem 2.2 and 4 of Lemma 1.1, we write

B - B

252

_ R2 2 _
- le - 332 - leJrSQBSl*ST

The argument for identities 5 — 8 are similar to that of 1 — 4 using Theorem 2.2 and
Lemma 1.1. O

3. Generalized k-Balancing and k-Lucas Balancing Polynomials

For n > 0, the balancing and Lucas balancing polynomials B, (z) and C,(x)
satisfy the recurrence relation

(3.1) Whie(x) = 62Wopq(z) — W ()
but with the initial values as Byo(z) = 0, Bi(z) = 1 and Cy(z) = 1, C1(x) = 3z,

respectively. The Binet type formulas for these polynomials are, respectively,
Xi() - A3(a) Xi(@) + A3 (@)

922 — 1 2 '
where A\ = (3z + V922 — 1)/2 and Ay = (3x — v922 — 1)/2 are roots of the char-
acteristic equation A2 — 6z\ + 1 = 0.

Now, we define the generalized k-balancing and k-Lucas balancing polynomials
in a similar fashion to the preceding section.

(3.2) B, (x) and Cp,(z)
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Definition 3.1. Let k € N and for n > 0, 3! s, € NU {0} such that n = sk +r,
0 < r < k. Then the generalized k-balancing and k-Lucas balancing polynomials

By(Lk)(x) and CF) (x) are defined as

B (z) = (M>k_r ()\i+l(x)_)\§+1(x))r’

922 — 1 92 — 1
s s k—r s+1 s+1 r
and Cr(Lk)(x) _ (Al(‘r) ‘;‘ )‘2(5’3)) <A1 (2) ‘;‘ Ay (95))

From Binet’s formula (3.2) and Definition 3.1, we deduce the following relations
between newly introduced sequences and existing one

(3.3) W, (x) = WET(2)W!,(z), where Wi(z) = Bi(z) or Cy(x).

For the case k = 1, we get r = 0. Hence, from Eqn. (3.3,) we have Ws(l)(a:) = W,(x).

For instance at k = 2,3 in (3.3), we have noted some identities showing rela-
tions between newly introduced polynomials sequences and classic balancing/Lucas
balancing polynomials:

1. W (x) = W2(x). 6. WP (x) = Wi(a).
2. WiZhy (2) = Wa(@)Was (2).
3. Wi (z) = Wi(a).

4. W (x) = W2(2) Wy (2).
5. Wito(@) = Wil2)W2, (2). 9. Wily(2) = W(a)W2,, (2).

Also the recurrence relations Wz(?ﬂ(gc) = 6W2(52)( ) — W2(2 1(z) for k =2 and
ngil(w) = GW?SS) (x) — Wégll(:ﬂ) for k = 3 are verified.

T Wit (@) = W3 (@) Wai ().

S

4
8. Wikl (x) = W2(2)W2,, ().

Theorem 3.2. For k,s € N, we have
Wé(,’:) (x) = WE(z), where Wi(x) = Bi(x) or Ci(z).

Proof. If r = 0 then sk + r = sk and hence from Eqn. (3.3) the result follows
immediately. O

By a similar argument to Lemma 2.3, we have Ws(lljll(x) = W1 (2)WE1(2)
which will be used in the next theorem.

Theorem 3.3. For k,s € N such that n = sk+ 1, the following recurrence relation
1s satisfied.

k k k
W (2) = 6aW (@) - W ().
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Proof. From Eqn. (3.3) and Eqn. (3.1), we have

I
D
8
=

Ea
%\

62 W () - W | (x)

k
= Ws(k—)i-l(x)

O

Theorem 3.4. We have

Ws(,f)_l(x) =W, 1 (x)WEY(z), where Wj(z) = Bi(x) or Ci(x).
Proof. Since,
k k k -
W @) = Wi @) =Wy (@) = W () WE (@),

O

An analogue argument to the preceding section proves the following theorems,
so we omit the proofs.

Theorem 3.5. For k,s € N we have,
k k
Whia() = W) = Wi (o) = WP (2).
Theorem 3.6 (Cassini’s identity). Let k,s > 2, we have

—B2*72(2), :ifa=1 and Wy (z) = Bn(z),
Wikea @W o (@) = (Wi, 1) (@) = {8CT2(2), :if a =1 and Wa(x) = Cu(a),
0, ta# 1.

Theorem 3.7. For integers s, s1, s2 and k > 1, the following relations are valid:
k k
1. B () = B¥ (2)[Bey1(2) — Be_1(2)]F.
2 2
2. By (x) = By (#) = Buy—sa (@) Buy s (2)-
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11.

12.
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OS2 (@) + OS2 (x) = Oy, gy (2) Cly sy () + 1.
O (x) — (922 — 1)BY (2) = 1.

32C,_1(z) + (922 — 1)By_1 (2)]* = C'F) ().
Bk (z) = 2" B (@)C ) ().

) (@) = 2C2(x) — 1]*.

Proof. The arguments for these identities are analog to the proof of Theorem 2.9
and can be easily verified using Proposition 2.3 of [3] and Section 3 of [10] along

with Theorem 3.2. O
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