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SOME DEFINITE INTEGRALS ASSOCIATED WITH
HYPERGEOMETRIC FUNCTIONS

SALAHUDDIN AND M. P. CHAUDHARY*

Abstract. The main object of this paper is to establish twenty definite
integrals involving Struve functions and modified Srtuve functions asso-
ciated with hypergeometric functions, which are presumably new and not
present in the scientific literature.

1. Introduction

In [2], Yurry A. Brychkov (see p.199 (4.7.4.1)) has derived a valuable formula
as given below:

1
1
/ v logv Jy(av) dv = = [Jo(a) — 1] (1.1)
0
First kind Bessel function is denoted by J,(y), and defined as
- (=D* y 2t
w(Y) = —_— | = 1.2
To(y) I;)k!r( Fo+1) (2) (1.2)

where I'(w) is the gamma function.
The first kind of modified Bessel function is defined as

o0

Z)mg (1.3)

1
L) =10 (2) =S o (7
Struve functions are solutions of the non-homogeneous Bessel’s differential
equation:

d’y | . dy (5"
2t t— + (2 -y = =22 (1.4)
a2 dt VaT(n+3)
and are defined as:
Hy(t) = & /’2' sin(t cos ¢) sin®"(¢)d¢ (1.5)
! L(n+3)T(3) Jo
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Modified Struve functions are defined as:

Ly(0) = 1yf0) - 2 [Tsint 2 ()

L(n+3)T(3

Generalized hypergeometric function ,Fy(as, ..., ap; b1, ..., bq; 2) is a function
which can be described in the form of a hypergeometric series, i.e., a series for
which the ratio of consecutive terms can be written as follows:

tmp1 _ P(m) _ (m+a))(m+ap)...(m+ap)
Cm Q(m)  (m+bi)(m+ba)...(m+by)(m +1)
Where m+1 in the denominator is present for documentary causes of notation

(see [7], p-12(2.9)), and the developing generalized hypergeometric function is
written as under:

z. (1.7)

ai,az, -+ ,ap 3 e a1)m(a2)m -+ (ap)mz™
. _ 5 @)l () -,

blabZa"'7bq 3 m=0

where the parameters by, bs, - - , b, are positive integers.

The ,F, series converges for all finite z if p < ¢, converges for | z |< 1 if
p=gq+1, diverges for allz , z # 0 if p > g+ 1 (see [8], p.156(3)).

The function 5 F (a, b; ¢; z) corresponding to p = 2, ¢ = 1, is the first hyper-
geometric function to be studied (and, in general, arises the most frequently in
physical problems), and so is frequently known as ”the” hypergeometric equa-
tion or, more explicitly, Gauss’s hypergeometric function (see [6], pp.123-162).

In mathematics, the falling factorial or Pochhammer symbol (sometimes
called the descending factorial, falling sequential product, or lower factorial)
is defined as the polynomial (see, [10], p.8) and its mathematical expression is
given below:

(2)n = 2(2 = 1)(2 = 2).ceuee. (z—n+1):H(z—k+1)=1:[(z—k)- (1.9)
k=1 k=0

2. Main Formulae of the Integration
In this section, we establish twenty definite integrals involving Struve func-

tions and modified Srtuve functions associated with hypergeometric functions,
as follows:

/111 Hi(av) dv = — [3Fy(1,1,1:1,3 2,2 G (2.1)
O’U ogv Hilav U—27T34 1T g g4 s 4 ’ .

/11)1 1ovL(cw)dv——i F. 111~1§22~(i2 —1 (2.2)
0 g 1 _271'347772’27774 ) .
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/1 logv Hy(av) d L 43F( 1,1, 1; 1122~“—2+2+4
; v oguv 1 av v = 871'(12 3474 s 4y 1y 2727 ) &y 4 a ’
(2.3)
/1310 Ly ( )d—ile R TP +a* -4}, (2.4)
0 g 10/[} 07871'@2 344 y Ly by 2727 ) 74 a 9 .
/lv logv H av)dv—fL 10857 (1,1,1,-2, L 9 2-—“—2 +4a*+9a*—108
0 g 1 - 727Ta4 344 sy Ly by 27 2; ) &y 4 )
(2.5)
/11) logv Ly (av) dv = L logam(1,1,1-3, -2 22-12 +4a*—9a*—108
0 g 1 _72 344 y Ly 4y 27 27 9 74 )
(2.6)
1 2
1 5777 a
0" logv Hy(av) dv = 20°93a® o F3( 1, =5, =, o3 —— | — 125
/0 ogv 1@'[)) v 33751 a a- 263 7272,272’ 4 ’
(2.7)
1 2
1 5777a
v logv Ly(av) dv = ————|2a*¢3a® 2F3( 1,535, 5,53 — | +125
/O ogv Li(av) dv 3375m |24 130 2Bl Lgigggi | ;
(2.8)
1 2
1 7599 a
logv Hy(av) dv = 2028 5a% oF3(1, ==, =, =;—— | — 14
/0” ogv H(av) dv 11025%“ {5a 2 3( 9727979 4) 7”
(2.9)
/1 v? lo v Li(av) dv = — ! 2a%{ 542 5 F 13?2212 + 147
\ sv 110257 2\ My ’
(2:10)
/1 log v Hy(av) dv = —— [2a2§ 4902y, (1,2, 2,2 T 11 1L Y _1915\]
Ov og v 1av v_1786057r a a” 3L '9797979 9 9 T ]
(2.11)
1 2 .
1 99571111 a
logv Hy(av) dv = ————(2a%349a% 3F4 (1, =, =1 =, =, —, — 1215
/0 U ogv 11 aU) 1786057T|: a{ a3 4( 72a272a27 2) 2 5 4>+ }-
(2.12)

5 3 a?

0
(2.13)

1
1 . . 6 4 2
/ v’ logv Hy(av) dv = _288W5[_6480 3Fy <1,1,1,—27—2,2,2,—4)+9a +16a™—108a —1-6480}7
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1 2
1 5 3 a
7 - . . 6 4 2
A v IOgU Ll(av) dv = _m |:—648O 3F4 (1,1,17_2,—2,2,2, 4> —9a°+16a~+108a +6480:|,
(2.14)
/1 U logv Hy (av) d ! 357210000 5F (11,1, 2. L 2.2~ ) 4
og v av)dv = ————|— — = ;——
0 v g 1 720070 344 y Ly by 2 27 ) <y 4

+100a'? 4 144a® — 675a° + 18000a* — 14175004 + 357210000} . (2.15)

1
72007a10

2
{3572100003F4<1a1,1;3’7 2,2; a)

1
11
v logw Ly (av) dv = — ,
/0 2 4

—100a' + 1444® + 675a° + 18000a* + 14175004 + 357210000} . (2.16)

19910 H o= —— 1 2 4F, 15151-§§5252-J1—2
/0 gv Hi(av) dv = 156067r{a 3 4(’ RS Tt 4)]’
(2.17)
1 2
/O 9 logv Ly (av) dv ,15610% [az 3F4<1,51,51;§’,2,52,52;‘1)]
(21
11)4445 logv H do=—— 1 |a2,F, (122242200, 2 2005 2225~—a2>}
/0 gv Hi(av) dv = 2967705677[“ 5 4<’ ey EEE st )
(2.19)
and
104445 logv L do =~ a2 ,5,(1,2224,2224: 3, 2 2995, 2095, &
/0 gv L(av) dv = 2967705677{(1 3 4(’ aeelig g te ’4)]’

(2.20)
provided that each member of the assertions (2.1) to (2.20) exists.

Proof. We first prove our assertion (2.1). In order to prove the assertion

(2.1), we make use the properties of the Struve function concerning hypergeo-
metric functions, definite integral, and apply little algebra, we have

1 2,2
1 13
/0 v' logv Hy(av) dv:%{v2{3F4<1,1,1 35 ,2 2-_a4v)_
13 2y !
210gv2F3(1,1;2,2, a: >+210gvl}]0
1
2 4

1 3 a?
=112, 22,22 ) 1) —
27T|:{3 4(777 727 ) “ } {0}:|
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1 13 2
= —|am (11,12, 22,22 ) 1.
o 22 4

Hence we have established the first assertion (2.1) of the theorem.
Next, to prove our second assertion (2.2), we make use the properties of

the modified Struve function concerning hypergeometric functions, definite in-
tegral, and apply little algebra, we have

1 0202
1 1
/0 v! logv Ly(av) dv o |:U2{3F4<1;171;27232a2; 41;)

1 3 2,2 1
_210gv2F3(1,1;2,2,2;a4U >+2logv—1HO

1 13 a?
- _27r|:{3F4(171717 5; 2727274) - 1} - {0}:|

1 13 a®
Ful 1,11, =, =-,2,2, — | — 1.
27_(_|:3 4<7772a2,774) :|

Hence we have established the second assertion (2.2) of the theorem.
Further, to prove our third assertion (2.3), we make use the properties of

the Struve function concerning hypergeometric functions, definite integral, and
apply little algebra, we have

1 2,2
11
/0 v® logv Hy(av) dv [ 3F4<1’1717_2 2’272;_a4v)_
a2v? 1
8logv2F3(1 Li=5,5:2%— ) 2v2+4a2v210gv+810gv4]
4 0
1 11 a?
= ——[{43F(1,1,1;—=, 2,22, —— | —a®* =43 —<0
87T(l2 |:{ 3 4<a 5 Ly 2a2a ) 4 4) a } { }:l

1 11 a?
= 43F,(1,1,1 —.2,2—— ) —a?—4
87Ta2|:34<’77 2a2aa7 4) a :l

1 11 a?
=— —43F(1,1,1;—=,-,2,2, —— 244
87Ta2|: 34(777 919 4>+a+:|
Hence we have established our third assertion (2.3) of the theorem.

Now we proceed, to prove our fourth assertion (2.4), we make use the prop-
erties of the modified Struve function concerning hypergeometric functions,
definite integral, and apply little algebra, we have

1 2,2
1 11 a‘v
3 _ 2 . .
/0 v* logv Ly(av) dv= o v [4 3F4<1,1,1,2,2,2,2, 1 >

11 a®v

2 1
—8logv 2F3(1,1;—2,2,2, 1 )—l—a v 4a2v210gv+810gv—4}

0
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1 11 2
e [{4 3F4(1, LL=5 522 Z) +a?— 4} - {OH

1 11 a?
= 43P 1,1,1,—-,-,2,2; — 24
87Ta2|:34<75a 2a277a4>+a :|

Hence we have established our fourth assertion (2.4) of the theorem.

Again we proceed, to prove our fifth assertion (2.5), we make use the prop-
erties of the Struve function concerning hypergeometric functions, definite in-
tegral, and apply little algebra, we have

1 2,2
1 3 1 a“v
5 2
log v Hy(av) dv = —108 5Fy (1,1,1; -5, —=, 2,2, -
/0 v° logv Hi(av) dv orgd ¥ [ 08 3 4(, =5 T8 % >+

3 1 a’v?
2161 F3(1,1;—, ——,2; —
+ ogv 2 3( P T TS 4

) — 4a*v* + 24a*v* log v—

1

—9a2v? + 36a%v? logv — 216 log v + 108}
0

. — 108 3F 111-—§ —122-—12 —4a* —9a® +108} — 30
_727”14 3L4 g Ly dy 27 2777 4

1 31 o a? 4 9
= _W |:108 3F4 (1, 17 1, —57 —5, 2, 2, —4) + 4a™ + 9a” — 108:|
Hence we have established our fifth assertion (2.5) of the theorem.
Further, to prove our sixth assertion (2.6), we make use the properties
of the modified Struve function concerning hypergeometric functions, definite
integral, and apply little algebra, we have

1 2,2
3 1 a‘v

51 L dv = 21108 1,1,1;, ——, —=,2,2; —— | —
A v? logv Lq(av) dv o ¥ 3Fy(1,1,1; 5 "3 2%

3 1 a’v?
“216logv o Fy (1,1, -2, — 2,2 —
ogv 2 3( y Ly 27 27 ) 4

) + 4a*v* — 24a*v* logv—

1
—9a2v? + 36a*v? logv + 216 log v — 108}

0
1 3 1 a?
=—— (3108 3Fy(1,1,1;—=, —=,2,2; — | 4+ 4a* — 9a® — 108 y —
7271'0,4 |:{ 08 3 4< y Ly 4y 27 2, ) 4y 4 ) + 4a 9a 08} {0}:|
1 3 1 a?
=— 108 3F,(1,1,1;—=, —=.2,2: — 4a* — 9a® — 108
7271'0,4|: 3 4(7 y 4y 27 27 ) 74>+ a a :|

Hence we have established our sixth assertion (2.6) of the theorem.

The analogous proofs of the assertions (2.7) - (2.30) may be left as an
exercise for the interested readers. We thus have completed our proof of the
above theorem. O
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